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Preface

The intent of this book is to present, in a unified and rigorous way, recent results in
the control theory of continuous-time Markov Jump Linear Systems (MJLS). This
is neither a textbook nor a complete account of the state-of-the-art on the subject.
Instead, we attempt to provide a systematic framework for an understanding of the
main concepts and tools underpinning the control theory of MJLS, together with
some basic relevant results. We follow an approach that combines probability and
operator theory, which we have named here as the analytical point of view.

It is worth mentioning that the topics treated here represent just a fraction of the
several important results nowadays available for MJLS. The limited size of a book,
in addition to the continued rapid advance in the theory of MJLS, makes it unfea-
sible to cover all the aspects in this field. Therefore, some degree of specialization
is no doubt inevitable and, perhaps, desirable. For instance, although fitting under
the MJLS field, some important topics and different approaches, such as MJLS with
delay, adaptive control of MJLS, and hidden Markov chain filtering, are not consid-
ered in this book. We apologize for those who find that some of their favorite topics
are missing. The analytical point of view, together with our personal affinities, has
determined the choice of topics that, to some extent, are related to our previous
contributions with coauthors on the subject.

Another important point of view regarding MJLS, which has achieved a consid-
erable degree of success in applications, is known in the specialized literature as
multiple model. Departing from the multiple model approach and tracing as much
as possible a parallel with the control theory for the linear case, the analytical point
of view adopted in this book allows us to obtain explicit solutions to some important
stochastic control problems. A basic step in this approach, which indeed permeates
most of the book, is the fact that the mean square stability results are written in terms
of the spectrum of an augmented matrix. On the other hand, it is worth pointing out
that the MJLS carry a great deal of subtleties that distinguish them from the linear
case. In fact, MJLS have a certain degree of complexity which does not allow one
to recast several results from the linear theory and, therefore, cannot be seen as a
trivial extension of the linear case.



vi Preface

The motivation for writing this book was at least twofold. Most of the material
presented here is scattered throughout a variety of sources, which includes journal
articles and conference proceedings papers. Considering that this material consti-
tutes, by now, a coherent body of results, we have felt compelled to write an intro-
ductory text putting together systematically these results. In addition, this seemed an
opportunity to introduce, as far as possible in a friendly way, a bent of the MJLS the-
ory that we have named here the analytical point of view, contributing to encourage
and open up the way for further research on MJLS.

Although the book is mainly intended to be a theoretically oriented text, it con-
tains several illustrative examples that show the level of maturity reached on this
field. For those wishing to delve into topics which were not contemplated in this
book, a substantial number of references (not meant to be exhaustive) are included.
Most of the chapters end with historical remarks, which, we hope, will be both infor-
mative and interesting sources for further readings. The notation is mostly standard,
although, in some cases, it is tailored to meet specific needs. A glossary of symbols
and conventions can be found at the end of the book.

The book is targeted primarily for advanced students and practitioners of control
theory. It may be also a valuable reference for those in fields such as communication
engineering and economics. In particular, we hope that the book will be a valuable
source for experts in linear systems with Markovian jump parameters. For specialists
in stochastic control, the book provides one of those few cases of stochastic control
problems in which an explicit solution is possible, providing interesting material for
a course while introducing the students to an interesting and active research area.
Moreover, we believe that the book should be suitable for certain advanced courses
or seminars. As background, one needs an acquaintance with the linear control the-
ory and some knowledge of stochastic processes and modern analysis.

A brief description of the book content goes as follows. Chapter 1 motivates the
class of MJLS through some application-oriented examples and presents an outline
of the problems. Chapter 2 provides some background material needed in the fol-
lowing chapters. Chapter 3 deals with the mean-square stability for MJLS, while
Chap. 4 deals with the quadratic optimal control problem with complete observa-
tions. In Chap. 5 the infinite horizon quadratic optimal control problem is revisited
but now from another point of view, usually known in the literature of linear sys-
tems as H> control. Chapter 6 deals with the finite-horizon quadratic optimal control
problem and the H» control problem for continuous-time MJLS under partial obser-
vations. In this case the state variable x () is not directly accessible to the controller,
but, instead, it is assumed that only an output y(¢) and the jump process 6(¢) are
available. Chapter 7 considers the best linear mean-square estimator for continuous-
time MJLS assuming that only an output y(¢) is available (no knowledge of 6(¢)
is assumed). Chapter 8 is devoted to the Hy, control of continuous-time MJLS in
the infinite horizon setting. Design techniques, expressed as linear matrix inequal-
ities optimization problems, for continuous-time MJLS are presented in Chap. 9.
Chapter 10 presents some numerical applications from the theoretical results intro-
duced earlier. Finally, the associated coupled algebraic Riccati equations and some
auxiliary results are considered in Appendices A and B.
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Chapter 1
Introduction

Recent advances in technology have led to dynamical systems with increasing com-
plexity, which in turn demand for more and more efficient and reliable control sys-
tems. It has been widely recognized that the requirements of specific behaviors and
stringent performances call for the inclusion of possible failure prevention in a mod-
ern control design. Therefore, either due to security reasons or efficiency necessity,
a system failure is a critical issue to be considered in the design of a controller in
modern technology. In view of this, dynamical systems that are subject to abrupt
changes have been a theme of increasing investigation in recent years and a vari-
ety of different approaches to analyze this class of systems has emerged over the
last decades. A particularly interesting class of models within this framework is the
so-called Markov jump linear systems (MJLS), which is the subject matter of this
book. The goal of this first chapter is to highlight, in a rather informal way, some
of the main characteristics of MJLS, through some illustrative examples of possible
applications of this class of systems.

1.1 Markov Jump Linear Systems

One of the main challenges when modeling a dynamical system is to find the best
trade-off between the mathematical complexity of the resulting equations and the
capability of obtaining a tractable problem. Thus, it is of overriding importance to
reach a proper balance in the settling of this issue while keeping in mind the per-
formance requirements. For instance, in many situations the use of robust control
techniques and some classical sensitivity analysis for time-invariant linear models
can handle in a simple and straightforward way the control problem of dynamical
systems subject to changes in their dynamics. However, if these changes signifi-
cantly alter the dynamical behavior of the system, these approaches may no longer
be adequate to meet the performance requirements. Within this scenario, the intro-
duction of some degree of specialization on the modeling of the dynamical system
in order to accommodate these changes is inevitable and perhaps even desirable.

O.L.V. Costa et al., Continuous-Time Markov Jump Linear Systems, 1
Probability and Its Applications, DOI 10.1007/978-3-642-34100-7_1,
© Springer-Verlag Berlin Heidelberg 2013



2 1 Introduction

The modeling of dynamic systems subject to abrupt changes in their dynamics
has been receiving lately a great deal of attention. These changes can be due, for in-
stance, to abrupt environmental disturbances, to actuator or sensor failure or repairs,
to the switching between economic scenarios, to abrupt changes in the operation
point for a non-linear plant, etc. Therefore, it is important to introduce mathemati-
cal models that take into account these kind of events and to develop control systems
capable of maintaining an acceptable behavior and meeting some performance re-
quirements even in the presence of abrupt changes in the system dynamics.

In the case in which the dynamics of the system is subject to abrupt changes, one
can consider, for instance, that these changes are due to switching (jump) among
well-defined models. To illustrate this situation, consider a continuous-time dynam-
ical system that is, at a certain moment, well described by a model G;. Suppose that,
after a certain amount of time, this system is subject to abrupt changes that cause
it to be described by a different model, say G,. More generally, one can imagine
that the system is subject to a series of possible qualitative changes that make it to
switch, over time, among a countable set of models, for example, {G1, G2, ..., Gn}.
One can associate each of these models to an operation mode of the system, or just
mode, and say that the system jumps from one mode to the other or that there are
transitions between them. A central issue on this approach is how to append the
jumps into the model. A first step is to consider, for instance, that the jumps occur in
a random way, i.e., the mechanism that rules the switching between the aforemen-
tioned models is random. In addition, one can assume that this process (hereinafter
0 (1)) just indicates which model, among the {G;,i = 1,2, ..., N}, is running the
system, i.e., 8(t) =i means that G; is running the system. Furthermore, it would be
desirable to have some a priori information on the way in which the system jumps
from one operation mode to another (the transition mechanism). A random process
which bears these features and has been used with a great deal of success for mod-
eling these situations is the Markov chain.

Within this framework, a particularly interesting class of models is the so-called
Markov jump linear systems (from now on MJLS). Since its introduction, this class
of models has an intimate connection with systems which are vulnerable to abrupt
changes in their structure, and the associated literature surrounding this subject is
now fairly extensive. Due, in part, to a large coherent body of theoretical results
on these systems, MJLS has been used recently in a number of applications on a
variety of fields, including robotics, air vehicles, economics, and some issues in
wireless communication, among others. For instance, it was mentioned in [266] that
the results achieved by MJLS, when applied to the synthesis problem of wing de-
ployment of an uncrewed air vehicle, were quite encouraging. As mentioned before,
the basic idea is to consider a family of continuous-time linear systems, which will
represent the possible modes of operation of the real system. The modal transition
is given by a Markov chain represented, as before, by 6(¢), which is also known
in the literature as the operation mode (or the Markov state). This class of systems
will be the focus of investigation of the present book. We will restrict ourselves in
this book to the case in which all operation modes are continuous-time linear mod-
els and the jumps from one mode of operation to another follow a continuous-time
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Markov chain taking values in a finite set {1, ..., N}. In this scenario, it is possible
to develop a unified and coherent body of concepts and results for stability, filtering,
and control as well as to present controller and filter design procedures.

In its most simple form, continuous-time MJLS are described as

)‘C(I)ZA(;([)X(I). (1.1)

For a more general situation, known as the case with partial observations, continuous-
time MJLS are represented by

dx(t) = Ag(t)(t)x(t) dt + Bg(,) Du(t)dt + J@(;)(l‘) dw(t),
G dy(t) = Hpr)(t)x(t) dt + Go (1) dw(t), 12)
2(t) = Co ) (D)X (1) + Doy (Du(t), '

x(0) = xo, 6(0) = 6o,

with x (¢) standing for the state variable of the system, u(¢) the control variable, y(¢)
the measured variable available to the controller, z(#) the output of the system, and
w(t) is a Wiener process.

Although MJLS seem, at first sight, just an extension of linear systems, they dif-
fer from the latter in many instances. This is due, in particular, to some peculiar
properties of these systems that can be included in the class of complex systems
(roughly speaking, a system composed of interconnected parts that as a whole ex-
hibit one or more properties not obvious from the properties of the individual parts).
In order to give a small glimpse of this, let us consider a typical situation in which
one of these peculiar properties is unveiled. Consider a homogeneous Markov chain
6 with state space S = {1, 2} and transition rate matrix

_|-B B
17_|:/3 _IB:|, B> 0.

Some sample paths of #, which in this case corresponds to a telegraph process with
exponentially distributed waiting times, are shown in Fig. 1.1. Clearly, an increase
in the transition rate gives rise to more frequent jumps (fast switching), with the
converse applying in the slow switching case.

In this setting, consider system (1.1) evolving in R2, with initial condition x (0) =
[1 —17 and state matrices

Lo o
Alz[(z) _;] A2=|:02 ll]. (13)

2

The state trajectory of the system, corresponding to the realizations of 6 depicted in
Fig. 1.1, is shown in Fig. 1.2. From these figures it is evident that the overall system
behavior may vary considerably, depending on how fast the switching occurs. Even
more remarkable is the fact that the state converges to the origin in the case g = 3/2,
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0 20 40 60 80 100
t (time units)

0 20 40 60 80 100
t (time units)

Fig. 1.1 Sample paths of 6 for 8 =3/2 (top) and g = 3/100 (bottom)

1Ix(®)I
1
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0 . . .
0 20 40 60 80 100

t (time units)
Fig. 1.2 Sample paths of ||x(7)|| corresponding to B = 3/2 (top) and B = 3/100 (bottom) in (1.3)

in spite of neither A; nor A, being stable. Suppose now that the system matrices
in (1.1) are replaced by

110 10
Al:[o —1] Az:[lo —1] (1.4

which are both stable, i.e., have all the eigenvalues with negative real parts. In this
case the sample paths of ||x(¢)|| corresponding to the same trajectories of 6 are
depicted in Fig. 1.3. As these two situations suggest, Markovian switching between
stable (unstable) systems may produce unstable (stable) dynamics. In fact, as it will
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Fig. 1.3 Sample paths of ||x(#)|| corresponding to B =3/2 (top) and B = 3/100 (bottom) in (1.4)

be explicitly shown in Chap. 3, in the first case stability is equivalent to g > 4/3,
whereas in the second situation the overall system is stable if and only if § < 1/24.
Some features which distinguish MJLS from the classical linear systems are:

e The stochastic process {x(¢)} alone is no longer a Markov process.

e As seen in the previous examples, the stability (instability) for each mode of
operation does not guarantee the stability (instability) of the system as a whole.

e The optimal filter for the case in which (x(¢), 6(¢)) are unknown is nonlinear and
infinite-dimensional (in the filtering sense).

e Contrary to the linear time-invariant case, there is a fundamental limitation on
the degree of robustness against linear perturbation that the H, control of MJLS
may offer (see [284]).

If the state space of the Markov chain is infinitely countable, there are even further
distinctions as illustrated below:

e Mean-square stability is no longer equivalent to L2-stability (see [148]).
e One cannot guarantee anymore that the maximal solution of the Riccati equation
associated to the quadratic optimal control problem is a strong solution (see [17]).

In order to develop a theory for MJLS using an operator theoretical approach, the
following steps are adopted:

(S.1) “Markovianize” the problem by considering as the state of the model the pair
(x(1),0(1)).

(S.2) Establish a connection between x(¢#) and measurable functions of the pair
(x(1),0(1)).

(S.3) Devise adequate operators from (S.2) by considering the first and second mo-
ments.
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These steps were followed in [152] (see also [77]), using the identities

N N
x() =Y xOlpn=) and x(Ox@* =Y xOxO* 1=,

i=1 i=1

where 1(9(;)=;) represents the Dirac measure over the set {0(¢) =i} (see (2.2)), and
* the transpose conjugate. The key point here is to work with x(¢)1;9()=i} and
x()x(t)* L4g(1)=i}» which are measurable functions of (x(¢),0(t)), and obtain dif-
ferential equations for the first and second moments in terms of some appropriate
operators (see Sect. 3.3). This approach has uncovered many new differences be-
tween the MJLS and its linear classical counterpart, and has allowed the develop-
ment of several new theoretical results and applications for MJLS. For instance, it
is possible to devise a spectral criterion for mean-square stability and study stability
radius in the same spirit as the one found in the linear system theory. What unifies
the body of results in this book, and has certainly helped us to choose its content, is
this particular approach, which we will call the analytical point of view (from now
on APV).

It is worth mentioning two other distinctive approaches, which, together with the
APV, have given rise to a host of important results on various topics of MJLS: the
so-called Multiple Model (MM) approach and the Hidden Markov Model (HMM)
approach. In the MM approach the idea is, roughly speaking, to devise strategies that
decide in an efficient way which mode is running the system and work with the lin-
ear system associated to this mode (see, e.g., [22] for a comprehensive treatment on
this subject). The HMM approach focuses on what is known in the control literature
as a class of partially observed stochastic dynamical systems. The basic framework
for the HMM consists of a Markov process 6 (¢) that is not directly observed but is
hidden in a noisy observation process y(#). Roughly speaking, the aim is to estimate
the Markov process, given the related observations, and from this estimation to de-
rive a control strategy for the hidden Markov process (usually the transition matrix
of the chain depends on the control variable u(z)). See, e.g., [130] for a modern
treatment on this topic.

The present book can be seen, roughly speaking, as a continuation of the book
[81], which dealt with the discrete-time case, to the continuous-time case. From
a practical viewpoint, perhaps the most important aspect which favors the study
of continuous-time systems is that many models in science are based upon spe-
cific relations between the system variables and their instantaneous rates of varia-
tion (some examples being Newton’s second law of classical mechanics, Maxwell’s
nonstationary equations of electromagnetics, the law of continuity of fluid transport
phenomena, Verhulst’s logistic equation, and Gompertz’s model of tumor growth,
among many others). In these cases, the direct application of discrete-time systems
theory may be a potential cause for distortion to the model in the form, e.g., of
spurious effects such as artificial energy dissipation, instability, oscillations, and a
potentially cumbersome dependence on the discretization parameters (which may
even be plagued by the curse of dimensionality, as pointed out in [114]). Hence, it
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is fair to say that, prior to sampling, a cautious study of the underlying continuous-
time process should be carried out in order to ensure that such adversities would not
hinder the desired specifications to be achieved in a given application.

1.2 Some Applications of MJLS

Since their inception in the early 1960s, MJLS have found many applications in a
great variety of fields. These include unmanned air vehicles [266], solar power sta-
tions [275], satellite dynamics [226], economics [32, 33, 52, 108, 268], flight sys-
tems [174, 175], power systems [206, 211, 212, 290, 291], communication systems
[1, 2, 208, 243], among many others. This section is devoted to a brief exposition of
some selected topics regarding applications of MJLS, with special attention to those
in continuous time.

The earliest application of MJLS to economics, introduced in the discrete-time
scenario in [33], was based on Samuelson’s multiplier—accelerator macroeconomic
model (see [252, 286, 299]). The model studied in [33] consists of a very simpli-
fied relation for the dynamical evolution of a country’s national income in terms of
the governmental expenditure, which is weighted by two parameters (the marginal
propensity to save and the accelerator coefficient). Based on the historical data ob-
tained from the U.S. Department of Commerce from years 1929 until 1971, [33]
assumed that the state of the economy could be roughly lumped in three possible
operation modes (“normal”, “boom”, and “slump”) and that the switching between
them could be modeled as a homogeneous Markov chain, with the transition rates
depicted in Fig. 1.4. The subsequent problem considered in [33] corresponds to
an MILS version of the optimal linear quadratic control setup. This application,
which was also analyzed in [81] for the discrete-time case, will be further studied in
Chap. 10.

Another practical application of MJLS, which, in the discrete-time case, has been
extensively discussed in [81], is the control of a solar power receiver. In contin-
uous time, this situation was initially considered in [275] with 6(¢) representing
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Fig. 1.5 Simplified boiler configuration

abrupt environmental changes between “sunny” and “cloudy” conditions, which are
measured by sensors located on the plant. The role of control is to determine the
feedwater flow rate which will enter the boiler, in such a way as to regulate the
outflow temperature at the desired level. The boiler flow rate is strongly dependent
upon the receiving insolation, and, as a result of this abrupt variability, several lin-
earized models are required to characterize the evolution of the boiler when clouds
interfere with the sun’s rays. The control law described in [275] makes use of the
state feedback and a measurement of 9(¢) through the use of flux sensors on the
receiver panels. In Fig. 1.5 a very simplified representation of the system is shown.
Although several important blocks such as the boiler internal models for steam and
metal dynamics, thermal couplings, and feedforward compensation loops are not
displayed, their abstraction evidences the dependence of the control system on the
abrupt variability of the received insolation.

Robotic manipulator arms are employed in a great deal of modern applications,
which span areas as diverse as deep sea engineering, manufacturing processes, space
technology, or teleoperated medicine, for instance. The adequate operation of such
devices, however, is severely compromised by the occurrence of failures, which may
be intolerable in safety-critical applications, for example. Furthermore, repairing the
faulty arm may frequently turn out to be a difficult task during the course of opera-
tion (which may occur if, e.g., the robot is functioning in a hazardous environment).
On this regard, a great deal of research has been carried out on the control of robotic
arms with less actuators than degrees of freedom, commonly referred to as under-
actuated manipulators in the specialized literature [11, 12, 92]. In practical terms, a
manipulator arm is said to be underactuated whenever the motor on at least one of
its joints is in a passive state. The basic principle in the operation of these devices
is then to explore the dynamic coupling that the active joints impose on the passive
ones, in such a way as to drive the arm to the desired position in spite of its faulty
condition.

The introduction of MJLS theory to tackle the control of underactuated robotic
arms was made by Siqueira and Terra in [261], in the discrete-time setting. This
approach was subsequently described in [81] and, more recently, brought to the
continuous-time setting in [262, 263]. In Chap. 10 the robust control of the planar
3-link underactuated arm depicted in Fig. 1.6 is further studied by means of the
results devised in this book.
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Fig. 1.6 Geometric modeling
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Fig. 1.7 Birth—death process considered in [175]

In yet another field, MJLS were employed in [175] for the stability analysis of
controlled flight systems affected by electromagnetic disturbances. This problem
stems from the susceptibility of electronic devices against external disturbances
such as lightning, thermal noise, and radio signals, for instance, which is recog-
nized as a potential cause for computer upsets in digital controllers. In order to cope
with the resulting adversities, which may range from random bit errors to permanent
computer failures, the strategy in [175] is to model the accumulative effect of exter-
nal disturbances on the system by means of a continuous-time birth—death Markov
process of the form indicated in Fig. 1.7. The rationale for this choice has been, as
pointed out in [175], that by doing so the arrival of new disturbances is dictated by
a Poisson process with exponentially distributed sojourn times.

An important issue in this situation is that, while the aircraft dynamics treated
in [175, Sect. IV.B] evolves in continuous time, the occurrence of electromagnetic
disturbances takes place in the sampled-data digital controller implementation. This
leaves open an interesting conjecture of whose aspects of continuous- and discrete-
time MJLS theory should be relevant to the problem at hand.

In [211, 212] the modeling and control of power systems subject to Markov
jumps has been addressed in the continuous-time scenario. In this case the switching
mechanism is used to model random changes in the load, generating unit outages,
and transmission line faults, for instance. As shown in [212], intermittent couplings
between electrical machines operating in a network can render the overall system
unstable in a stochastic sense, a result which somewhat resembles the analysis previ-
ously carried out for (1.1) in the cases (1.3) and (1.4). In [211] the main results were
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applied to the problem of dynamic security assessment, which amounts to determin-
ing, with desired probability, whether certain parameters of the electrical system are
guaranteed to remain within a safe region of operation at a given period. A “security
measure” was defined, which corresponds to a quantitative indicator of the vulner-
ability of the current system state and network topology to stochastic contingency
events. Two types of switchings are considered therein: primary ones, driven by a
continuous-time Markov process taking values in a finite set, and secondary events,
which are modeled by state-dependent (controlled) jumps. Recent advances in the
control of power systems have also been reported in [206, 290, 291] by means of
decentralized control methods and the S-procedure. An alternative account of this
problem via robust control methods is presented in details in Sect. 10.3.

The modeling of communication systems via MJLS is by now another promis-
ing trend in the applications front. In discrete-time this is boldly motivated by the
connection between MJLS and the Gilbert—FElliott model for burst communication
channels (see [129, 167, 172, 173, 186, 244, 254]), which in its simplest form corre-
sponds to a two-state Markov chain. A convenient feature of these models (besides
their relative simplicity) is that they are capable of describing the fact that eventual
packet losses typically occur during intervals of time (e.g., while a wireless link
is obstructed). In other words, isolated packet losses are not common events, and
it usually takes a while before communication, once lost, is restored. As pointed
outin [167, 173, 186, 254], large packet-loss rates imply poor performance or even
instability, and therefore controllers implemented within a network may provide
considerably better results if their design takes into account the probabilistic nature
of the network.

In the continuous-time scenario, references [1, 2] treated the problem of dynamic
routing in mobile networks. In loose terms, this amounts to determining a route
within the network topology constraints, through which information packets will
travel from one given node to another. Of course, many of these routing operations
will typically occur at the same time and between different nodes and directions, so
that the routing algorithm must be able to provide a satisfactory quality of service
for all customers (for example, by delivering packets in the shortest time, with as lit-
tle lag as possible, and with a very low packet loss rate), without violating physical
constraints such as link capacity, memory size (queueing length), or power avail-
ability. The approach in [1, 2] considers that sudden variations, modeled by MJLS,
occur in the network due to, e.g., mobility and topological variations. The consid-
eration of time delay in the underlying model is of major importance, owing to the
time that packets must wait on a queue before being processed, together with the
fact that the network nodes are geographically separated. Furthermore, this latter
constraint motivated the consideration of a decentralized control scheme. The ulti-
mate problem considered in [1, 2] was the minimization of the worst-case queueing
length, with the aid of Hy, control methods.
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1.3 Prerequisites and General Remarks

As prerequisite for this book, it is desirable some knowledge on the classical linear
control theory (stability results, the linear quadratic Gaussian (LQG) control prob-
lem, Hy, control problem, and Riccati equations), some familiarity with continuous-
time Markov chains and probability theory, and some basic knowledge of operator
theory.

In this book we follow an approach that combines probability and operator theory
to develop the results. By doing this we believe that the book provides a unified and
rigorous treatment of recent results for the control theory of continuous-time MJLS.
Most of the material included in the book was published after 1990. The goal is to
provide a complete and unified picture on the main topics of the control theory of
continuous-time MJLS such as mean-square stability, quadratic control and H» con-
trol for the complete and partial observations (also called partial information) cases,
associated coupled differential and algebraic Riccati equations, linear filtering, and
H control. The book also intends to present some design algorithms mainly based
on linear matrix inequalities (LMIs) optimization tool packages.

One of the objectives of the book is to introduce, as far as possible in a friendly
way, a bent of the MJLS theory that we have named here as the analytical point of
view. We believe (and do hope) that experts in linear systems with Markov jump
parameters will find in this book the minimal essential tools to follow this approach.
Moreover, the stochastic control problems for MJLS considered in this book provide
one of those few cases in the stochastic control field in which explicit solutions can
be obtained, being a useful material for a course and for introducing students into an
interesting and active research area. In addition, we do hope to motivate the reader,
especially the graduate students, in such a way that this book could be a starting
point for further developments and applications of continuous-time MJLS. From the
application point of view we believe that the book provides a powerful theory with
potential application in systems whose dynamics are subject to abrupt changes, as
those found in safety-critical and high-integrity systems, industrial plants, economic
systems, etc.

1.4 Overview of the Chapters

We next present a brief overview of the contents of the chapters of the book.

Chapter 2 is dedicated to present some background material needed throughout
the book, as the notation, norms, and spaces that are appropriate for our approach.
It also presents some important auxiliary results, especially related to the stability
concepts to be considered in Chap. 3. A few facts on Markov chains and the bear
essential of infinitesimal generator is also included. We also recall some basic facts
regarding LMIs, which are useful for the design techniques and the H, control
problem.
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Chapter 3 deals with mean-square stability for continuous-time MIJLS. It is
shown that mean-square stability is equivalent to the maximal real part of the eigen-
values of an augmented matrix being less than zero or to the existence of a solution
of a Lyapunov equation. As aforementioned, stability of all modes of operation is
neither necessary nor sufficient for global stability of the system. The criterion based
on the eigenvalues of an augmented matrix reveals that a balance between the modes
and the transition rate matrix is essential for mean-square stability.

It is worth pointing out that the setup of Chap. 3 is on the domain of complex
matrices and vectors. By doing this we can use a useful result on the decomposition
of a matrix into some positive semidefinite matrices, which is very important to
prove the equivalence on stability results. But it is shown later on in this chapter
that the results obtained are valid even in the setup of real matrices and vectors. In
order to simplify the notation and proofs, in the remaining chapters of the book we
consider just the real case.

Chapter 4 analyzes the quadratic optimal control problem for MJLS in the usual
finite- and infinite-time horizon framework. We consider in this chapter that the con-
troller has access to both the state variable x(¢) and the jump parameter 0(¢). The
case in which the controller has access only to an output y(¢) and 6(¢) is considered
in Chap. 6 and called the partial observation (or partial information) case. The so-
lution for the quadratic optimal control problems of Chap. 4 relies, in part, on the
study of a finite set of coupled differential and algebraic Riccati equations (CDRE
and CARE, respectively). These equations are studied in the Appendix A.

Chapter 5 restudies the infinite-horizon quadratic optimal control for MJLS but
now from another point of view, usually known in the literature of linear systems as
the H, control. The advantage of the H, approach is that it allows one to consider
parametric uncertainties and solve the problem using LMIs optimization tools.

Chapter 6 deals with the finite-horizon quadratic optimal control problem and
the Hy control problem of continuous-time MJLS for the partial information case.
The main result shown is that the optimal control is obtained from two sets of cou-
pled differential (for the finite-horizon case) and algebraic (for the H, case) Riccati
equations, one set associated with the optimal control problem when the state vari-
able is available, as analyzed in Chaps. 4 and 5, and the other set associated with
the optimal filtering problem. This establishes the so-called separation principle for
continuous-time MJLS.

Chapter 7 aims to derive the best linear mean square estimator of continuous-
time MJLS assuming that only an output y(¢) is available. It is important to em-
phasize that in this chapter we assume that the jump parameter 6(¢) is not known.
The idea is to derive a filter which bears those desirable properties of the Kalman
filter: a recursive scheme suitable for computer implementation which allows some
offline computation that alleviates the computational burden. The linear filter has
dimension Nn (where n denotes the dimension of the state vector, and N the num-
ber of states of the Markov chain). Both the finite-horizon and stationary cases are
considered.

Chapter 8 is devoted to the Hy, control of Markov jump linear systems, in the
infinite-horizon setting. The statement of a bounded real lemma is the starting point
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toward a complete LMIs characterization of static state feedback, as well as of
full-order dynamic output feedback stabilizing controllers that guarantee that a pre-
scribed closed-loop Hs, performance is attained. The main results include explicit
formulas and the corresponding algorithms for designing the controllers of interest.

Chapters 9 and 10 are intended to conclude the book assembling some problems
in the Markov jump context and the tools to solve them.

In the Appendix A some results on coupled differential and algebraic Riccati
equations (CDRE and CARE, respectively) associated to the control problem are
presented. Initially, we consider the problem of uniqueness, existence, positive defi-
niteness, and continuity of the solution of the CDRE. After that we study the CARE,
dealing essentially with conditions for the existence of solutions and asymptotic
convergence, based on the concepts of mean-square stabilizability and detectability
seen in Chap. 3. Regarding the existence of a solution, we are particularly interested
in maximal and stabilizing solutions.

In the Appendix B we derive some auxiliary results related to an adjoint operator
for MJLS used in the separation principle presented in Chap. 6.

1.5 Historical Remarks

The study of dynamical systems with random parameters can be traced back at least
to [196, 200-202], and [142]. Due to the importance and complexity of the theme, a
variety of techniques has emerged, and an extraordinary burst of publications asso-
ciated with terminologies such as multiple model, switching systems, hidden Markov
models and Markov jump linear systems, inter alia, has appeared in the specialized
literature. Even for those approaches which embraced the idea of modeling the ran-
dom parameter as a Markov chain, the methodologies were different. Each one of
these topics have charted its own course, and the associated literature is by now
huge. Therefore, it is out of the scope here to go into details on all of these topics
(see, e.g., [22, 130, 232] and references therein for an account on multiple model,
hidden Markov model, and switching systems, respectively). We focus instead on
the MJLS case.

Regarding MILS, the seminal papers [270] and [303] set the stage for future
research in this area. In the first one, the jump linear quadratic (JLQ) control problem
was considered for the finite-horizon setting, via a maximum principle approach
(see also [269]). In the other one, dynamic programming was used, and the infinite-
horizon case was also treated. In this case, although the objective had been carried
out successfully, a technical inconvenience was related to the choice of the adopted
stability criteria, which did not seem to be fully adequate. This, in turn, has entailed
a great deal of challenges for future research. In the 1970s we can mention the
papers [32, 248, 273, 274] and [33] dealing with the JLQ control problem, where
the latter seems to be the first one that treated the discrete-time version of the optimal
quadratic control problem for the finite-time horizon case (see also [20] for the MM
approach).
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Due, in part, to the lack of a suitable concept for stability, it took a while for
the theory flourish. For instance, it elapsed more than ten years to appear some of
the key papers that put mean-square stability (stochastic stability, or L;-stability),
mean square stabilizability, and mean square detectability for MJLS in a solid
ground. Without any intention of being exhaustive here, we mention, for instance,
[43, 48, 71, 77, 79, 118, 137, 147, 148, 150-152, 156, 164, 170, 170, 187, 189—
191, 210, 221, 230, 231, 245, 278, 282, 284], for a sample of papers dealing with
stability and stabilizability for MJLS. For the case in which the state space of the
Markov chain is countably infinite, it was shown in [78] and [148] that mean-square
and stochastic stability (L,-stability) are no longer equivalent (see also [147]). An-
other critical issue was an adequate concept for the solution of the Riccati equa-
tion associated to MJILS (coupled Riccati equations). As far as the authors are
aware of, it was in [156] where the concept of mean-square solution for the cou-
pled Riccati equations was first proposed. For a glimpse on some issues dealing
with coupled Riccati equations, see, for instance, [4-6, 17, 66, 67, 149, 156, 246].
For control problems (optimal, adaptive, Hy,, H>, robust, receding horizon, singu-
larly perturbed, partial observations, etc.), we mention, for instance, [18, 38, 44, 46,
47, 59, 60, 69, 70, 73-75, 78, 85, 87, 93, 94, 101, 104, 108, 111, 119, 120, 122,
125, 134, 143-146, 158, 159, 171, 176, 188, 190, 224, 229, 240, 258, 279, 307].
For the filtering problem, the reader is referred, for instance, to [9, 35-37, 65, 82—
84, 126, 127, 132, 155, 160, 217, 321, 322]. The case with delay was treated,
for instance, in [24, 44, 45, 55, 165, 209, 218, 257, 297]. The case with un-
certainty (including uncertainty in the transition matrix of the Markov chain)
was considered in [15, 26, 42, 256, 305, 306, 316-319]. Separation principles
were derived, for instance, in [80, 89, 90, 153]. Structural properties such as
controllability, detectability, and observability have been studied, for instance, in
[61, 63, 187, 189, 222]. See [287, 288] for problems related to detection and iden-
tification for MJLS. In addition, there is by now a growing conviction that MJLS
provide models of wide applicability (see, e.g., [14] and [266]). The evidence in
favor of such a proposition has been amassing rapidly over the last decades. We
mention [1, 2, 8, 14, 21, 28, 32, 39, 52, 57, 108, 124, 133, 141, 173-175, 184, 186,
197, 198, 208, 213, 219, 220, 225, 226, 228, 241, 243, 249, 253, 254, 266, 275]
and [323], as works dealing with applications of this class of systems (see also the
books [22, 40, 41, 81, 121, 223, 271, 309] and references therein).



Chapter 2
A Few Tools and Notations

2.1 Outline of the Chapter

This chapter consists primarily of some background material, with the selection of
topics being dictated by our later needs. In Sect. 2.2, we introduce some notation
and definitions that will be used throughout the book. In Sect. 2.3, we recall some
definitions and properties of semigroup operators and infinitesimal generators, and
in Sect. 2.4, we present some fundamental results on the existence and uniqueness
of solutions of a differential equation. In Sect. 2.5 we recall some basic definitions
and results on continuous-time Markov chains with finite state space. In Sect. 2.6,
we introduce the spaces that are appropriate for our approach. Next, in Sect. 2.7, we
show some important auxiliary results regarding the stability of some operators. In
Sect. 2.8, we recall some basic facts regarding linear matrix inequalities.

2.2 Some Basic Notation and Definitions

We use throughout the book some standard definitions and results from operator
theory in Banach spaces, which can be found, for instance, in [234] or [298]. For
Banach spaces X and Y, we set B(X, Y) for the Banach space of all bounded lin-
ear operators of X into Y, with the uniform induced norm denoted by | - ||. For
simplicity, we set B(X) := B(X, X). We denote by C" the n-dimensional complex
Euclidean space, by R" the n-dimensional real Euclidean space, and by R* the
interval [0, 00).

If X is a Hilbert space then (-;-) will stand for the inner product, and for
T € B(X), 7* will indicate the adjoint operator of 7. As usual, 7 >0 (7 > 0)
will mean that the operator 7 € B(X) is positive semidefinite (positive definite),
respectively. The superscripts 7, /, and * will denote respectively the complex con-
jugate, transpose, and conjugate transpose of a matrix. We will use throughout the
book the symbol * even for the case in which all the elements of a matrix are real
so that, in these situations, * will represent just the transpose of a matrix. We de-
note by B(C", C™) (B(R", R™) respectively) the normed bounded linear space of
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all m x n complex (real) matrices, with B(C") :=B(C", C") (B(R") := B(R",R"))
and B(C")" :={L e B(C"); L =L* >0} BR") " :={L e BR"); L =L'>0}).
We refer to I, as the ¢ x £ identity matrix or, for simplicity, to just /. The kernel
and the range of a matrix A will be denoted by N (A) and R(A), respectively, and,
for a square matrix A, we set Her(A) := A + A*. For L € B(C")™, L > 0, we write
I - || for the norm in C" induced by the inner product {x, y); = x*Ly. We will use
I - || to denote the Euclidean norm in C” or the spectral induced norm in B(C").

We denote by Re{z} and Im{z} the real and imaginary parts of a complex number
z € C, so that 7 = Re{z} 4+ ~/—1Im{z}. In addition, we denote by o (£) the spectrum
of the operator £ € B(X) and write

Re{A(L)} := sup{Re{r}; 1 € o (L)}

The eigenvalues of a matrix P € B(C") will be denoted by A; (P).
We recall that the trace operator tr : B(C") — C is a linear functional with the
following properties:

(i) tr(KL) =tr(LK);
(ii) Forany M, P € B(C")* with P > 0, we have:

(' min x,-(P)) (M) < tr (M P) < ( max x,-(P)) w(M).  (2.1)
i=1,...,n i=1,..., n

In a probability space (§2, F, P) the Dirac measure over a set A € F is defined
by 14(-), meaning that

1A(w)={1 ifoeA, 02

0 otherwise.

We say that x = {x(t);t e RT} € L5(82, F, P) if x(¢) is a stochastic process taking
values in R" and satisfying

||x||5:=/0 E[|x@)|*]dr < oo, (2.3)

where E[-] denotes the mathematical expectation with respect to P. In other words,
L5 (82, F, P) represents the space of square-integrable stochastic processes.

2.3 Semigroup Operators and Infinitesimal Generator

In this section, we recall from [242] some basic definitions and properties of semi-
group operators and infinitesimal generators that will be useful in the sequel. We
recall that (see [242, Chap. 1]) in a Banach space X a one parameter family
¢ (s) € B(X), s € RT, is called a semigroup of bounded linear operators on X if
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¢(0) = I and the semigroup property ¢ (t + s) = ¢ (t)p(s) for every t,s € RT is
satisfied. The infinitesimal generator £ of the semigroup ¢ (¢) is defined as

. ¢Wx—x  dT()x
Lx :=1im =
hl0 h dt |-

(2.4)

whenever the limit in (2.4) exists. The domain of £, denoted by © (L), is the set of
all elements x € X for which the limit in (2.4) exists. A semigroup ¢ (s) of bounded
linear operators is called uniformly continuous at ¢ = 0 if lim, o ||¢(z) — I|| =0
and strongly continuous at t = 0 if lim; o ¢ (#)x = x for every x € X. The following
theorem is proved in Chap. 1 of [242] (see in particular Theorem 1.2).

Theorem 2.1 A linear operator L on a Banach space X is the infinitesimal genera-
tor of a uniformly continuous semigroup ¢ (t) if and only if L € B(X). Furthermore,
associated to L € B(X), there exists a unique uniformly continuous semigroup ¢ 1 (t)
given by

@xn=e0:=§:%c%ke3@m (2.5)
k=0

The following corollary is also presented in Chap. 1 of [242].

Corollary 2.2 Let ¢ (t) be a uniformly continuous semigroup. Then:

(a) There exists a constant ¢ > 0 such that ||¢(t)|| < e.

(b) There exists a unique L € B(X) such that ¢(t) = ¢, (t) = oLt

(¢) The operator L € B(X) given by (b) is the infinitesimal generator of the uni-
formly continuous semigroup ¢ (t), and ¢ (t)L = LP(t).

(d) We have that

dor(t)
dt

=L (1). (2.6)

2.4 The Fundamental Theorem for Differential Equations

In this section we present some fundamental results on the existence and uniqueness
of solutions of a differential equation that will be used throughout the book. The
results of this section follow those presented in [53]. We start by presenting the
definition of a real-valued function and a matrix-function of class PC (piecewise
constant, see [53]).

Definition 2.3 We say that a real-valued function f defined on R is of class PC
if on every bounded interval [fg, ;] C R*, f(¢) is continuous everywhere except at
a finite number of discontinuity points 7, where the one-sided limits f(zx+) (the
right limit) and f(7x—) (the left limit) are well defined and finite. We say that a
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matrix-valued function A on RY is of class PC if all its elements A; ; are of class
PC.

Consider now the following n-dimensional differential equation:

x(1) = p(x(),1) 2.7

with initial condition x(f9) = xo. Let D be a set in RT which contains at most a
finite number of points per unit interval. In addition, consider the following two
assumptions:

(A1) For each x € R", the function t € R™ \ D — p(x,t) € R" is continuous, and
for any t € D, the left-hand and the right-hand limits p(x, t—) and p(x, T+),
respectively, are finite vectors in R”.

(A2) There is a real-valued function k : Rt — R™ of class PC such that the global
Lipschitz condition is satisfied:

|pGe.0) = pG. || <k@®llx =yl Ve €RT, Vx,y eR". 28)
The next result is proved in Theorem B1.6 of [53] (p. 470).
Theorem 2.4 Consider the differential equation (2.7) with initial condition x(tg) =

X0, and suppose that Assumptions (A1) and (A2) are satisfied. Then:

(i) for each (ty, xo) € RT x R", there exists a continuous fun;tion ¢ :RT - R”
such that ¢ (tg) = xo, and for all t € RT \ D, we have that ¢(t) = p(¢ (1), 1);
(i) this function is unique.

Consider now the linear differential equation
x()=A@M)x(t)+ B)u(t), (2.9)
where A, B, and u are of class PC. We have that for the global Lipschitz condition,

[(A@0x + Bu@)) — (A@)y + Bou®)| =A@ (x = | < [A®) [Ix = yII,

and thus Assumption (A2) is satisfied with k(¢) = || A(¢)||. Moreover, Assumption
(A1) is satisfied by taking D as the union of the sets of discontinuity points of A, B,
and u. By Theorem 2.4, (2.9) has a unique continuous solution x(¢). Moreover, the
following results can be obtained (see Fact 37 and Theorem 70 in Chap. 2 of [53]).

Theorem 2.5 For all ty € RT, there exists a unique continuous matrix function
(called state transition matrix) ® (-, 1) : RT — B(R"), a solution of the homoge-
neous linear matrix differential equation

0D (¢, o)

P AP, ty), aa.teRT,
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D (1, t0) =1

(Where a.a. t means almost all t, since for those t where A is discontinuous, the left-
hand side of the differential equation is not defined in the usual sense). Moreover,
the unique solution x(t) of (2.9) is given by

t
x(t) = D (t, 1o)Xo +/ (1, 7)B(v)u(z) dr. (2.10)

to

Remark 2.6 For the case in which A is constant, we have from (2.6) that the state
transition matrix is given by @ (¢, 7) = ¢4 ~7),

2.5 Continuous-Time Markov Chains

For a positive integer number N, we define S :={1,..., N}. Let (£2, F, P) be
a complete probability space equipped with a filtration {F;; ¢ € R™} satisfying the
usual hypotheses, that is, a right-continuous filtration augmented by all null sets
in the P-completion of F. Throughout the book we will consider a homogeneous
Markov chain {#(¢);¢ € R} adapted to the filtration {F;;¢ € RT}, denoted as
0 ={O(), F;); t € RT}, with right-continuous trajectories and taking values on the
set S. We recall that by adapted to the filtration {F;; t € RT} we mean that for each
t € RT, 4(¢) is F;-measurable, and from the Markov property we have for s, 1 € R
with ¢ > s, that P(0(¢) = j|F;) = P(@(¢t) = j|O0(s)). By homogeneous we mean
that P(6(t) = j|0(s)) depends upon s and ¢ only through the difference r — s, so
that we can define

pij () :=P(0(+5)=jlO(s)=i), i,j€ES.

Define for all t € RT, the N x N dimensional transition matrices 7' (t) by letting
the element in row i, column j of these matrices be p;;(¢). Set also the vector
Pt):=[pi(t) ... py@®)] € RN, where

pi(0):=P(0() =1i) (2.11)

for i € S. The initial distribution of 6 will be denoted by v = {v;;i € S}, so that
pi(0) =v; in (2.11). As shown in [239], Proposition 1.2 of Chap. 7, p. 137,

P(t)=T(@)' P(0), (2.12)

and the transition matrices 7 () satisfy the semigroup property (also called the
Chapman—Kolmogorov equation)

T(t+5)=T®T().

Furthermore, the following result is proved in [239], Theorem 2.1 and Corollary
2.2 of Chap. 7, pp. 139-140 (we recall that the notation o(h) denotes a function on
h > 0 such that limy, ;o 22 = 0).
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Theorem 2.7 Let {T(t);t € R} be the semigroup of transition matrices of a
continuous-time Markov chain {0(t); t € RT}. Then there exists an N x N matrix
I which is the infinitesimal generator of the semigroup {T (t);t € RT}. Define as
Aij the element in row i and column j of I1. Then for h > 0,

P(e(r+h)=j|9(r)=i)={A”Ho(h)’ e (2.13)
L+ 2iih+o(h), i=],
with 0 < Xjj, i # j, and 0 < X; := —X;; = Z{j: i} Aij for all i € S. Moreover,
(T (¢); t € RTY is the unique solution of the backward Kolmogorov differential equa-
tion:
dT (1)
dt

Similarly, {T (t); t € R"} is the unique solution of the forward Kolmogorov differen-
tial equation:

=MT®), teR", T(0) =1. (2.14)

dT (1)

7 =TI, teRT, T0)=1. (2.13)

Remark 2.8 Notice that the matrix [T is also called the stationary transition rate
matrix of 6.

As seen in Remark 2.6, from (2.15) (or (2.14)) we have that
T(t)=e"", teR". (2.16)

It follows from (2.15) that P (¢) satisfies the forward Kolmogorov differential equa-
tion
dP(t)
dt
whose solution, by (2.12) and (2.16), is

=IT'P(t), teRT, (2.17)

P'(t)= P (0)", teRt. (2.18)

In what follows we denote by e € RV the vector formed by 1s in all its compo-
nents. We recall the following definitions from [309].

Definition 2.9 [T is said to be weakly irreducible if the system of equations
x'IT =0, x’e = 1 has a unique solution 7 € R" and 7 > 0. This solution is called
the quasi-stationary distribution. I7 is said to be irreducible if the system of equa-
tions x'IT = 0, x’e = 1 has a unique solution 7 € R and 7 > 0. This solution 7 is
called the stationary distribution.

Clearly if I7 is irreducible, then it is weakly irreducible, but, as shown in [309],
p. 21, the reverse is not in general true. The following result is shown in [309],
Lemma 4.4, p. 56.



2.5 Continuous-Time Markov Chains 21

Lemma 2.10 Consider the forward Kolmogorov differential equations (2.15) and
suppose that I1 is weakly irreducible with quasi-stationary distribution 7. Then
T(t)— Past— oo, where P =en’. Moreover,

e — P| <@e™?', teRY, (2.19)
for some positive constants & > 0, 8 > 0.

For any N x N matrix V consider the norm ||V |lmax = max; ; |v;;|. From the
equivalence of the norms in finite-dimensional spaces (see Theorem 5.10.6 in [234])
we have that ||V |max < c||V] for some ¢ > 0. In particular, we have under the

hypothesis of Lemma 2.10 and from (2.16) that

maxgc”em—f_’”gc&e*ﬂt, teRT. (2.20)

max|pi; (1) = | = [ — P|
Thus, under the hypothesis of Lemma 2.10, from (2.18) and (2.20) it follows that
for some positive constant o > 0,

max|p,-j(t)—nj]§ae_ﬁ’ and max‘pj(t)—nj‘fae_ﬂ’. (2.21)
129} J

We next recall the definition of irreducibility of a continuous-time Markov chain
(see, for instance, [91]).

Definition 2.11 The continuous-time Markov chain 0 is said to be irreducible if for
any two states i1 and i, in S, there exists ¢ € R such that Dirin (1) > 0.

From (2.21) it is easy to see that if IT is irreducible, then we can find ¢ > 0 such
that p;;(t) > mj — ae P > 0 since 7j > 0. On the other hand, it is shown in [91],
page 185, that for the case of finite number of states, if the continuous-time Markov
chain @ is irreducible, then I7 is irreducible. Along the book we will sometimes
assume the hypothesis that 6 is irreducible, so that the exponential convergence
(2.21), also known as exponential ergodicity, will be satisfied. Notice that if the
number of states is infinite countable, then some extra conditions are needed to get
exponential ergodicity (see, for instance, Sect. 6.6 in [10]).

In Chap. 9, we will consider the robust linear filtering problem for the case in
which I7 is not exactly known but instead there are known irreducible stationary
transition rate matrices /7% such that

L
m=> p“mn* (2.22)
k=1

forsome 0 < p“ <1,k =1,...,¢, Zle p* = 1. The next result will be useful in
Chap. 9, Sect. 9.5.

Proposition 2.12 Let IT be as in (2.22) with each IT irreducible. Then II is an
irreducible transition rate matrix.
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Proof We have that IT is a transition rate matrix since

¢ ¢ ¢
SIS ED I NED I I ETED I
k=1

k=1 ji j#i k=1 i

Suppose by contradiction that [T is not irreducible. Then, according to [91],
Sect. 3.10, by relabeling the states appropriately, [T and /T can be written as

- Iy Z’o < = Z’O iy, 11y, ’
Iy 1722 Iy, Ty

where I} is a square matrix. But since o > 0 and each element of the matrix [T},
is nonnegative, we must have for « such that p > 0 that [T}, = 0, in contradiction
with the hypothesis that I7* is irreducible. 0

We next present a useful result that will be employed in Chap. 4 to get Dynkin’s
formula for the MJLS. First, we recall the following definition.

Definition 2.13 The stochastic process M = {M(t); t € R™} is a martingale with
respect to the filtration {F;; ¢ € R} if M is adapted to {F;; ¢ € RT}, the random
variable M(t) is integrable for each ¢ € R*, and for each s,7 € Rt with 7 > s,
E(M(t)|Fs) = M(s) a.s. (almost surely).

Define
Xi (1) == Ligy=i) (2.23)
and the random vector x (1) = [x1(t) ... xn(?)] taking values on the set S, =
{e1,...,en}, where ¢; € RY is formed by 1 in the ith component and zero else-

where. The following result was proved in Lemmas 1.1 and 1.5 in [130], Ap-
pendix B.

Lemma 2.14 Let F; be the right-continuous complete filtration generated by
a{f(r); 0 <r <t} and set

t
M) := x(t) — x(0) —/0 ' x(s—)ds. (2.24)

Then M = {M(t); t € R} is a martingale with respect to the filtration {Fy; t € R*}.
Furthermore, for a differentiable function f(t) taking values in RN, set ft, x@) =
f(@) x (). Then

df (s)’

t
£l x) = £0.x0) + [ d—X(S)ds+ / F(s) I x(s—) ds

t
+/ f(s) dM(s), (2.25)
0
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and defining

1
J(@) :=/ f(s)dM(s), (2.26)
0

it follows that J = {J(t);t € R} is a martingale with respect to the filtration
(Fi;t e RTY.

Remark 2.15 The notation g(t—) represents the left-hand limit of a function g(¢) in
(2.24) and (2.25).

We conclude this section presenting a result on the strong Markov property of
the augmented state (x(¢), 8(¢)) associated to systems (1.1) and (1.2) (see also [56,
Chap. 2]).

Theorem 2.16 Let x(t) be a solution of system (1.1) or (1.2) and set
B = (x(1),6(1)). (2.27)
The augmented state process U = {0;,t > 0} satisfies the strong Markov property.

Proof It follows from Corollary 2.19 in [310]. 0

2.6 The Space of Sequences of N Matrices

In order to analyze the stochastic models in the next chapters, we will use the indi-
cator function on the jump parameter taking values in S to markovianize the state.
This, in turn, will decompose the matrices associated to the second moment and
control problems into N matrices. We will consider throughout the book that all
matrices involved in our dynamic systems will be real. However it will be con-
venient to consider in this chapter and Chap. 3 the complex case for reasons that
will become clear in Proposition 2.23 below (see also Remark 2.24 and Proposition
3.19). Due to that, a natural and convenient space to be used is H%m, defined as
the linear space made up of all sequences of N matrices V = (Vq,..., Vi) with
V; € B(C", C™). For simplicity, set Hf, := H:". For V= (Vi, ..., Vy) e HZ", we
write V¥ = (V[*, ..., V) e H" and say that V € H{, is Hermitian if V = V*. We
define HY :={V=(V},...,Vy) e HL; Vi =V*,i=1,...,N} and H:" ;== {V =
V1,...,Vn) € HE; Vi 2 0,i =1,..., N} and write, for V= (Vi,..., Vy) € Hf,
and S=(Sy,....Sy) e HE, that V=Sif V—-S=(V; — Sy,..., Vy — Sy) e H-
andthat V> Sif V; — §; > 0foreachi € S.

For V.= (V1,..., Vy) € Hi", we consider the following norms || - ||, in Hg™,
Kk =1,2, max:

IVI= >Vl (2.28)
ieS
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1/2
IVl = (Ztr(v;“vi)) : (2.29)

ieS
[Vllmax := max{[|V;||; i € S}. (2.30)
From the equivalence of the norms in finite-dimensional spaces (see [234]), we have

that all the above norms are equivalent (see also Remark 2.19 below). It is easy to
see that

H<L = |H[; =Ll (2.31)
It is also easy to verify that (Hi", | - ||c) are Banach spaces and, in fact, (Hz",
Il - l2) is a Hilbert space, with inner product given, for S = (S1,...,Sy) and

V=(V1,...,VN)inHém,by

(V:8) =Y tr(V/*S). (2.32)
ieS
We will restrict the above definitions to the case of real matrices by writing H.
For instance, the linear space made up of all sequences of N real matrices V =
(V1, ..., Vy) with V; € B(R", R™) will be denoted by H"™, and so on.
For an operator Y € B(H{", Hér), we will consider the following induced norm
in BAHE" , HZ'):

17Vl

—:V H”’m,V 0%. 2.33
v Y eV } 239

17 = SUP{
We say that an operator " € B(H,) is positive if it maps H%"’ into Hgf, that is,
T (H) € H{:" whenever H € H-'.
The following result will be useful in the sequel.

Lemma 2.17 Suppose that for H € Hg', T € (0, 00), we have HI.T1 < Hl.T2 <dl
for every Ty < T, and some constant 0 < d < oo which does not depend on i, Ti,
and T,. Then there exists H € Hf(’:"’ such that HT — Has T — oo.

Proof The assertion follows from a standard monotonicity result concerning posi-
tive semi-definite matrices (see Lemma 3.1 in [302]). O

For D; e B(R"), i € S, diag(D;) is an Nn square matrix where the matrices D;
are put together corner-to-corner diagonally, with all other entries being zero.

Define now the operators ¢, ¢;, and ¢ in the following way: for V =
Vi,...,Vn) € ng,m with V; = [v;1 ... viy] € B(C", C™), vij € cm,

Vi1l
p(Vi))==| : | eC"™,

Vin
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(2.34)
(V1)

Gi(V):=p(V)eC™,  ¢V):=| : [|eCV™
o(Vn)
Furthermore, for
(5]
v = : e CNmn
UN
v; € C"™, we define V; € B(R", R™) such that V; :== ¢~ ' (v;) and V= (Vi, ..., V)
e Hg™ as
V]
V=g | 1 [ =07 @ oy @) = (07 D 07 o).
vy
Remark 2.18 Notice that the mapping ¢ stacks up the columns of the matrix from
left to right and makes a long vector out of the matrix. Furthermore, it can be shown,

through the mapping ¢, that (H{:™, [|-Il2) and (CN™, ||-|l) are isometrically iso-
morphic spaces (if V.€ H™, then [[V]l2 = |g(V)2).

Remark 2.19 From the equivalence of the norms in finite-dimensional spaces (see
[234]) we have that there exist constants ¢; > 0 and ¢» > 0 such that for any H =
(Hy, ..., Hy) e HZ",

ci|¢H)| < [H[l1 < 2| )] (2.35)

From (2.35) we also have for any y € CV"" that
1, ._ L, ._
—[e~ W], =yl = =[e~" W], (2.36)
e 1

From (2.35) it is clear that ¢ is a continuous mapping from Hfé’m into CV"", because

leH) — Q)| = l¢gH— Q)| < é IH — Q]J|;. From (2.36) similar remarks hold

for ¢ 1.

With the Kronecker product L @ K € B(C*", C'") defined in the usual way for
any L € B(C*,C") and K € B(C", C™), the following properties hold (see, e.g.,
[50]):

H(L®K)*=L*®K* and (i) o(LKH) = (H' ® L)p(K). (2.37)
Recall also that for L € B(C") and K € B(C™), the Kronecker sum is defined as

LOK:=L®I,+1,®K cB(C").
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2.7 Auxiliary Results

In this section we present several auxiliary results that will be useful along the book.
The first result presents a useful decomposition. Notice that in order to get this
decomposition, we need to work on the space of complex matrices.

Lemma 2.20 For any H € H., there exist H ¢ H%Jr, i=1,2,3,4, such that
H=H'-H) +v-1(H - H). (2.38)

Proqf For any W € B(C"), there exist wi, j=1,2,3,4, such that WJ > 0 and
(Wil < W] for j=1,2,3,4,and W = (W' — W2) + /=1(W3 — W*). Indeed,
we can write

wW=v'4+J/=1V?

where

Since V! and V2 are self-adjoint (that is, vi=vix =1, 2) and every self-adjoint
element in B(C") can be decomposed into positive and negative parts (see [234],
p. 464), we have that there exist W' € B(C™*t,i=1,2,3,4, such that

vi=w3—w*
Therefore, for any H= (Hy, ..., Hy) € H, we can find H/ ¢ H&'f, j=1,2,3,4,
such that (2.38) holds. O

For A € B(R"), we have that A is the infinitesimal generator of the uniformly
continuous semigroup ¢4 (f) = e4’ (see Sect. 2.3). The next result is proved in
Chap. 2 of [312], Theorem 2.3 (see also Sect. 4.2 of [242]).

Proposition 2.21 Let A € B(R"). The following conditions are equivalent:

(i) Re{r(A)} <O.
(i) There are constants k > 0 and b > 0 such that

||eAt || < ke forallt > 0.

(iii) |leAxo|l — 0 as t — oo for every xo € C".
(iv) [y lletxolldt < oo for every xo € C".
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The result also holds replacing C* by R" in (iii) and (iv).

The next proposition, adapted from [242], will be useful in deriving some stabil-
ity results in Chap. 3.

Proposition 2.22 Let A € B(R") and {f(t);t € R*} be a continuous function in
R” such that lim;_, oo f(t) = fo. Consider

y(0) =Ay@) + f (). (2.39)
IfRe{L(A)} < 0, then for any initial condition y(0) = yg € R",

Jim y() = —A"" fo.

Let us consider now £ € B(H"). We recall from Sect. 2.3 that £ is the infinitesi-
mal generator of the uniformly continuous semigroup

o
1
L k k
o)== L e BHE).

k=0
Moreover, from the definition of the operators ¢ and ¢! in Sect. 2.6 we have that
for any V € H%, Q = £(V) implies that $(Q) = (§Ly~ v, where v = (V) €
chn?, Thus, from ($£¢@ ') we can obtain a matrix representation of the operator L.
Indeed, let {¢;}, i =1, ..., Nn2, be the canonical basis for RN”Z (that is, ¢; is a
vector in RV formed by 1 at the ith position, 0 elsewhere), and A; = (¢LP ™ e; €

RN”Z, i=1,..., Nn?. Define the matrix A € IB%(RN”z) with columns given by A;
(that is, the ith column of A is A;). From this we have that

A=(pLp™") and L=(p""AP). (2.40)
In particular, we have from (2.40) that the spectra of A and £ are the same, that is,
o(A)=0(L). (2.41)

From (2.40), (2.41), Proposition 2.21, and the decomposition of square matrices
into positive semi-definite matrices as in Lemma 2.20 we have the following result.

Proposition 2.23 Let £ € B(H"). The following assertions are equivalent:
(1) Re{r (L)} <O.

(ii) There are constants k > 0 and b > 0 such that
H oL || < ke forall t> 0.

(iii) lle“" (V)i — 0 as t — oo for every V e HAF.
(V) [y le“ (V)ll1 dt < oo for every V € HEF.
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Lt

If the operator e*' is positive for every t € RT, then (iii) and (iv) can be replaced

by respectively

(iii") ||e£’ WM|l1 = 0ast — oo for every V e H'T.
" fy° le£1 (V)| 1dt < oo for every V € H'.

Proof By applying Proposition 2.21 with the matrix representation A of the opera-
tor £ given by (2.40) we get from (2.41) and from the equivalence of the norms in

CN"* and H{ (see Remark 2.19) that the following assertions are equivalent:

(1) Re{r (L)} <O.
(ii) There are constants k > 0 and b > 0 such that

e | < ke forallz > 0.

(iiia) €€ (V)| — 0 as t — oo forevery V € HE.
(iva) [5lle“ (V)11 dt < oo for every V € HE.

Let us now show that (ii) is equivalent to (iii). It is easy to see that (ii) implies (iii).
Suppose that (iii) holds. From the decomposition (2.38), for any H € Hf., we can
find H' € H{:", i = 1,2, 3,4, such that H= (H' — H?) + v/—I(H? — H*). From the
linearity of the semigroup e~ we have from (iii) that, as t — oo,

e~ @], Zue" H)||, - o.

Thus, we have that (iiia) holds, and since (iiia) implies (ii), we have that (iii) im-
plies (ii). Therefore, we have that (i), (ii), and (iii) are all equivalent. Using similar
reasoning, we can show that (ii) is equivalent to (iv).

Suppose now that the operator eLlis positive for every t € RT. Clearly, (iii) im-
plies (iii’) since H'* C Hfg“. Suppose now that (iii’) holds. For any H € Hzé"’, define
I(H) e H" as follows:

ICH) := (I H s - - | HN I ).

Clearly, H < I(H). From the fact that eLlisa positive operator we get that L1 H) <
e“1(I(H)), and thus ||¢£* (H)||; < ||~ (I(H))]|1. From (iii’) we have that

|~ @], < [~ (1) |, > 0

as t — oo. Therefore, we have shown that (i), (ii), (iii), and (iii") are all equivalent.
Using similar reasoning, we can show that (i) (or (ii) or (iii’)) is equivalent to (iv’),
completing the proof. 0

Remark 2.24 Tt should be noticed that to show Proposition 2.23, we needed the
decomposition in Lemma 2.20, which in turn required to work with the space of
complex matrices. As mentioned before, we will be mainly interested in the case in
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which all matrices and initial conditions involved in the dynamic equations are real.
It will be shown in Chap. 3 that the operators associated to the second moments of
the MJLS are positive, so that the equivalence results in Proposition 2.23 consider-
ing real matrices V € H"* can be applied. This is the reasoning behind the proof of
Proposition 3.19, which shows the equivalence between the concepts of stochastic
stability considering only real initial conditions.

2.8 Linear Matrix Inequalities

Some miscellaneous definitions and results involving matrices and matrix equations
are presented in this section. These results will be used throughout the book, espe-
cially those related with the concept of linear matrix inequalities (or in short LMIs),
which will play a very important role in the next chapters.

Definition 2.25 (Generalized inverse) The generalized inverse (Moore—Penrose in-
verse) of a matrix A € B(R”, R™) is the unique matrix A" € B(R™, R") such that

(i) AATA=A,

(i) ATAAT = AT,
(i) (AAT)* = AAT,
(iv) (ATA)" = ATA.

For more on this subject, see [54]. The Schur complements presented below are
used to convert quadratic equations into larger dimension linear ones and vice versa
(see [251], p. 13).

Lemma 2.26 (Schur complements) Consider a symmetric matrix Q such that
On On
o=|", :
Q12 02

(i) Q > O ifand only if
O»n >0,

011 — 01205 05, > 0,
or

Q11 >0,
0 — 04,07 012 > 0.
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(i) Q =0 ifand only if

02 >0,

Oin= Q12Q;2Q22,
01 — 0120},0%, >0,

or
011 >0,
Q12=Q11QJ{1Q12,
02 — QTgQLle > 0.

Next, we present the definition of a linear matrix inequality.
Definition 2.27 A linear matrix inequality is any constraint that can be written or
converted to
F(x)=Fo+xiFi+x2F+-+xpFp <0, (2.42)
where x; are the variables, and the symmetric matrices F; € B(R") fori =1,...,m

are known.

The linear matrix inequality (2.42) is referred to as a strict linear matrix inequal-
ity. Also of interest is the nonstrict linear matrix inequality, where F(x) < 0. From
the practical point of view, LMIs are usually presented as

fXy, ..., Xn) <g(Xy,..., Xn),

where f and g are affine functions of the unknown matrices X1, ..., X . Quadratic
forms can usually be converted to affine ones using the Schur complements. There-
fore, we will make no distinctions between quadratic and affine forms, or between a
set of LMIs or a single one, and will refer to all of them as simply LMIs. For more
on LMIs, the reader is referred to [49, 293] or any of the many works on the subject.

The next result, from [167], Lemma 7.3, will be useful in Chap. 9, Sect. 9.5,
which deals with the robust linear filtering problem via LMIs.

Lemma 2.28 Let real m x m symmetric matrices Z and Y be such that
Y 1
[ I Z:| > 0.

Then for an arbitrary nonsingular m x m matrix U, there exist m X m symmetric
matrices Z, Y and an m x m matrix V such that

z Ul [y v
ve z| =|ve 7|70



2.8 Linear Matrix Inequalities

Moreover,

V=U-YZ) (U,

Y=U"'z(r-z"z({U™)

Z=v*z-y Y 'u>o.

*

>0,
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Chapter 3
Mean-Square Stability

3.1 Outline of the Chapter

This chapter deals with mean-square stability (MSS) for continuous-time MJLS.
We follow an operator-theoretical approach to deal with this subject, trying as much
as possible to trace a parallel with the stability theory results for continuous-time
linear systems. In this way the MSS of MILS is studied via the spectrum of an aug-
mented matrix, which captures the idea that a balance between the modes and the
transition probability matrix is essential for MSS, or via the existence of a positive-
definite solution for a set of coupled Lyapunov equations. The organization of the
chapter is as follows. The model and problem statements are described in Sect. 3.2,
while the main operators and some auxiliary results are presented in Sect. 3.3. Con-
ditions for mean-square stability for the homogeneous case written in terms of an
augmented matrix or a set of coupled Lyapunov equations are presented in Sect. 3.4.
For the case of one mode of operation (no jumps in the parameters), these criteria
reconcile to well-known stability results for continuous-time linear systems. Fur-
thermore, it is proved that the Lyapunov equation can be written down in two equiv-
alent forms, each providing an easy-to-check sufficient condition. We consider in
Sect. 3.5 two scenarios regarding additive disturbances: the one in which the dis-
turbances are characterized via a Wiener process and the one characterized by any
function in L’; (£2, F, P). For the first case, it is shown that MSS is equivalent to
asymptotic wide-sense stationarity (AWSS), while for the second case, it is shown
that the state variable belongs to L5 (§2, F, P) whenever the disturbance belongs
to L5'($2, F, P). Section 3.6 deals with the concepts of mean-square stabilizability
and detectability.

3.2 The Models and Problem Statement

In what follows we recall from Chap. 2 that for a positive integer N, we define S :=
{1,..., N}.Let (2, F, P) be acomplete probability space equipped with a filtration

O.L.V. Costa et al., Continuous-Time Markov Jump Linear Systems, 33
Probability and Its Applications, DOI 10.1007/978-3-642-34100-7_3,
© Springer-Verlag Berlin Heidelberg 2013
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{F:,t € R} satisfying the usual hypotheses, that is, a right-continuous filtration
augmented by all null sets in the P-completion of F. Throughout the book we will
consider a homogeneous Markov chain 8 = {(6(¢), F;); t € R} taking values in S
as presented in Sect. 2.5.

LetA:=(Ay,...,Ay)eH"and J:= (Jy, ..., Jy) € H""". We deal in this chap-
ter with three types of linear systems with Markov jump parameters. First, we con-
sider the homogeneous system

X(t) = Agyx(t), teRT
3.1
6(0) = 6y, x(0) = xo, PBy=i)=v;.

We consider next the class of dynamical systems modeled by the following
stochastic differential equation:

X(t) = Apyx (1) + Joyw(t), teRT
(3.2)
6(0) = 6o, x(0) = xo, P(6y=i)=v;,

where {w(t); t € R*} is any L, (82, F, P)-function, which is the usual scenario for
the Hs, approach, to be considered in Chap. 8.

The third model to be considered in this chapter is the class of dynamical systems
modeled by the following Itd stochastic differential equation:

dx(t) = Agpyx () dt + Jgydw(t), te€ R*
3.3)
6(0) = 6o, x(0) = xo, POy =1i)=v,

where W = {(w(¢), F;);t € RT} is an r-dimensional Wiener process with incre-
mental covariance operator /d¢, independent of the Markov chain 6 and initial con-
dition xo. In addition, we assume for this case that {0(¢); t € RT} is an irreducible
Markov chain. We recall that, as seen in Sect. 2.5 (see (2.21)), in this case there ex-
ists a limiting probability {r;; i € S} that does not depend on the initial distribution,
with {Zi cs i = 1}, and satisfies, for some positive constants & > 0 and 8 > 0,

max|p;(t) — 7| <ae P, 3.4)
j

As in (2.27), we will use along this book the notation
ﬁt = (X(t), e(t))a

and when we say arbitrary initial condition ¥y = (xg, 6p), we mean any distribution
v={v;;i €S} for Oy (P(Oy=1i) =v;,i €8S) and any distribution for xq satisfying
E(llxo]l*) < o0.

In this chapter it will be convenient to consider that xog € C" (see the proof of
Theorem 3.15), so that, although the matrices A; and J; are real, x(¢) will take val-
ues in C". In Proposition 3.19 we show that the stability results derived for xy € C"
also hold when we restrict xy € R”.
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In what follows, we will be mainly interested in deriving convergence results to
the first and second moments of the state variable x(¢). These moments are defined
next for each t e R™:

q(t) = E(x(n)) e C", (3.5)
O(t.1) == E(x(t + D)x(1)*) e B(C"), (3.6)
0(t) == Q(0,1) e B(C")™. (3.7)

Recalling that 1 stands for the Dirac measure (see (2.2)), we have that
x(0) =Y x(O)1()=i)-
ieS
(4920 =) x(t+9)x(0) o=y, 520,
ieS

We will obtain in Sect. 3.3 differential equations for the first and second moments
of x(t)149(1)=i}. For that, we define

qi (1) := E(x(t) Ljg(»)=iy) € C", (3.8)
0i(t) == E(x()x(t) Ligy=i)) € B(C") ™, (3.9)
Qi(s, 1) 1= E(x(t +5)x(1)* Lg15=i}) € B(C"). (3.10)
Set also
q1(7)
Ggoy=| : |, (3.11)
gn ()
Q1) :==(01(1),.... On D), (3.12)
QGs, 1) :=(Qi1(s.1), ..., On(s.1)). (3.13)

Notice that

lQo]l, =Y a0 = 3 E[|lxO 1ww=-n] = E[|x®[*].  G.14)
ieS ieS
E(Jx®]) = Y t(E(x0x) L= 1))
jeS

=Y w(Q;m) <n)_[Q;0] =n]Qw)
jeS jeS

y (3.15)

and that Q(¢) € Hﬁg‘. Similarly we have that §(r) € CN" and Q(s, t) € HIZ..
In the next three definitions we present some stability concepts that are often
found in the literature for MJLS.
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Definition 3.1 A linear system with Markov jump parameters is stochastically sta-
ble (StS) if for arbitrary initial condition ¥y, we have

/0 E[[x)[*]dt < oo.

Definition 3.2 A linear system with Markov jump parameters is mean-square stable
(MSS) if there exist ¢ € C" and Q € B(C")™ such that for arbitrary initial condition
Yo, we have:

(@ llg@®) —qll—0ast— oo,
(b) [|Q(t) — Q| = 0 as r — oo.

Definition 3.3 A linear system with Markov jump parameters is asymptotically
wide-sense stationary (AWSS) if there exist g € C" and Q(t) € B(C")* such that
for arbitrary initial condition ¥, we have:

@) |lg(t) —qll— 0asr— oo,
() 1Q9(r,t) = ()| - Oast — oo.

Remark 3.4 In the case of systems (3.2), (3.3), we also assume that ¢, Q, and Q(t)
are independent of w(?).

3.3 Main Operators and Auxiliary Results

We first consider the homogeneous equation (3.1), restated here for convenience as
follows:

dx(t) = Apx()dt, teRT,
(3.16)
x(to) = xo, P60 =1i) =v;.

In addition, let 7} denote the kth jump time of the Markov process {6(¢); t > 0} and
define

T = {a)e 2: lim Tp(w) — oo}. (3.17)
k—o00

We recall that P(T7") = 1. For each realization of the Markov process {0(¢); t > 0}
in 7, we have that {Ag(); ¢ > 0} are matrix-valued functions on R of the class PC
(piecewise continuous, see Definition 2.3 or [53], p. 411), and therefore, according
to Theorem 2.5 (see also [53], p. 11), there exists a unique continuous solution
@ (-, tp) from R to B(R") of the homogeneous linear matrix differential equation

AD (1, 10)
at
D(to,10) =1

=Ag®(t, 1),
(3.18)
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for almost all # € R™. Moreover, the solution of (3.16) is given by
x(t) =P (t, to)xo. (3.19)
In order to obtain differential equations for the first and second moments of
x(t)1{o(r)=i}» we define the following linear operators £ € B(H{.), F € B(Hf), and
T e B(HZ):

FO=(F0),.. . FNO);

(3.20)
L) =(L10), -, LN O); TO=(Ti(), ... Tn (),
where, for P=(Py, ..., Py) € Hf, andi € S,
Fi(®):=AiPi+ ) AjiP,
jeS
Li(P):=Ai P+ PiAT + ) &jiPj, 321)

jeS

Ti(P):= AfP; + PiA; + ) hijPj.
jeS

The next result establishes a link between 7 and L.

Lemma 3.5 With the inner product as defined in (2.32), T* =L, i.e., T is the
adjoint operator of L in the Hilbert space (H}, || - ||2).

Proof For any P, V € HY., we have from (2.32) that

(L®): V)= (L) V)

jeS
*
= Ztr((Aij + PjA% + ZkijP,-) vj)
jeS ieS
- Ztr(Pi* (A;*v,- +ViA; + Z/\,-,- Vj))
ieS =)
=(P; T(V)),
showing the result. U

Before deriving differential equations, to compute the first and second moments
of the state variable of (3.1), we need the following auxiliary result.
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Lemma 3.6 Consider a stochastic process { f (t)} such that f(t) is F;-measurable
and E(f(t)lLig)=i)):=fi (t) exists. Then

E(fOU@arn=iy — Lpn=i)) = Z Aji fi(Oh + o(h). (3.22)
jeS

Proof We have from (2.13) that
E(f O arm=iy — Lipn=i)

=Y E(E(fOlpatm=ilww=p1F1)) — E(f O lpn=)
jeS

=Y P0G +m=ilo®) =j)f;®) = f;(®)
jeS

=Y % fiOh+oh),
jeS

showing the desired result. g

For notational simplicity, we will represent, from now on, the infinitesimal vari-
ation equation in (3.22) by the more compact differential equation

E(f0)d(pmn=i)) = Z Aji fi(t)dt, (3.23)
jeS

and throughout the book we will adopt, whenever necessary, similar notation.

We will apply the Kronecker product (see Chap. 2) to the operator £ in order
to write differential equations for the second moments of x () 1{g(;)=;) in a matrix
form. Bearing this in mind, we introduce the following notation:

F:=M'Q®1I,+diag(A;); V:=I0'®ILp; G:=diag(l,®A;); (3.24)
H :=diag(A; © A)); A=V +H; B:=V+G. (3.25)

The next proposition provides differential equations to compute the first and second
moments of the state variable of (3.1).

Proposition 3.7 Fort € R™, we have for (3.1) that
§(1)=F§(), (3.26)
Q) =L(Q)). (3.27)

Proof From Lemma 3.6 and applying Itd’s rule to (3.8), we have from (3.1) (bearing
in mind the notation in (3.22) and (3.23)) that

dqj(t) = E[dx()o()=j) + x(1) d1g)=jy ]
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= AJE[x()1jpay=jp ] di + ) hijai (1) dt
ieS
=Ajqj(0)dt + ) hijqi(t)dt,
ieS

and (3.26) follows. Similarly, for (3.9), we have

dQ;(1) = E[dx()x(t)* Ligi=j) +x(0) dx(1)* Lg=j) + ¥ (Ox(0)* d(Lg=5))]
= AE[x()x (1) Low=j)] dt + E[x()x ()" 1ip)=jy | A] dt
+ ) M E[x0x()* Lip=n ] dt
ieS
=L;(Q)dt,

showing (3.27). 0

The following result gives the matrix representation for the operators £, T, F
in terms of the matrices A, A*, and B, respectively (see also (2.40) for the general
case).

Proposition 3.8 For A e BRY"™), B e B(RVN"), and A* € B(RN") defined as in
(3.24)—(3.25) we have, for any Q € HI., that:

(@) ¢(LQ) =A9(Q),
(b) ¢(T(Q) =A"9(Q),
(©) ¢(F(Q) =Bp(Q.

Proof Tt follows from the definition of ¢ in Sect. 2.6, in conjunction with (2.37),
bearing in mind the definition of the operators F, £, and T in (3.20)—(3.21) and ma-
trices A € B(RVN"), B € B(RV"), and A* € B(RV"") defined as in (3.24)~(3.25). [

As a consequence of the previous proposition, we have the following lemma,
which presents a matrix representation for the differential equation (3.27).

Lemma 3.9 Ler A € B(RY "2) be defined as in (3.24)—(3.25), and consider the
homogeneous system y(t) = Ay(t), t € RY, with initial condition y(0) = $(Q),
Qe H%. Then,

y(0) = e y(0) = §((Q)). (3.28)

The result also holds replacing A and L by A* and T, respectively.

Proof We begin by noticing that the solution of the above differential equation is
given by y(t) = eAty(O). Consider any y € CV"? and take Y = o'y e H{.. From
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Proposition 3.8 it follows that ¢(£¥(Y)) = A¥@(Y) = AFy. From the continuity of
the operator ¢(-) (see Remark 2.19) we have that

0k o0k
A t t
e fyzz—!,ztkyzzE = lim_ Z o(£5Y))
k=0 k=0
r r k
= lim ¢(Z —'L‘k(Y)) = @( lim —ck(Y)>
=0 k=0
= ¢(e£(Y)). (3.29)

Thus, from (3.29) we have that

y(0) =eMG(Q) = (£ (Q)),

showing the result. g
The next result shows the positiveness of the operators £ and 7T .

Lemma 3.10 For L defined as in (3.20) and (3.21), and y(t) given as in (3.28), we
have that:

(a) The operator € is positive, that is, Q € H%“' implies 1 (Q) € H%+,f0r every
teRT.

(b) For Qe Hi, ¢~ (y(t)) e HE" and, consequently, o~ ' (y(1)) € B(C")" for all
jeSandt eRT.

Items (a) and (b) also hold replacing L by T .

Proof The proof of (a) follows the same steps as in the proof of Lemma A.2. To
prove this result, it suffices to show that ¥;(r) € B(C")™ fori € S and any r € R,
where Y(¢) := (Y1(¢), ..., Yn (), withY(0) =Q € H@, satisfies: Y(t) =LY @),
or Y,-(t) = L;(Y(¢)). Notice that the unique solution to this equation is Y(¢) =
¢“'(Q). From (3.21), defining A; = A; + 1A;; I, we have that

Yi(t) = AiYi(0) + Yi(OA; + Y Aji¥;(0).
(i)
Furthermore,
- ~ t . -
Yi(t) = et Qieti! + / eAi(H)(Z AjiY; (s))eAi =9 ds. (3.30)
0 - .
{i#i}

The above equation has a unique integrable solution Y;(#) that can be found by
successive approximations as follows. Consider the sequence {Yl.k ®:k=0,1,...,
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t € R} for i € S obtained recursively as

- - . -
0 () (3.31)
Y2(1)=0, ieS.

Bearing in mind that A;; > 0 for i # j, i € S, it is easy to see that Yl.k+1(t) >
Yik(t) >0 for k=0,1,... and any r € RT. Next, we prove that, for i € S,
||Yl.k(t) | <€) forevery k=0,1,...and any t € R", where

Gy =201 Aty + ) hjitj (@),
{j#i}
£:(0) = [ % (0)].
This is carried out by induction as follows. First notice that the assertion above is

obviously true for k = 0. Assuming now that it holds for some k, i.e., ||Yik(t)|| <
£;(t) fori € S and t € RT, we have that

. r.
() 262||Ai||t€i(0)+/0 eZIAiI(t—s)(Z )\jizj(s)> ds
{j#i}

~ ~ | ~
eA,-le_eA,.er/ A (t—s)(z )\jiyjlg>eAi (t=5) g
0

{i#i}

=

=[r "o

)

and the assertion follows. Finally, using Lemma 2.17, we get that for each t € RT,
limg— 00 Yik (1) = l?i () > 0 for some 1?[ (t) € B(C")™, which is Lebesgue measur-
able in ¢ (since each Y. l.k (1) is continuous and differentiable in ¢ from (3.31)). There-
fore, taking the limit as k — oo in (3.31) and applying the bounded convergence
theorem (see [29], Sect. 16), we get that

1

Yi(r) = lim Y 0)
k—o00

- ~ ro ~
=t Qieti! + lim [ 4 7Y ( doa ti'-‘(s))eAi = ds
feedo Tz

; ) ro N
— eAitQieAit + / eAi(T—S) < Z )\'Jl lim Yj/g(s))eAi (t—s) ds
0 e

~ ~ ro. ~
=t Qet! + / et <’—S><§ ,\,-,-Y,(s)>ef‘f<’—f>ds. (3.32)
0 .
(Vad
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From (3.32) we get that I?l (1) is continuous and differentiable, and from the unique-
ness of the solution Y (#) in (3.30) we get that Y; (t) = 1?,- (t)>0fori e Sandr e RT,
ie., Y;(t) e B(C")™ fori € Sand t € R, and part (a) follows. Part (b) follows from
part (a) and the definitions of ¢ and ¢ j’l. O

The next result will be useful to write the mean-square stability results in several
equivalent ways.
Proposition 3.11 The following assertions are equivalent:

(1) Re{r(A)} <O.
(i) Re{A (L)} <O.
(iii)) Re{A(A*)} <O.
@iv) Re{A(T)} <O.

Proof Clearly, we have that (i) and (iii) are equivalent and similarly (ii) and (iv) are
equivalent (recall from Lemma 3.5 that £ = 7). For the equivalence between (i)
and (ii), let us first suppose that (ii) holds. From the equivalence between the norms
|| -] and || - ||1 (see Remark 2.19) we have from (3.29) and (2.35) that

1 1
ey =l )| = e 0, = e [IXIh =0 ast— oo,

From Proposition 2.21 we get that (i) holds. Similarly, if (i) holds, then from (3.29)
and (2.36) we get for any Y € HY, by setting y = ¢(Y) € CN"* that

[e“ D, =67 D), =2l ey = calle Iyl — 0 ast - oo,
From Proposition 2.23 we get that (ii) holds. g
We need also the following auxiliary results.

Lemma 3.12 For any second-order random variable 7 taking values in C", and for
t,teRT,t>1>0,and ®(t, 1) as in (3.18),

| @, 0)z|)2 < n] e 11zII3. (3.33)

Proof Consider (3.16) with initial time 7y = 7 and initial condition x(tp) = z. It
follows from (3.19) that over the set 1" (see (3.17)),

xt)=®(t,1)z.

Recalling that P(Y) =1, Q; (t) = E(x(t)x(¢)*1{p()=i}), and that Q; () = E(zz* x
Lig(z)=i}), it follows that

[« = e 0z5=Y (@) <n Y a0 =n]Qw)],. 334
ieS ieS
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From (3.27) in Proposition 3.7,
Q1) =e=7IQ(1). (3.35)
Plugging (3.35) into (3.34) leads to
[ n)z]; <nle“ Q@ <nle V@], (336)

The result follows from (3.36) after noticing that

Q@ |, =>"Jei@| =D u(Qi®) = lzl3.
ieS ieS L

Proposition 3.13 [fRe{A(A)} <0, then Re{A(F)} <O.

Proof Since Re{A(A)} < 0, it follows from Proposition 2.23 and Proposition 3.11
that ||e£’ | < we="" for some > 0 and b > 0. For the homogeneous system

i) =Agyx(t), teRT,

we have from (3.27) in Proposition 3.7 and (3.14), (3.15) that

E(Jx0]?) =Y t(E(x0x @) 1pm=p)) <n| Q0]
jesS

= [~ (Q)|, = nue™ Q)| <npe " E(|x©]?)

and from (3.26) in Proposition 3.7 that

le"4@ ], =lawl, =" la;®] < Y E(|lx®]low=p) = E(Jx®])

jeS jeS
= (E(Jx )" = ' 2e73 (E(|x ). (3.37)
From Proposition 2.21 and (3.37) we get that Re{A(F)} < 0. Il

Remark 3.14 1t is not difficult to see that Re{A(F)} < 0 does not imply Re{A(A)} <

0. Indeed, consider, for instance, n =1,S = {1,2}, A1 =Ap =—1,A; = %, and

Ay = —5. It is then straightforward to show that

—6.5 — /34.25 —6.5++/34.25
MF)=—— <0, AZ(F)=+—<0
2 2
and that
—11+ /125 —11 —-+4/125
rMA)=——>0, MmA)=————<0.

2 2



44 3 Mean-Square Stability

3.4 Mean-Square Stability for the Homogeneous Case

In this section necessary and sufficient conditions for mean-square stability (or, as
we are going to see in Sect. 3.4.1, equivalently stochastic stability) of the homoge-
neous case are established. It is required that either the real part of all the elements in
the spectrum of an augmented matrix be less than zero or that there exists a unique
solution of a Lyapunov equation. It is proved that the Lyapunov equation can be
written down in two equivalent forms, each providing an easy-to-check sufficient
condition. Moreover, it is shown that for real matrices A;, the system is MSS for the
complex state space if and only if the system is MSS for the real state space.

We start in Sect. 3.4.1 by showing the equivalence between mean square stability,
stochastic stability, and the real part of all the elements in the spectrum of an aug-
mented matrix being less than zero. In Sect. 3.4.2 we show the equivalence between
mean-square stability and the existence of a unique solution for a set of coupled
Lyapunov equations. In Sect. 3.4.3 we summarize the main results of the section.

3.4.1 MSS, StS, and the Spectrum of an Augmented Matrix

The goal of this subsection is to show the equivalence between mean-square stabil-
ity, stochastic stability, and the real part of all the elements in the spectrum of an
augmented matrix being less than zero, in the spirit of the classical linear case. This
result is proved in the next theorem.

Theorem 3.15 The following assertions are equivalent:

(i) System (3.1) is StS according to Definition 3.1.
(i) Re{A (L)} <O.
(iii) Re{A(A)} <O.
(iv) System (3.1) is MSS according to Definition 3.2 with ¢ =0 and Q = 0.
(v) There exist b > 0 and a > 0 such that for each t € RT,

E(|x®]?) < ae ™ E(llxol?). (3.38)

Proof From (3.27) in Proposition 3.7 we have that Q(t) = L(Q(t)). Therefore, from
(3.14),

[ e @) dr= [ @alar< [T ek Prar 639)

for arbitrary initial condition 9. Suppose now that (i) holds, so that, for arbitrary
initial condition ¥y, we have that fooo E(||x(t)||2) dt < 00, and consider any H =
(Hy,...,Hy) € HE‘;. From the spectral decomposition of H; (see, for instance,



3.4 Mean-Square Stability for the Homogeneous Case 45

[234], Chap. 6) we have that

n

H; =Y Ju(Hp)er(Hy)ej (Hp),
k=1

where Ay (H;) > 0 is the kth eigenvalue of H;, and ey (H;) the corresponding eigen-
vector. We take independent variables xo; and 6y with the following distribution:
x0i = ~Nnhir(H;)er(H;) with probability % for k=1,...,n and 6(0) =i with

probability % fori =1,..., N. Consider now xop = Zies x0i Lyg,=i). We get that

E (x0x¢ 1igy=iy) = E (x0:x0; Lgy=i))
= E(xoixg;) P (0o = i)
1
= E(.X()i.xgi)ﬁ
n
1 —
= — Z NnAy(H;)er(H;)e; (H;)—
NS "

= > M(Hy)ex(Hy)ej (Hy) = H;.
k=1

Thus, we have obtained an initial condition xg and v such that Q;(0) = H;. It fol-
lows from (3.39) that for any H = (Hj, ..., Hy) € H.', fooolleE’(H)lh dt < o0,
which implies, by Proposition 2.23, that (ii) holds. From Propositions 2.23 and 3.7
it is immediate that if (ii) holds, then (i) holds. The equivalence between (ii) and
(iii) follows from Proposition 3.11. If (ii) holds, we have from Proposition 3.13 that
Re{A(F)} < 0. Thus, from (3.26) in Proposition 3.7 and Proposition 2.21 it fol-
lows that g (t)—0 as r — oo, and since g(t) =) ;.5 ¢i(t), we have that g(t)—0
as t — oo. From Proposition 2.23 and (3.15), (3.33),

lx0]; <nlQ)], =nle“ Q)]
<n[e”][QO], < ae™ E(lIxoll?) (3.40)
for some a > 0 and b > 0. This shows that (ii) implies (iv) and (v). It is immediate
from (3.40) and Propositions 2.23 and 3.13 that (v) implies (ii) and (iv). O

The next examples, borrowed from [223], illustrate the cases in which

(1) each mode is unstable, but the overall system is stable, and
(2) each mode is stable, but the overall system is unstable.

These examples illustrate that it is necessary to combine the transition probability of
the Markov chain with the eigenvalues of the matrices A;, as in matrix .4, in order
to get an adequate criterion for mean-square stability of system (3.1).
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Example 3.16 (Each mode is unstable, but the overall system is stable) Consider an
MILS with

L _ -2 -1 —
O S vy B |

so that each mode is unstable. However, depending on the value of g, the overall
system will be mean-square stable. In fact, it may be checked that

2
det(1] — A) = (A2 + (26 +3)h + 3 — 4)2()\2 QB3P g) ,

and thus, from the Routh—Hurwitz criterion, the system is MSS if and only if § >
4/3, i.e., Re{A(A)} < 0 if and only if 8 > 4/3. This shows that as the number of
jumps per unit of time increases, the effect of switching between the unstable modes
makes the overall system mean-square stable.

Example 3.17 (Each mode is stable, but the overall system is unstable) Consider
now an MJLS with

U e A T A P

whose modes are both individually stable, so that Re{A(A)} < 0 for 8 = 0. How-
ever, as proven next, the overall system will be unstable in the mean-square sense if
B > 1/24. In fact, in the general case of B > 0 it is straightforward to check that A is
a Metzler matrix (i.e., a matrix whose off-diagonal entries are nonnegative), so that
Re{A(A)} € 0 (A) is easily obtained from a suitable version of the Perron—Frobenius
theorem [215, Chap. 6]. Therefore, due to the continuity of the spectrum, the small-
est B > 0 such that mean-square stability is lost must be such that Re{A(A)} =0,
which in this case is equivalent to det(A) = 0. Finally, it is a routine exercise to
verify that

32

det(.A) = - ?

1 2
B— 53 )B+D(B"+278+1),
which, indeed, has a root at 8 = 1/24. This shows that as the number of jumps per
unit of time increases, the effect of switching between the stable modes makes the
overall system mean-square unstable.

We conclude this subsection by showing that the results obtained in this chap-
ter considering the complex case also hold for the real case, that is, the situation
in which the initial condition xg in (3.16) is real. We state below Definition 2.1
presented in [137].
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Definition 3.18 [137] System (3.1) is stochastically stable if for any xo € R"” and
any probability distribution v for 6,

fooE(||x(t)||2)dt < 0.
0

Notice that in Definition 3.18, we consider only real initial conditions for x,
while in Definition 3.1 complex conditions for xo are allowed (see also Remark
2.24). We next show that in fact Definitions 3.1 and 3.18 are equivalent.

Proposition 3.19 System (3.1) is stochastically stable according to Definition 3.18
if and only if it is StS according to Definition 3.1.

Proof Clearly, if system (3.1) is StS according to Definition 3.1, it is stochastically
stable for the real state space case as in Definition 3.18. Suppose now that system
(3.1) is stochastically stable for the real state space case as in Definition 3.18. For
any H € Hzgr, define, as in Proposition 2.23, I(H) € H"* as follows:

IH) := (|Hi | L, ..., 1HN ).

Clearly H < I(H). We consider real initial conditions xg and v such that Q;(0) =
| H; |l I, so that Q(0) = I(H) (for instance, xo and 6y independent with E (xox(*;) =
|H||11, and v; = %). Let xg(¢) denote the trajectory for this initial condition.
From Lemma 3.10 we have that for all # € RT,

0 < e~ (H) < ¢~ (I(H)). (3.41)

From (3.14) and (3.41),
[ et @i ar< [ e aany < [ el ar <o

for all H e Hg', and thus, by Propositions 2.23 and 3.15, system (3.1) is StS ac-
cording to Definition 3.1. 0

3.4.2 Coupled Lyapunov Equations

In this subsection we will be interested in obtaining equivalence results between
mean-square stability and the unique solution of a set of coupled Lyapunov equa-
tions. Some easy-to-check conditions will also be established. We start by showing
that mean-square stability implies the uniqueness of solution for a set of coupled
Lyapunov equations, which can be written in two equivalent ways (in what follows,
recall the definition of ¢ in (2.34)).
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Proposition 3.20 If Re{A(A)} < 0, then for every S = (Sy,...,Sy) € H", there
exists a unique G = (Gy, ..., Gy) € H" such that

L(G)+S=0. (3.42)

Moreover,

@ Gi=—¢;  (A1G(S));
b) $(G) = [N () dt;
(c) S eH™ iff G € H™;

(d) S e " implies G € H"™.

These results also hold replacing L by T and A by A*, and, in this case, (3.42)
reads as

T(G)+S=0. (3.43)
Proof (a) From Proposition 3.8(a) we have that
P(L(G) = Ap(G),
and therefore (3.42) is equivalent to
Ap(G) = —¢(S). (3.44)

The expression for G; follows immediately from the assumption on .4 and the
definition of ¢. Assume now that there exists G= ((_7 Lyvvns GN) € H" such that
L;(G) + S; = 0. Then, bearing in mind (3.44), we have A$(G —G) = 0, or
@(G — G) = 0, which implies that G — G = 0, and the uniqueness follows.

(b) It follows from (3.44), bearing in mind that Re{\(A)} < 0, Proposition 2.21,
and that

) o) oo 7 ,At 7
A f e G(S)dt = f Ae™M§(S) dt = f a9 ,,
0 0 0 dt

=G| =—¢(9).

(¢) From (3.43) and Lemma 3.10 we have that £(G*) 4+ S* = 0, and the result
follows from the fact that L(G* — G) + (S* —S) =0.
(d) is a consequence of eAH(Q) = ¢(e£1(Q)), bearing in mind Lemma 3.10. [J

We next present equivalent forms of Lyapunov equation and Lyapunov inequality
for mean-square stability of system (3.1).

Theorem 3.21 The following assertions are equivalent to mean-square stability of
system (3.1):

(a) Re{A(A)} <O.
(b) For some G; > 0inB(C"), j €S, we have L;(G) <0,i € S.
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(c) Forany S; > 0inB(C"),i € S, there is a unique G = (G, ...,Gn), G; >0in
B(C™), i €S, such that
L(G)+S=0. (3.45)
Moreover,
Gi=¢;' (-A'¢(®), ieS.
Furthermore, the above results also hold if we replace L by T and A by A*, or C
by R.

Proof Clearly (c) implies (b). Suppose now that (b) holds. We consider the homo-
geneous system

y(t)=A*y(t), teRT, y(0) € (H"), (3.46)

where
P(H") = {y eCV; y = $(Q), Q e H'}.

From Proposition 3.8 we have that
07 (0®) =Ti (97 (@), 9y (y®)), Je€S, (3.47)

with g?Jj_l(y(O)) e B(C™")™. It follows from Lemma 3.10 that g?Jj_l(y(t)) e B(CHT
for all j € S and all ¢+ € R™, and thus y(t) € (H""), t € RT. Define now the
function ¢ : 9(H*T) — R as

6, () =1(37' G =u(G/*6;7' (G =0, jes,

N
P =) ;3 =0.

j=1

In order to prove that ¢ is a Lyapunov function for system (3.46), we need to show
that:

(i) ¢(y) — oo whenever ||y|| — oo and y € g(H"T);
(i) ¢(0) =0;
(iii) ¢(y) >0 forall y € p(H"T), y #0;
(iv) ¢ is continuous;
(v) $(y(1)) <0 whenever y(t) € ¢(H"T), y(t) #O0.

Now, for y € ¢(H"T), let A;;(y) > 0 denote the ith eigenvalue of g?)j_l(y), and
Ai (G ) > 0 the ith eigenvalue of G ;. Define

co = min Ai(Gj)>0
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(since G > 0) and

cli= max  A;(G;)>0.

From (2.1(ii)) we have that

N =n N n

o (Z D hi <y>> <o = (Z P ,~,~(y>>. (3.48)
j=1i=1 j=li=1

Note that

N n

N
P =tu(y*) =" w((@7' ) =YD (1)’
j=1

j=li=l1
and bearing in mind the positiveness of A ;; (y), we get that || y|| — oo iff

N n

ZZ (Aji () = oo,

j=1i=1

and y=0iff A;;(y) =0,i=1,...,n, j €S. Thus, from these results and (3.48)
we get (i)—(iii). Since the continuity of ¢ is easily verified, it remains only to show
(v). Now, from the definition of ¢, (3.47), Lemma 3.10, and Lemma 3.5 we have:

N

N
$(y() Z (y0) =Y u(¢;' (3®)G;)
j=1

N
=Y (T (@7 (y®). ... o5" (y))G))
j=1

=(T@;'OG®).....é5' (®))": G)
=({T((¢~'(>®))"): G)
=(@

()5 LG) <0

whenever y(t) # 0 € ¢(H"). Therefore, we have shown that (3.46) is asymptoti-
cally stable (cf. [183]), and thus |lexp (A*t)y|| — 0 as t — oo for all y € ¢(H" 1),
which yields from Proposition 2.23 that Re{A(A*)} = Re{A(A)} < 0.

Finally, from Proposition 3.20 we have that (a) implies (c) and from Theo-
rem 3.15 that (a) is equivalent to mean-square stability. The fact that R and C
may be interchanged is proven as follows. Obviously, the existence of G; € B(R")
in (b) is sufficient for G; € B(C"). The necessity is due to A; € B(R") for all
i € S. In this case, whenever (b) is true, we have G = G® + /—1G' for some
GR=(GR,...,GR)yand G' = (G}, ..., G{) in H". Thus, by taking the conjugate
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transpose we have (bearing in mind that the entries of A; are real)
Li(GR)+v/—-1L;(G") <0, £Li(G*)—+v-1£:(G') <0, ieS,

so that, summing both expressions, we obtain the real version of (b). The proof for
(c) is analogous if we keep in mind that the entries of .4 are real. d

Remark 3.22 Note that the Lyapunov operator £ works on a Hilbert space of dimen-
sion %H) rather than Nn?2, the dimension of the matrix .A. This information can
then be used to write up the Lyapunov operator £ as a square matrix of dimension
M . Once this is done, it would be more advantageous to check if Re{A (L)} < 0
by looking at the eigenvalues of this reduced-order matrix.

We show now that from Theorem 3.21 we can derive some easy-to-check conditions
for mean-square stability of (3.1).

Corollary 3.23 Conditions (i) and (ii) below are equivalent:

(1) Jo; > 0,i €8, such that for eachi € S,

Oli)\max(Ai + A;k) + Zkijaj <0,
jeS

(ii) Jo; > 0,i € S, such that for eachi € S,

airmax (Ai + Af) + Z)»jiaj <0,
jeS

where Amax (T) := max{\ : A is an eigenvalue of the operator T'}. Moreover, if the
above conditions (one of them) are satisfied, then system (3.1) is MSS.

Proof Consider the homogeneous scalar system
X(t)=agx(1), teRF, (3.49)

where a; 1= %AmaX(A,- + AY), i € S. Then by applying Theorem 3.21 to system
(3.49) we obtain that conditions (i) and (ii) above are equivalent. Suppose now that
condition (i) is satisfied and set G; = «j I, > 0, j € S. Since

A;kGi +GiA; + Z)»,’jGj =Oli(Ai + Al*) + Z)»ijajln
jes jeS

= (ai)\max(Ai + A;k) + Z)‘ijaj>ln <0,
jeS

we get from Theorem 3.21(a) that system (3.1) is MSS. g
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Corollary 3.24 Suppose that for some real numbers §; > 0, i € S, one of the fol-
lowing conditions is satisfied:

(1) Amax[Ai + AT + %(Z{jes;jqéi})‘ijsj)ln] < —Xii,
(2) Amax[Ai + A;k + 5—11,(2{]'55;]'#} )»jiaj)ln] < —Xij-

Then system (3.1) is MSS. Moreover, these conditions are equivalent to those in
Corollary 3.23.

Proof Immediate from Corollary 3.23 after noticing that for any symmetric matrix
U, Amax(U +11) = Amax (U) + 7. 0

3.4.3 Summary

Finally, we conclude this section by summarizing the main equivalence results for
the homogeneous case.

Theorem 3.25 The assertions below are equivalent:

(a) System (3.1) is MSS.

(b) System (3.1) is StS.

(c) Re{r(L)} <O.

(d) Re{r(A)} <O.

(e) (Exponential MSS) There exist b > 0 and a > 0 such that for each t > 0, (3.38)
holds.

(f) (Coupled Lyapunov equations) Given any S = (S1, ..., Sy) > 0 in H*T, there
exists P=(Py, ..., Py) > 0 in H"" satisfying T(P) +S =0.

(2) (Adjoint coupled Lyapunov equations) Given any S = (S, ..., Sy) > 0 in H'T,
there exists P= (P, ..., Py) > 0 in H"" satisfying L(P) +8S =0.

Moreover, if Re{A(A)} < 0, then, for any S € H", we have that:

(i) there exists a unique P € H" such that T(P) +S =0.
G) fS=TES>T)and TP)+S=0,TL)+T=0,thenP>L (P>L).

These results also hold if T is replaced by L.

Proof 1t follows from Theorem 3.15, Proposition 3.20, and Theorem 3.21. O

3.5 The L}(£2, F, P) and Jump Diffusion Cases

We consider in this section two scenarios regarding the additive disturbance.
In Sect. 3.5.1, we consider the one as in (3.2), characterized by functions in
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L5(82, F, P). In Sect. 3.5.2, we consider the scenario as in (3.3), a jump diffu-
sion where the noise is characterized via a Wiener process. For both cases, un-
der suitable conditions, it is shown that mean-square stability is equivalent to
asymptotic wide-sense stationarity (AWSS). In addition, it is shown that the state
(x();teRT} e L5(2, F, P) for L%(£2, F, P)-disturbances. In Sect. 3.5.3, we
summarize the main results of this section.

3.5.1 The L,(2, F, P) Disturbance Case

We consider in this subsection the class of dynamical systems modeled by the
stochastic equation (3.2), restated here just for the sake of convenience:

() =Aginx () + Joyw(t), teRT,
(3.50)
o = (x0, 60), P(0p=1) =,
where the additive disturbance {w(¢); ¢t € RT} is any L, (2, F, P)-function. We
need the following result.

Lemma 3.26 Let {w(t);t e Rt} e L, (82, F, P) and define for ). > 0,

t
x(®) = / e Juw@]dr 35D
0

Then x(t) —> 0 ast — oo.

Proof The proof follows the same arguments as in [242], pp. 119-120. Given any
€ > 0, consider ¢, > 0 such that f:o ||w(r)||%dr < €2, Then, for t > e,

te t
x (1) = e M1 f e M w(r) |, dr + / e M |w(r) |, dr. (3.52)
0

fe

We have from the Schwarz inequality that

te 2 le te
(f e tmertsar) < [Feemoar [uoliar
0 0 0

- 1 2 3.53
< o= lwi3 (3:53)
and
; 2 t 00 2
([ tmolhac) = [ emae [pucotsar
Ie fe fe
1,

< _—¢2 (3.54)

T 2X
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Taking the limit as + — oo in (3.52), from (3.53) and (3.54) we obtain that 0 <
lim; 00 x (1) < W, showing the desired result. O

We prove now the following result.

Theorem 3.27 The following assertions are equivalent:

(1) Re{r(A)} <O0.
(i) {x(t);teRT} e L5(82, F, P) for any {w(t);t € Rt} e L5(82, F, P) and ini-
tial conditions V.

Moreover, if (i) or (ii) is satisfied, then the following condition holds:

(iil) limy 00 E(x(t +5)*x(2)) =0 for any s > 0, {w(t);t e R*} e Ly(2, F, P),
and initial conditions Vy.

Proof (i) = (ii): First, notice that over the set 7" (see (3.17)) we have from (3.50)
and Theorem 2.5 (see also Theorem 2.1.70 of [53], p. 17) that

t

x(t)=q§(t,0)x(0)+/ D (t, 1) Joryw(r)dr. (3.55)
0

By the triangular inequality, recalling that P(7") = 1, it follows from (3.55) that

t
x|, < ||¢(t,0)x(0)||2+/0 @@, ) Jsmyw(r)|,dr. (3.56)

From (3.33),
|#@.0xO[; <nle ] [x . (3.57)
From (3.33) again, with z = Jy(;yw(7), we have that
| 0 Jomw@ |3 =n] e[ Jomw@];
<312 [ €20 | w (@) 3. (3.58)

From (3.56), (3.57), and (3.58) we have that for some A > 0 and a > 0,

t
[x0)[, < a<eM O], + /0 0w (r) ||2df>. (3.59)

Consider x (¢) as in (3.51). If we define

e ™M >0,
1) = =
F@ {O, t <0,

lw®l2, =0,
1) =
8@ {o, ¢ <0,
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we have that y can be written as the convolution (denoted here by %) of f and g,
that is, x (r) = (f % g)(¢). Since f € L{(RT)! and g € Lo(R"), it follows that the
convolution f * g € L,(R™) and moreover, for some b > 0,

00 o0 [e'e) b2
/ x(?dt <b? / f@ydi / g0 dt=—|w|;3 (3.60)
0 0 0 A
(cf. [250]). Taking (3.59) into square, we get

|x)]5 < 22 | x @) |5 + x1)?), (3.61)

and from (3.60) and (3.61) it follows that for some ¢ > 0,

||x||%=/0 x|t < c(Jx @ + 1wl). (3.62)

showing the desired result.
(ii) = (i): Take w(t) =0 for all + € R*. From (ii) we have that for arbitrary
initial condition ¥y, ||x ||% < 00, that is,

2 _ * 2
llx|5 = A |x(@)|;dt < oo.

Thus, system (3.1) is StS as in Definition 3.1, and the result follows from Proposi-
tion 3.15.

(i) = (iii): From Lemma 3.26 and (3.61) it follows that E(||x(r)[|?) — O as
t — 00. The result follows since

|E(x(t +9)*x@®)| < E(|x@ +9)|[|x®)])
<(E(|xa+9)E(x®)|*)"* =0

ast — 00. O

3.5.2 The Jump Diffusion Case

In this subsection we deal with mean-square stability issues for the class of systems
described in Sect. 3.2 by (3.3), i.e.,

dx(t) = Agx(t)dt + Jggydw(t), teRY,
(3.63)
Yo = (x0, 00), 6y with distribution v.

'For 1 < p < 00, L,(RT) is the space of Lebesgue-measurable functions f from RT to R such
that [;° | f(#)|P dt < co.
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Let R(?) := (R(#),...,Ry(?)) € Hﬁé"’ with R;(t) := J; Jl.*pi (t), where we recall
that p;(¢t) = P(6(t) = i). The next proposition provides differential equations to
compute the first and second moments of the state variable and follows the same
steps as in the proof of Proposition 3.7.

Proposition 3.28 Fort € R, we have:

q()=F§@, (3.64)
Q) =L(Q®)) +R(), (3.65)
QGs. 1) = F(Q(s. 1)). (3.66)

Proof By Lemma 3.6, applying Itd’s rule to (3.8) and recalling that w(¢) and 6(¢)
are independent and E[dw(t)] = 0, we have from (3.63) that

dq;j(t) = E(dx(0)ip@)=jy +x(O)d1{p)=j))
= AJE(x()La)=j)) dt + JE(dw(®)) pj () + Y hijqi(t) dt
icS
=Ajqj(t)dt+ Y hijqi(t)dt,
icS
and (3.64) follows. Similarly, noticing that
E(dw(t)dw(t)*1(gu=j)) = pj (1) dt (3.67)
we have for (3.9) that
dQ;) = E(dx(t)x(t)* Lioiy=jy +x @) dx () Lig)=jy + x(Ox ()" d(1ip)=j})
+dx(0)dx(t) Lp)=j))
=Aj E(x(t)x(t)* l{g(t)zj}) dt + E(x Ox()* 1{9(,)=j})A7 dt
+ 3 MG E(x(x(0)* Lipy=iy) dt + T 17 pj(t) dt
icS
=L;j(Q())dt + R;(t)dt,
showing (3.65). Finally, from (3.10),
dQj(s,t) = E(dx(t +5)x(0)*L{g+s)=j} + Xt + )x@)* d(Lig+5)=j}))
= AGE(x(t +$)x() Loats)=j) ds

+ Z M E(x (1 4+ 9)x(0)* Lig(145)=iy) ds
ieS

=F; (Q(s, t)) ds,
showing (3.66). O
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From this we have the following result.

Proposition 3.29 If Re{\L(A)} < 0, then system (3.3) is MSS according to Defini-
tion 3.2 and AWSS according to Definition 3.3, with ¢ = 0 and

0=> ¢ ' (-A'om)), (3.68)
ieS

Q)= ¢; ' (P Ao, (3.69)
ieS

where R=(Ry,...,Ry) e Hi", Ry :==m; J;JF,i €S.

Proof First, notice that since Re{A(A)} < 0, we have from Proposition 3.13 that
Re{A(F)} < 0. Thus, from (3.26) in Proposition 3.7 and Proposition 2.23 it follows
that g(r) — 0 as t — 00, and since ¢ (t) = Zies qi(t), we have that g(¢) — 0 as
t — 00. Now, from (3.65) and Proposition 3.8(a) we have that

$(Q(1) = A3(Q)) + ¢(R()).
If we define y(¢) := ¢(Q(¢)) and f(¢) := ¢(R(¢)), we get that
y(t)=Ay@) + f(@).

From the forward differential equation to the Markov chain (Sect. 3.2), bearing in
mind the definition of R(z), it follows that f(¢) is continuous. Furthermore, recall-
ing that 6 has limiting probabilities {r;; i € S} satisfying expression (3.4), we get
that

[R@) = R[, = D[ Rit) = Ril| < W3 max{|p;®) [} (3.70)
ieS

and therefore lim;_, .o R(¢) = R. Now by Proposition 2.22 it follows that ¢(Q(¢)) —
—A71@(R) as t — oo. By noting that Q (1) = Y, .5 Qi (¢) it follows that Q (1) — Q
as t — oo, with Q as in (3.68). From Proposition 3.8(c) and Proposition 3.28 we
have that

$(QGs. 1)) =Bp(Q(s. 1)),

and therefore ¢(Q(s, 1)) = ebs (Q(0,1)). Moreover, as seen above, we have that
?(Q@1) = A'G(R) as 1 — oo. It follows that ¢(Q(s, 7)) — eBSA~1H(R) as
t — 00, and since Q(s,t) = Zies Qi (s, 1), we have that

0(t.5) > Y 47 (P AT HR)) = Q).
ieS

completing the proof. g
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Remark 3.30 From Proposition 3.29 we have that the Lj-result of Theorem 3.27
does not apply for the Wiener disturbance setting.

The following corollary is immediate from the previous results.

Corollary 3.31 For system (3.3), we have that
Q) = L£(Q)) +R(1). (3.71)

IfRe{A (L)} <0, then Q(t) - —L ' (R) > 0 as t — oo, and moreover, —L 1 (R)
is the unique solution of the following equation in Z € H.:

L(Z)+R=0. (3.72)
We have the following result:

Theorem 3.32 The following statements are equivalent:

(a) Re{r(A)} <O.
(b) System (3.3) is MSS according to Definition 3.2(b).
(c) System (3.3) is AWSS according to Definition 3.3.

Proof From Proposition 3.29 we have that (a) implies (b) and (c). In addition, it
is obvious that AWSS implies MSS. It remains to prove that (b) implies (a). First,
we have that Q(t) =Y, cs Qi(t) and from (3.27) in Proposition 3.7 and Proposi-
tion 3.8(a) that

9(Q1)) = A(Q() + ¢(R(1)).

Therefore,

t
$(Q(0) = eM3(Q(0) + fo eA=IG(R(s)) ds
and
t
0= "¢ (¢"9(Q)) + Y 4" ( fo ef‘“—%(R(s))ds). (3.73)
ieS ieS

Now, by hypothesis, there exists Q € B(C")™ such that Q(¢t) — Q as t — oo for
any Q(0) = E (xox(’)k) and Q does not depend on xo. Furthermore, notice that for
xo = 0, we have that the second term on the right-hand side of (3.73) converges to
Q as t — 00, and thus the first term goes to zero for any xo and v. The rest of the
proof follows as in the proof of Theorem 3.15. g

3.5.3 Summary

We summarize the main results of this section in the next theorem.
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Theorem 3.33 The following assertions are equivalent:

(a) Re{r(A)} <O.

(b) For system (3.2), we have that {x(t);t e R*} L3(82,F, P) for any {w(1);
t € R} € LY(82, F, P) and initial conditions 9.

(c) System (3.3) is MSS according to Definition 3.2(b).

(d) System (3.3) is AWSS according to Definition 3.3.

Proof Tt follows from Theorems 3.27 and 3.32. O

3.6 Mean-Square Stabilizability and Detectability

In this section we will deal with the concepts of mean-square stabilizability and
mean-square detectability, tracing a parallel with similar concepts found in the
literature of linear systems. As seen in Theorem 3.25, mean-square stability and
stochastic stability are equivalent, so we will use the term mean-square stabilizabil-
ity (detectability) and stochastic stabilizability (detectability, respectively) meaning
the same thing. Using the two versions of the coupled Lyapunov equations seen
in Theorem 3.25, we will present in Sect. 3.6.1 some LMIs test conditions to ver-
ify if an MJLS is mean-square stabilizable/detectable or not. In Sect. 3.6.2 we will
provide necessary and sufficient conditions for mean-square stabilizability subject
to partial information on the jump variable. We will assume that the Markov jump
parameter is not exactly known, but instead an estimate of it is available to the con-
troller. Under some additional assumptions, a solution via LMIs will also be pro-
vided. Section 3.6.3 deal with the dynamic output mean-square stabilizability case.
Necessary and sufficient LMIs test conditions are presented to verify if an MJLS is
mean-square stabilizable through a dynamic output feedback system.

3.6.1 Definitions and LMIs Conditions

Consider the following class of differential equations:
x(1) = Aox (1) + Byryu(?), (3.74)
o = (x0, 60), (3.75)

where A = (Ay,...,Ay) e H*, B=(By,..., By) € H™", and, as before, x (1) €
C" denotes the state vector, and u(t) € C™ the control input, and the homogeneous
Markov process 6 = {(0(t), F;),t € RT} is as defined in Sect. 3.2.

Definition 3.34 (Mean-square stabilizability) We say that the system (A, B, IT) is
mean square (or stochastically) stabilizable (SS) if there exists K= (Kq, ..., Ky) €
H™™ such that for arbitrary initial condition ¥y, we have that

/Oo E(|x®)]?) dt < oo, (3.76)
0
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where x(¢) is given by (3.74) with t € RT and u () = —Kyx(1),1.e.,
X(1) = Agyx(t), teRY, (3.77)

with Zg([) = Ag() — Bo(r)Ko(r)- In this case we say that K stabilizes (A, B, IT). We
set K := {K € H""; K stabilizes (A, B, IT) in the mean-square sense}.

Definition 3.35 (Mean-square detectability) Consider C = (Cy,...,Cy) € H*".
We say that the system (C, A, IT) is mean-square (or stochastically) detectable (SD)
if there exists G = (G, ..., Gy) € H"" such that for arbitrary initial condition ¥y,
we have that

o 2
/ E(||x(®)]7) dt < oo, (3.78)
0
where x (¢) is given by
i(1) = Agyx(t), te€RT, (3.79)
with ;fg(,) = Ap(r) — Gor)Co(r)- In this case we say that G stabilizes (C, A, IT).
Remark 3.36 The system (C, A, IT) refers to a filter of the form
X(1) = ApnX (@) + Go (Y1) — ConX (1)), (3.80)
where

{)‘c(t) = Ag(nx(1), (3.81)

y(@) = Cyryx(1).

Setting X(r) = x(r) —X(¢), it is easy to see from (3.80) and (3.81) that the estimation
error equation verifies

X(1) = AgnX(1),  Apy = Aoy — GowyCo,

and thus if G stabilizes (C, A, IT), then the mean-square estimation error tends to
zero as t goes to infinity.

For A= (Kl, e, KN) € H", set the operators £ and 7 as in (3.21) replacing A;
by A;, thatis, for H= (Hy,..., Hy) € ]H[%,

,Ci(H)ZZiHi—i-HiZ?‘—}—ZAﬁHj, iesS, (3.82)
jes

TiH) = AT H; + HiA; + ) JijHj, i€S. (3.83)
jeS

We have the following equivalence lemma.

Lemma 3.37 Consider the operators L and T given by (3.82) and (3.83), respec-
tively. For SS, the following assertions are equivalent:
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(SS1) The system (A, B, IT) is SS.
(8S2) There exists (a stabilizing) K= (K1, ..., Ky) € H"" such that

Re{r(L)} <0 with A; = A; — B;K;, i €S. (3.84)

(SS3) (LMIs test) There exists P > 0 in H** and L. € H™™ such that for eachi € S,

AiP;+ BiLi + PiA} + LYBf + ) 1 P; <0. (3.85)
jeS
Moreover, in this case, with K; = —L,'Pfl, K= (Ky,...,Ky) e H"™ sta-

bilizes (A, B, IT).
Similarly, for SD, the following assertions are equivalent:

(SD1) The system (C, A, IT) is SD.
(SD2) There exists (a stabilizing) G = (G, ..., Gy) € H"" such that

Re{M(T)} <0 with A; = A; — G;C;,i €S. (3.86)

(SD3) (LMIs test) There exist P > 0 in H'"" and L € H*»™ such that

AFP,+CFL; + PiAj + LiCi + Y 1;j P <. (3.87)
jeS
Moreover, in this case, with G; = —PflL,', G =(Gy,...,Gy) e H"™ stabilizes
(C,A, Il).
Proof This is an immediate application of Theorem 3.25. d

Remark 3.38 If we specialize our framework to the nonjump case, the definitions of
SS and SD recast the definitions of stabilizability and detectability of the standard
linear deterministic case.

3.6.2 Mean-Square Stabilizability with 0 (t) Partially Known

In this subsection we shall be concerned with the mean-square stabilizability of
(3.74)—(3.75) under partial information on the jumping parameter 6(¢). The goal is
to find K= (K1, ..., Ky) € H"" such that the system

dx(t) = (Aor) + Bo) Ky, x (1) dt, Do = (x0,60) (3.88)
is MSS, where § (1) is an estimate for 6(¢). We assume that

POM) =j|F)=a0w; (3.89)
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and

11 ... 01N
Y=

aN1 ... ONN

with Z?’zl a;j = 1. Notice that the closer «;; is to 1, the better the estimator 0 (1)
will be. Furthermore, noticing that

P(6(t+h)=j,6(t) =v|F;) =g P (0 +h) = jlI6(0)) (3.90)
and defining
N
HiK)=) ajuK,, (3.91)
v=1

we have, recalling (3.9), the following result.
Proposition 3.39 Fort € RY and j € S, we have that

0= (Aj + B/H;(K) Q1) + Q1) (A; + BiH; ()" + > 4, 0:(0).
ieS
© (3.92)

Proof We have that
x(t+h) —x(@) = (Ao + Bo) Ky, x (1) h + o(h) (3.93)
and thus
E(x(t +h)x(t + 1) Lo@+m=j})

=D Y E(x +mxt + 1) Loam=iom=i g0 -)
ieSveS

=Y Y E((xt+h) —x®)(x(t +h) —x(®)" +x(0) (x(t + ) — x(1))"

ieSveS

+ (x(t +h) —x®)xO" +x(Ox(O) Loa+m=j) o= 51y

=Y Y E(E([x()x®)*1jp0)=i)(Ai + BiK,)*h

ieSveS
+ (Ai + BiK),))x(1)x ()" g (1)=iyh
+xOx O owm=i) ] Lpa+m=j) gy F7)) + o)

= Z(Otjv(l + 1) Qj()(Aj+ B;jK,)*h+(Aj+ B;K,)Qj({t)h+ Q;(t)
veS



3.6 Mean-Square Stabilizability and Detectability 63
+ Y aikijh(Qi(1)(A; + BiK\)*h+ (A; + BiK,) Qi ()h + Qf(t))) +o(h)
i#]

= Zajv(Qj(t)(Aj + BjK,)" + (Aj+ BjK,)Q (1) +Aj; Qj(1)h
veS

+D ) ankij Qi+ Q1) + o)
i#jveS

= <Qj(t)(Aj +B;H;(K) + (A; + BjH;(K)Q, (1)

+ Z/\i/’ Qi(t)>h + Q@) +oh).

ieS
Therefore, taking the limit as 4 | 0, we obtain the desired result. O
Suppose now that rank(¥) = ¢ < N, and let {vy_¢+1, ..., vy} be an orthonor-

mal basis for N'(¥"). Write
Vil
vi=| : |. (3.94)
ViN
The next theorem provides a necessary and sufficient condition to get that K =
(K1q, ..., Ky) stabilizes system (3.88) in the mean-square sense.

Theorem 3.40 There exists K= (K1, ..., Ky) € H"™ that stabilizes system (3.88)
in the mean square sense if and only if there exist P e H'*T, P = (Py, ..., Py) > 0,
and F = (F, ..., Fy) € H"" such that

AjPj+BjFj+ PiAT+ FIBi+ Y 1jPi<0, jeS.  (3.95)
ieS

N

Y vikFeP ' =0, i=N—-€+1,...,N. (3.96)

k=1

Proof From Proposition 3.39, equation (3.27), and Theorem 3.15 we have that the
above system is MSS if and only if there exists P = (P, ..., Py) > 0 such that

(Aj+ BiH;(K)Pj + Pj(A; + BjH,;(K)" + Zx,-jpi <0, je8, (3.97)

ieS
that is, if and only if for some P = (P, ..., Py) >0and F = (Fy, ..., Fy),
AjPj+BjFj+ PjAT+ FfBf+ ) 1jP;, <0, je€S, (3.98)

ieS
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and
Fp! Ki
: =Weln| : | (3.99)
FyPy' Ky

where the last equation has a solution if and only if
N
ZvikaP,;l:o, i=N—0+1,...,N. (3.100)
k=1

O

The following result is immediate from the above theorem and solves the prob-
lem through an LMIs approach.

Corollary 3.41 If rank(¥) = N, then there exists K= (K1, ..., Ky) € "™ that
stabilizes system (3.88) in the mean square sense if and only if there exist P € H"T,
P=(P,...,PNy)>0,and F = (Fy, ..., Fy) € H"™ such that

AjPj+BjFj+ PjAT+ FiBj+) 4P <0, €S, (3.101)
ieS
and for P and F as above, K = (K1, ..., Ky) is given by
K Fp!
L =T ® ) : : (3.102)
Ky FNPA_,1

3.6.3 Dynamic Output Mean-Square Stabilizability

The goal of this subsection is to obtain necessary and sufficient LMIs test conditions
in order to verify if an MJLS is mean-square stabilizable through a dynamic output
feedback system. In this case we consider the control system

X(t) = Ag)x(t) + Boyu(t),
u= (3.103)
y(t) = Honyx (1),
and the following dynamic output feedback system /C:
X(1) = Ag(yX(1) + Bayy (1),
K= - (3.104)
u(t) = Coryx(1),
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whose order we shall assume as equal to that of (3.103), that is, x € C". Combining
(3.103) and (3.104) and letting v(z) := [x(¢)* X(¢)*]*, we get that the closed-loop
system can be written as

V(1) =Ty v(t) (3.105)

with
A BiG
ri=|.. T, ies. (3.106)
BiH, A

Definition 3.42 We say that system G, is mean-square stabilizable through
aAdynami/g output Afeedlza\lck system JC if there exist A = (Ay,...,Ay), B =
(B1,...,By),and C = (Cy, ..., Cy) such that system (3.105) is MSS.

Notice that, by Theorem 3.25, system (3.105) is MSS if and only if there exists
P=(Py,..., Py) > 0 such that

[P+ PI 4+ 3jP;j <0, i€S. (3.107)
jeS

The following theorem ([101], Theorem 3.1) provides necessary and sufficient con-
ditions for the existence of a dynamic output feedback mean-square stabilizing sys-
tem /C, based on some LMIs conditions. We recall that diag(-) indicates a block
diagonal matrix with entries given by (-).

Theorem 343 There existP = (Py,..., Py) > 0,A=(Ay,...,Ay),B=(Bi....,
By), and C = (Ci,...,Cx) such that (3.107) holds if and only if the follow-
ing LMIs (3.108)—(3.110) have a feasible solution X = (X1,...,Xn) >0, Y =
Y1,...,YN)>0,L=(Ly,...,Ly),F=(Fy,...,Fy) fori €S:

AYi + YA} +BiFi + F'Bf +1iiYi Ri(Y) <0, (3.108)
Ri(Y) —Di(Y)
AFXi + XiAi + LiH; + HFL} + ) 1 X; <0, (3.109)
jeS

Y, I
>0 (3.110)

1 X;

with

Ri(Y)Z[«/)»ilYi \/)\i(i—l)Yi \/)»i(i-&-l)Yi )\iNYi], (3.111)
Di(Y) =diag(Yy, ..., Yi—1, Yiq1, ..., Yn). (3.112)

Moreover, if X >0,Y >0, L, F are fec/lfible for\the ’IiMIs ’(\3.108)—/(\3.110), tfz\en,
by setting P=(Py,...,Py) >0, A= (Ay,...,AN),B=(B},...,Byn),and C =
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(61,...,6N),foreachi €S, as

~ -1
Ai:(Xi—Yl- 1) <A?+XiAiYi+XiBiFi+LiHiYi

+Z/\inj—1Y,-)Yl.—1, (3.113)
jeS
Bi=(v7'—x)"'L;, (3.114)
Ci=Fy ", (3.115)
X; Y7 - X;
P=|__, "l >o, (3.116)
Y7l -X, Xi—Y,

we have that (3.107) holds.

Proof Suppose first that there exist P > 0, K, ﬁ, and C such that (3.107) holds, and
consider the following partition for P;:

Zi U
A e (3.117)
Ur 7

Without loss of generality, suppose further that U; is nonsingular (if not, re-define
U; as U; + €1 so that it is nonsingular and € > 0 is small enough so that (3.107) still
holds) for each i € S. Defining the matrices

Vi=(z-UZ'ur) >0, (3.118)
Vi 1

T = , 3.119

' |:yi 0] ( )

v =" 0 (3.120)

o =Zur | '

and multiplying (3.107) to the left by 7;* M and to the right by M; T;, we get, after
performing some calculations, that

AiY; + ViAf + BiFi + FiBf M
Mi A;kZl =+ ZiAi + EiHi + Hl*El*

—i—ZM/’

|:yi[yjl +(Ui/Z\;1/Z\j - Uj)/Z\;l(Ui’Z\fI’Z\j -Up*; 0 :| <0
jeS

0 Z;
(3.121)
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where
Fi==GiZ UV,
Li =U;B;,
Mi = Af + Zi AV, + ZiBiFi + LiH:Yi — U A Z7 U Y
N

+Y nij(z) - U Z7'Up) Y. (3.122)
j=1

Besides, the conditions P; > 0, i € S, are equivalent to

-
T*M?P,M;T; = B’ Z} > 0. (3.123)
1

Noticing that

—U)ZNUZ7'Z,-Up) 20, (3.124)

I
M=
>
=)
~N|>

it follows that (3.108)—(3.110) hold for Y; =Y;, X; = Z;, F; = F;, and L; = L;,
ie€s.

For the sufficiency part, let us suppose that the LMIs (3.108)—~(3.110) have a
feasible solution X > 0, Y > 0, L, F, and set A, B, C, P as in (3.113)—(3.116).
Define, fori € S,

Y, I
I, = ;
Y, O
Ji = AiYi + YA + Bi F; +F,~*B;‘+Z)»inin7]Yi,

jeS

Hi= AFXi + X;Ai + LiH; + HFLE + ) ;X
jeS

From (3.108) we have that 7; < 0, and from (3.109) that #; < 0. It follows that
Ji 0
Ti*<n*pi+Pin+§sx,-ij>Ti=[o Hl}<0,

showing that (3.107) holds and completing the proof. g
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Remark 3.44 Notice that the choice in (3.113)~(3.116) for A, B, C, P corresponds
to choosing in (3.117) the trivial solution U; = —Z; = Yi_1 — X; and, in (3.122),
M; =0.

3.7 Historical Remarks

Stability theory forms an important bedrock of control theory. It provides, inter alia,
the sturdy theoretical foundation to analyze the long-run behavior of dynamical sys-
tems. From an application point of view, stability of a dynamical system is one of
the primary concerns in the design and synthesis of control systems. Since the path-
breaking work of J.C. Maxwell on the stability of Watt’s flyball governor, together
with the ground-breaking work of E.J. Routh, A. Hurwitz, and A.M. Lyapunov, sta-
bility issues gained increasing significance and have given a decisive impetus for
the development of modern control theory. As a consequence of their work, a flurry
of interest in this subject has given rise to an extraordinary burst of publications in
the specialized literature.

Regarding MJLS, a fairly amount of techniques has been successfully developed
in the past two decades or so. As far as the authors are aware of, the study of stability
issues for MJLS can be traced back at least to [196]. In addition, to the best of
our knowledge, [303] seems to be the first to use a stability criterion to treat the
infinite-horizon control problem, considering stability for each operation mode of
the system. It was soon clear that this criterion was not fully adequate to deal with
the many nuances of the MJLS class. In order to flesh out an adequate theory, it
was necessary to devise structural criteria right from stability concepts based on
the state of the system as, for instance, mean-square stability (MSS). We mention
here, for instance, [77, 137, 187, 189-191, 223] as key works in the unfolding of
mean-square stability theory for MJLS. These works have put mean-square stability
(including mean-square stabilizability and mean-square detectability) into a solid
grounding, which has given rise to a host of new important developments in various
directions and has made the theory flourish. By now, the MSS theory for MJLS is
a full fledged theory that provides systematic tools for the analysis of this class of
systems. Without any intention of being exhaustive, we mention [24, 42, 43, 48, 71,
112, 150, 151, 156, 221, 222,224, 231, 245, 297] as a small sample of related works
of more recent vintage (see also [81]). These papers consider the case in which the
Markov process takes values in a finite state space. Some important issues regarding
mean-square stability for the case in which the state space of the Markov chain is
infinite countable can be found in [78, 147, 148, 152].

Almost sure stability for MILS is studied, for instance, in [78, 112, 135, 136, 207,
221]. For robust stability (including the case with delay), the readers are referred,
for instance, to [24, 42, 43, 71, 245, 297]. A new approach to detectability (weak
detectability) is considered in [61-63] (see [64] for the infinite countable case).
Stability and stabilizability issues for the case with partial observations are treated,
for instance. in [78] and [151].
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For those wishing to delve into the main ideas of stochastic stability, we men-
tion the classical [204] and [179] as excellent sources for stability of stochastic
dynamical systems (see also [199] and [210]). For a book of a more recent vintage,
see [227], which contains a comprehensive treatment on the stochastic stability of
Markov chains.

This chapter is, essentially, based on [101, 150-152].



Chapter 4
Quadratic Optimal Control with Complete
Observations

4.1 Outline of the Chapter

This chapter deals with the quadratic optimal control problem for continuous-time
MILS in the usual finite- and infinite-horizon framework. It is assumed that both
the state variable x(#) and jump variable 6(¢) are available to the controller. The
setup adopted in this chapter is based on Dynkin’s formula for the resulting Markov
process obtained from the state x(#) and Markov chain 6(¢). Under this approach,
we consider the class of admissible controllers as those in a feedback form (on
x(t) and 6(t)) satisfying a Lipschitz condition. It is shown that the solution for the
problems rely, in part, on the study of a finite set of coupled differential and algebraic
Riccati equations (CDRE and CARE, respectively). These equations are studied in
the Appendix A. Tracing a parallel with the classical literature on quadratic optimal
control problems, it is shown that the optimal controller can be written in a linear
state feedback form. The organization of the chapter is as follows. Some notation
and the problem formulation are presented in Sect. 4.2, while Dynkin’s formula for
the resulting Markov process obtained from the state x(¢#) and Markov chain 6 (z)
is characterized in Sect. 4.3. The solution of the finite-horizon and infinite-horizon
quadratic optimal control problems are presented in Sects. 4.4 and 4.5, respectively.

4.2 Notation and Problem Formulation

Consider the jump controlled system G described as follows:

) X@) = Ay (1)x (1) + Bory (Du(2),

= 4.1
z2(t) = Cor)(1)x (1) + Do) (Hu(t),

where A(t) = (A1 (¢), ..., Ay(t)) e H*,B(t) = (Bi(t),..., By(@®)) e H™", C(t) =
(C1(®),...,Cn(t)) e H"P, and D(t) = (D1(¢),..., DN(t)) € H™? are matrices
of class PC (piecewise continuous, see Definition 2.3). It is also assumed that

O.L.V. Costa et al., Continuous-Time Markov Jump Linear Systems, 71
Probability and Its Applications, DOI 10.1007/978-3-642-34100-7_4,
© Springer-Verlag Berlin Heidelberg 2013
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D (t)D;(t) > 0 and C/(t)D;(t) =0 forall i € S and 1 € R* and that the matri-
ces (D} (t)D; (1))~! are of class PC. We recall from (2.27) that ¥, = (x(¢), 6(¢))
and write the conditional expectation with respect to (x (), 6(¢)) as

Eg,(-)=E(-1x(1),0()).

We will consider in this chapter the finite-horizon and infinite-horizon quadratic
optimal control problems. For the finite-horizon case, we assume that the class of
admissible control policies is defined as follows.

Definition 4.1 For arbitrary T € R, the class of admissible control policies for the
finite-horizon quadratic optimal control problem is denoted by &7 and is formed by
all functions u(¢) = u(t, x(¢), 6(¢t)) in which & : [0, T] x R” x § — R™ satisfies the
following properties:

(C1) Foreach x e R" and i € S fixed, the function
u(t,x,i)is of class PC, “4.2)

(C2) Foreachi € S, there is a real-valued function ¢; : RT™ — R* of class PC such
that the Lipschitz condition is satisfied:

la, z.i) —a@, y. )| <ci@lz—yll (4.3)

for every z, y € R", t € RT. Note that ¢; may depend on i.

Under conditions (C1) and (C2), we have that with probability one there exists a
unique solution to (4.1). Indeed, setting

p(x,0(1), 1) = Apiry ()x + By (D (1, x,6(1)),

we have that, for each realization of the Markov process {6(¢);t > 0} in 7" (see
(3.17)), p(x,6(-), -) is of class PC and the global Lipschitz condition (2.8) is satis-
fied since for all t € R* and x, y € R”",

[p(x.0(0),1) = p(y.0(0),1)| < (| Aoy @] + | Bo (®) | cowry @) llx — vl

Thus, by Theorem 2.4 (or the Fundamental Theorem B1.6 presented in [53], p. 470)
there exists a unique solution to (4.1) for every w € 7", and since P(Y7") = 1, we
have that with probability one there exists a unique solution to (4.1).

Remark 4.2 In order to keep the Markov property of {x(¢),6(¢)} in (4.1), we con-
sider control policies of the form u(t) = u(¢, ;) instead of the more expanded class
consisting of the policies of the form u(t) = u(t, {5, s <t}).
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For a starting time 0 < s < T, the terminal cost condition L = (L1, ..., Ly) € H"*,
and for each policy u € U7, define the cost functional

T
Tis. 11L D5, 1) := Ep, ( / |2(0)|* at +x(T)*L9<T)x(T))
T
= £ ([ (ICon®=0 ]+ [0 ) as

+X(T)*L9<T)x(T)), (4.4)

where x (¢) is given by (4.1). The finite-horizon optimal control problem consists of
finding & € U7 which minimizes Jjs,71.L (9, u). For s = 0, we set

T
Jrp(u) = E(/O |z ||2 dt + x(T)*Lg(T)x(T)>. 4.5)

For the infinite-horizon case, we assume that the matrices A;, B;, C;, and D;
are time-invariant, that is, they do not depend on time ¢. The definition of the set of
admissible controls in this case is as follows.

Definition 4.3 The class of admissible control policies for the infinite-horizon
quadratic optimal control problem is denoted by ¢/ and consists of the functions
u(t) =u(t,x(t),0(t)) in which i : Rt x R” x & — R™ satisfy (4.2) and (4.3) for
every t € R, and the following additional condition:

(C3) System (4.1) with t € R™ is mean-square stable, i.e.,
2
E(|x0[7) =0
as t — oo for arbitrary initial distribution of .

For each policy u € U, define the cost functional

T () := E</O ||z(t)||2dt)

= E(/O (”CG(I)X(I)“z‘F ”D@(;)M(I)”z) d;>' (4.6)

For the infinite-horizon quadratic optimal control problem the goal is to derive an
optimal control policy #, within the class &/, that minimizes (4.6), that is, such that

J @) := inf J (u). 4.7
ueld
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4.3 Dynkin’s Formula

We have from system (4.1) with u € UT that {(x(1),0(t));t €0, T]} is a Markov
process evolving in R” x S with sample paths that are continuous from the right.
Define X = [0, T] x R” x S and C'(X) the set of all functions g € B(X, R) that,
for each i € S fixed, satisfy:

(1) For x € R" fixed, g(¢, x, i) is continuous for ¢ € [0, T'], and there exists a set
Dy in [0, T'] that contains at most a finite number of points such that the partial
derivative of g(z, x, i) with respect to ¢, represented by % g(t, x, i), exists and
is continuous for every 1 € R \ D,. For 7 € Dy, the left-hand and right-hand
derivatives, denoted by 8% g(t,x,i) and % g(t, x, i), respectively, exist and
are finite numbers in R. We extend the definition of % gt,x,i)fort =1 € Dy

and assume that it has some arbitrary value %g(r, x,i) eR.
(ii) For r € [0, T'] fixed, g(¢, x, i) is continuously differentiable on x € R", and we
denote its gradient by V,g(¢, x, 7).

Define the operator £ (the superscript u is just to highlight the dependence on the
control u) applied to a function g € C!(X) as follows:

Lhe(t,x,i) = %g(t,x, i)+ Veg(t,x,0)*(A;(t)x + Bi(Hu(r))

+ ) hijglt,x, ). (4.8)
jeS

Set for g € C'(X), the stochastic process {C4(t); ¢ € [0, T} as

t
CE(t) == g(t,9;) — (0, 90) —/ L8 (s, 95) ds. 4.9)
0
We have the following result.

Proposition 4.4 {C8(¢);t € [0, T} is a martingale with respect to the filtration
{Fi;te R+}

Proof We have that C8(¢) is F;-measurable, and, from the fact that g € C'(X),
we have that C8(¢) is integrable. Let us define fori € S, x e R", and t € RT, the
vector-valued function g (¢, x) as

g(t,x):=[gt,x,1) ... gt x,N)] (4.10)
and the gradient matrix
ng(t,x):=[ng(t,x,1) ng(t,x,N)].

Recall from Sect. 2.5 that S, = {ey,...,en} with ¢; € RY formed by 1 in the ith
component and zero elsewhere. For x € S,, set g(¢, x, x) = g(t, x) x. Recall also
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the definition of x (t) and M (¢) in (2.23) and (2.24), respectively. From the repre-
sentation result (2.25) in Lemma 2.14 we have that

a9
g(r,x(r),xm)=g(0,x<0>)+/0 (s, x()x0)ds

t

- /0 (Vg (s, x(9)) x(5)) dx(s)
t
+/ g(s, x()) T x(s—)ds
0
t
+/ (s, x(s)) dM(s). @.11)
0
Notice now that
3 3
gg(s,X(S))X(S) = gg(s,X(S),G(S)) 4.12)
(Vig(5.x()) x(9)) dx(s) = Vig (s, x(), () (Ag(s)x (5)
+ By(syu(s)) ds (4.13)
g(s, x()) ' x(s—) = ng(s,)jg(s,x(s), J)- (4.14)
jeS

Since for each w € 2, Ags—)(w)j = *o(s)(w)j Lebesgue a.s. for s € [0, ], we have
from (4.11), (4.12), (4.13), and (4.14) that

t
C4(t) =f g(s,x(s)) aM(s). (4.15)
0

Noticing now that g(s, x(s)) is continuous for s € [0, ¢] (since g(-,-) and x(s) are
continuous) and that M = {M(s); s € R™} is a martingale with respect to the fil-
tration {Fy;s € RT}, we get from Theorem 11.4.5 in [259] (see also (2.26) in
Lemma 2.14) that {C&(t);t € R*} is a martingale with respect to the filtration
{Fr; t € R}, completing the proof. d

As a consequence of Proposition 4.4, we have that Ey (Cé(t)) = C4(0) =0,
which implies, from the Markov property, that Dynkin’s formula holds and reads as

t
Ey,(g(1,91) — g(s,95) = Ey, (/ Lg(r, ﬁr)dr) (4.16)

for g € C1(X).

Remark 4.5 Following the definition of the infinitesimal generator as in Sect. 2.3,
equation (2.4), it is not difficult to show that (4.8) is the infinitesimal genera-
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tor of (x(¢),0(t)) with x(¢) satisfying (4.1). For that, we define the semigroup
Thg(t,x,i) =E[g(t +h,x(t+h),0@+h))|x()=x,0()=1i]and

n .

(1, x,i) =lim
g(t,x,i) tim

See, for instance, [159] for more details.

4.4 The Finite-Horizon Optimal Control Problem

The purpose of this section is to derive the solution of the quadratic optimal control
problem for the finite-horizon case posed in Sect. 4.2. This solution will be asso-
ciated to the solution of a set of coupled Riccati differential equations (CDRE), to
be presented in the next theorem. For notational simplicity, we omit in this section
the dependence of the solution on the final time 7'. In what follows, we denote by
D C R the union of the discontinuity points of A;, B;, Ci, D;, [DfD;17!,i € S.
As pointed out in [53], p. 7, for any T € R*, D N[0, T] contains at most a finite
number of points.

Theorem 4.6 There exists a unique set of N positive semi-definite and continuous
n x n matrices X(t) = (X((t), ..., Xny(@)) e H'Y, 0 <t < T, satisfying the follow-
ing CDRE:

. -1

Xi(1) + Af () Xi (1) + Xi (1) Ai (1) — X; (1) By(1) [ D] (1) D (1)] " B (1) X; (¢)

+ ZM.,-X./(I) +Cr(1)Ci(1)=0, €S, 1[0, T]\D, 4.17)
jeS

with boundary condition X(T) = L.
Proof See Theorem A.1 in Appendix A. g

The next proposition derives an expression for the Dynkin formula applied to a
function defined in terms of the solution of the CDRE.
Proposition 4.7 Let g € C'(X) be such that
g(t, x,i) =x"X;(t)x, (4.18)

where t > X(t) = (X1(), ..., Xy () € H'" satisfies the CDRE given by (4.17)
with terminal condition X(T) = L € H"". Then, for system (4.1) with u € UT , the
operator £" is given by
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(£48) (1, 90) = x(1)*(=Cj () () Cory (1)

+ Xo() (1) Bory (t)(Dg(t)(t)De(z)(t))_lBg(,) ()Xo (1))x (1)
+u()* By ;) (1) Xo() (1)x (1) + x ()" Xo() (t) Bory (u(t) (4.19)

for any (t, V) € X. Furthermore, Dynkin’s formula (4.16) can be written as

x(8)* X (5)($)x(s) — Eg (x(1)* X1y (1)x (1))
= Ey, ( /S [(x(r)*C;(r) (r)Cogry(r)x(r)
— X () X)) Bt () (D (1) Doty (7)™ B (1) X (1)x (1)
—u(r)*Boy (r)* Xog) (r)x(r) — x(r)*Xg(r)(r)Bg(r)(r)u(r)) dr) . (4.20)

Proof From (4.8) and (4.17) we get (4.19). Applying Dynkin’s formula (4.16) and
using (4.19), we get (4.20). O

We now derive the cost expression for an arbitrary u € T and the optimal solu-
tion for the finite-horizon case. In what follows, we set

Lo =(DXoDi)”', ies. 4.21)
Proposition 4.8 For arbitrary u € UT , the cost defined in (4.4) is given by

T
Jis. 1)L (05, u) = Ep, (x(S)*Xe(s)(S)X(S) +/ | BG ) (1) X o) (r)x(r)

* 2
+ (Djry () Doy D)) |7, o dr) (4.22)
with X(t) € H'"F satisfying (4.17).

Proof From (4.4) we have that

T
Jis,r1,L (05, u) = Ey, (f [(x(r)*C ) (M) Cory () x ()

+u(r)* (D) (r) Doy () )u(r) ) dr + X(T)*LQ(T)X(T)>~
(4.23)
Now, from Proposition 4.7, setting t = T in Dynkin’s formula (4.20), we get that

Jis, 71, (0, u)

T
=x(5)" Xo(s5)(s)x(s) + Ep, (f [ (r)* (D} ) (r) Doy (r) Ju (r)
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—1
+x(r)* Xo(r) () Bor) (1) (D () (1) Doy (1)) By (1) X (r)x ()

+u(r)* By (N Xo(r) ()X (r) + x(r)* Xo ) (r) Bory (N u(r) ] d”)- (4.24)
Using (4.21), the expression under integration can be rewritten as
u(r)*(D;},)(r)Dem(r))Fe(r)(r)(D;‘(,)(r)De(r>(r))u(r)
+x(r)* Xo(r) (r) Bor) (1) Loy () Bg ) (1) Xp ) (1) X (r)
+ (Dg ) (") Dary (ru(r)) Tory (r) By ) (1) X ) (1) x (r)
+x(r)* Xo (r)Bory (1) Ty (r)(D;(r) (r) Dogry (r))u(r),
and, setting y = Bg‘(r) (r)Xg)(r)x(r) and w = (D;(r)(r)Dg(r)(r))u(r), it becomes
W Ty (MW + y* Ty ()Y + W Tory ()Y + ¥ Thry (Nw
=+ w) Thm ) (y+w)
=y +wlif,, o)
= || B3y () Xo(r) (Mx () + (D) (1) Doy (r) ) u () ||2n,(,)<r)~

Substituting this into (4.24) yields

T
Tis. 1L, 1) = x(s)* X (5)(8)x(5) + Ep, < / [ B3y () Xy (r)x ()

2
+ (D5 ) Doy D)u) [, )] dr)a
which completes the proof. d
The main result of the section reads as follows.

Theorem 4.9 The optimal control in the admissible class U is given by
(@) =—Kop(0)x (1), (4.25)
where K(t) = (K1 (¢), ..., Ky()) € H""™ is given by
—1
Ki(t) = (Df(t)Di (1)) B ()X (1)
with X(t) € H"* satisfying (4.17). Furthermore the minimum cost is given by

Tis, 11105, 1) = szr Tis, 1)L (0, 1) = x(5)* Xo(5)($)x (5). (4.26)
ue

Proof First, we notice that u(t, x, i) = K; (t)x is an admissible control policy (that
is, satisfies (4.2) and (4.3)). The rest of the proof is immediate from (4.22). O
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4.5 The Infinite-Horizon Optimal Control Problem

Let us now turn our attention to the infinite-horizon optimal control problem. We
recall that in this case we assume that the matrices A;, B;, C;, and D; are time-
invariant. In this section it is convenient to highlight the dependence on the final
time 7 of the solution of (4.17) and write it as X7 (1) = (X7 (1), ..., XL (1)). It is
also convenient to define the nonlinear operator R : H" — H" in the following way:
forany S = (Sy,..., Sy) e H",

N
Ri(S) = A?Si + S;A; — S;B; (D;kDi)_IBl-*Si + ZK[]S]' + C?Ci. 4.27)
j=1

Since in this case there is no fixed “time horizon,” we expect, paralleling with the
classical LQ problem, that the minimum cost (see (4.26)) should not depend on the
starting time s whenever we preserve the same initial condition v5. This suggests
that we should find a constant function X’ (1) = X for all 7 € [0, T'] satisfying (4.17)
with terminal condition X7 (7)) = X, a “matched” solution for the finite-horizon
problem in the sense that the controller is indifferent between paying the terminal
cost x(T)*Xgr)x(T) or continuing optimally indefinitely. We have that X7 satisfies
(4.17) with terminal condition X (T') = X if and only if X satisfies the CARE

R(X) = 0. (4.28)

From this we should expect that the solution of our infinite-time problem would be
related to the solution of the CARE (4.28). The following definitions are related to
the solutions of the CARE (4.28).

Definition 4.10 We say that X = (X1,..., Xn) € H"* is a maximal solution of
(4.28) if R(X) =0 and, for any V = (Vy, ..., Vi) € H™ such that R(V) > 0, we
have that X > V.

In the sequel we recall the definitions of the set K, the system (A, B, IT) be-
ing mean-square stabilizable (SS) and the system (C, A, IT) being mean-square de-
tectable (SD) from Definitions 3.34 and 3.35.

Definition 4.11 We say that X = (X1,..., Xy) € H" is a positive semi-definite
solution to the CARE if X € H"* and R(X) = 0. Furthermore, X is the mean-
square stabilizing solution of (4.28) if R(X) =0, and for K= (K1, ..., Ky) € H""
defined as K; = (D;“Di)_lBl.*X,-, we have that K € K.

The next theorem provides conditions for the existence and uniqueness in H"* of
a solution of (4.28) and, moreover, conditions for the existence of the mean-square
stabilizing solution.
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Theorem 4.12 Suppose that (A, B, IT) is SS. Then there exists the maximal solution
X = (X1,...,Xy) € H'™ of (4.28). Suppose, in addition, that (C, A, IT) is SD.
Then X is the mean-square stabilizing solution and the unique positive semi-definite
solution to (4.28). Moreover, for arbitrary terminal condition L € H'", we have for
the unique solution X' (1) e H'*, t € [0, T1, to (4.17) that XT (0) - X as T — oo.

Proof The existence of the maximal solution follows from Theorem A.5 in Ap-
pendix A, Sect. A.6. That this solution is mean-square stabilizing and the unique
positive semi-definite solution to (4.28) follows from Corollary A.9 in Appendix A,
Sect. A.6. Finally the convergence of X’ (0) — X as T — oo follows from Corol-
lary A.18 in Appendix A, Sect. A.6. U

The next theorem derives the optimal solution for the infinite-horizon problem
posed in Sect. 4.2 and is the main result of this section. It says that the optimal con-
trol policy # is given by (1) = —Kg)x(t) with K= (Kj, ..., Ky) e H"", K; =
(D;‘Di)_1 B} X;, and yields the cost J (i) = inf,czs J (u) = E[x(0)* Xg0)x (0)].

Theorem 4.13 Suppose that (A, B, IT) is SS and that (C, A, IT) is SD. Let X =
(X1, ..., Xn) be the mean-square stabilizing solution to the CARE (4.28). Then

uigbflj(u) = J ()

= ([ ool + |puoico ) ar)
= E(x(O)*Xg(o)x(O)), 4.29)

where ii(t)=—Koyx (1) withK=(K1, ..., Kny) € H"" such that K; :(D;‘Di)_1 X
Bi*Xi , and x(t) is given by (4.1) with the control strategy u.

Proof First notice that i, as defined above, stabilizes (A, B, IT). Thus, u € U, so
that U/ is nonempty. Let us pick an arbitrary control strategy u# € U and consider the
finite-time horizon case with an arbitrary 7', the matched cost termination X (T) =
L =X, and the control policy u” such that for t € [0, T], u” (t) = u(r) € R™.
Clearly, xT (t) = x(¢) for t € [0, T, where x” (¢) satisfies system (4.1) under the
control law u”, x(¢) satisfies (4.1) under the control law u, and the same initial data
Yo stands for both cases. Now, as a consequence of having XT(T) =L =X, the
solution to the Riccati equation (4.17) is XT(t) =X, t ][0, T], and, consequently,
X 9T ©) (0) = Xg(0y. Thus, from the cost defined in (4.4) and Proposition 4.8 we have
that

T
Frox(ul) = E( [ (1o + [ Do) ar) + E (T Xoerx(1)

= E(X(O)*XQ(O)X(O))



4.6 Historical Remarks 81

T
2
+ E< / | B3y Xor) X (r) + (D} ) Doy )u(r) | oo dr>. (4.30)
0
Now, since u € U4, we have from condition (C3) in Sect. 4.2 that
2
0 < E(T)* Xy x(T)) < [ X[lmax E (| x(T)[|") = 0

as T — oo. Thus, taking the limit as T — oo in (4.30), by the definition in (4.6) we
get that

J ()= lim_ Irx(u”)

= ([~ Ul + | Do) ar
= E(x(O)*Xg(())x(O))
+E( fo ||Bg;(,)x9(,)x(r)+(D;(,)Dg(r))u(r)||2rg(r)dr> 4.31)

for arbitrary u € U. Hence, bearing in mind that X is the mean-square stabilizing
solution to the CARE (4.28), it follows that % € U, and thus the minimum of (4.31)
over u € U is achieved with . For this choice, the second term on the right-hand
side of (4.31) is zero (recall that 1 (f) = —(D;(I)Dg(t))_l B;(I)Xg(,)x(t)). Thus, from
this (4.29) follows. Il

Remark 4.14 Tt has been shown in Proposition A.7 that there exists at most one
mean-square stabilizing solution to the CARE (4.28). It is interesting to notice
that the proof of Theorem 4.13 provides another way of showing this, from the
optimal control point of view. Indeed, let us suppose that there exists a stabiliz-
ing solution V #£ X to the CARE. As in the case of the stabilizing solution X,
we arrive at the conclusion that E[x(0)*Vp0)x(0)] is the minimum of 7 (u) over
u € U. But the minimum clearly does not depend on X and V, so it follows that
E[x(0)*Xg(0)x(0)] = E[x(0)*Vp(0)x(0)] for any initial condition 9. In particular,
for x(0) = x and #(0) =i, x and i deterministic and arbitrary in R” and S, respec-
tively, the above equation reduces to x*X;x = x*V;x. Since X; and V; are Hermitian
for every i € S, we must have that X =V.

4.6 Historical Remarks

From a mathematical point of view, control theory initiates with the rigorous anal-
ysis carried out by J.C. Maxwell on the Watt’s centrifugal governor. Since then,
control engineering has played a fundamental role in the development of modern
society. Modern optimal control theory has its roots on works of researchers such
as R.E. Bellman, L.S. Pontryagin, and R.E. Kalman. The importance of taking dis-
turbance into account has given rise to a great variety of topics, including stochastic
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control. In this scenario, we mention [23, 138, 142, 203, 303] as seminal papers in
the building of the stochastic theory.

Regarding quadratic optimal control for MJLS, we mention [270] and [303] as
fundamental papers that stimulated much research in this scenario. In the first, the
jump linear quadratic (JLQ) control problem is considered only in the finite-horizon
setting, and a stochastic maximum principle approach is used (see also [269]). In
the other one, dynamic programming is used, and the infinite-horizon case is also
treated. Although the objective had been carried out successfully, it seemed clear,
prima facie, that the stability criteria used in [303] were not fully adequate. The
inchoate idea in [303] was to consider the class above as a “natural” extension of
the linear class and use as stability criteria the stability for each operation mode of
the system plus a certain restrictive assumption which allows one to use fixed-point-
type arguments to treat the coupled Riccati equations. In fact, the Riccati equation
results used in [303] come from the seminal paper [302]. The restrictive assumption
in [302] is removed in [156], which, to the best of the authors’ knowledge, seems
to be the first work to introduce the idea of the solution of the Riccati equation in
the mean-square sense. Without any intention of being exhaustive, we mention, for
instance, [6, 33, 59, 60, 63, 74, 94, 144, 176, 188, 191, 223, 229, 270, 303] as a
representative sample of some works dealing with optimal control of MJLS (see
also [93]).

The case with multiplicative noise is studied, for instance, in [121] and [88].
Some issues regarding the associated coupled Riccati equation, including numeri-
cal algorithms, can be found in [5, 66, 67, 72, 86, 103, 109, 110, 156, 246] (see also
[121]). Quadratic optimal control problems of MJLS subject to constraints on the
state and control variables are considered in [69]. An iterative Monte Carlo tech-
nique for deriving the optimal control of the infinite-horizon linear regulator prob-
lem of MJLS for the case in which the transition probability matrix of the Markov
chain is not known is analyzed in [70]. The case in which the weighting matrices
of the state and control for the quadratic part are allowed to be indefinite is consid-
ered, for instance, in [72]. The case in which the state space of the Markov chain is
infinite countable was treated, for instance, in [78, 146, 292] (see also [16, 17, 149]
for some issues regarding the associated Riccati equation). Although the avenues of
research to a risk sensitivity approach for the optimal control of MJLS seem to be
fascinating, this is a topic which has defied the researchers up to now.

For those interested in a fairly comprehensive introduction to the linear theory,
we refer, for instance, to [97] and [100] (see also the classical [13] and [140]). For
recent advances in the control theory, we refer to [295, 311] and references therein.

This chapter is, essentially, based on [146] (see also [159]).



Chapter 5
H, Optimal Control with Complete
Observations

5.1 Outline of the Chapter

The purpose of this chapter is to revisit the infinite-horizon quadratic optimal con-
trol for continuous-time MJLS, studied in Chap. 4, but now from another point of
view, usually known in the literature of linear systems as H> control. We assume
here that the state variable x(¢#) and the jump parameter 6(¢) are available to the
controller, so that is why we call this case “with complete observations.” The case
in which only the output y(¢) and jump parameter 6(¢) are known will be consid-
ered in Chap. 6 and referred to as the incomplete observations case. The advantage
of the H, approach is that it allows us to consider parametric uncertainties and solve
the problem using LMIs optimization tools (see Chap. 2). In this chapter we sup-
pose that the transition rate matrix /7 may be subject to polytopic uncertainties. The
organization of the chapter is as follows. In Sect. 5.2, we present the definitions of
robust and quadratic mean-square stabilizability, bearing in mind the uncertainties
on the transition rate matrix /7. The controllability, observability Gramians, and the
Hj-norm for MJLS are introduced in Sect. 5.3. In this section, we also obtain a result
showing how the H,-norm can be derived from the controllability and observability
Gramians. In Sect. 5.4, the H; control problem for both cases, with and without
uncertainties on I7, is solved using LMIs optimization tools. For the case in which
there are no uncertainties, in Sect. 5.5 we shall see that the H, formulation and the
infinite-horizon quadratic cost formulation, analyzed in Chap. 4, coincide. A numer-
ical example illustrating the technique presented here can be found in Sect. 10.2.

5.2 Robust and Quadratic Mean-Square Stabilizability

Consider A = (Ay,...,Ay) €e H", B= (By,..., By) € H™"", and the following
MILS:
‘(1) =A t)+ B t),
G— x() o)X () + Boyu(t) 5.1)
U0 = (x0, 60),
O.L.V. Costa et al., Continuous-Time Markov Jump Linear Systems, 83
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© Springer-Verlag Berlin Heidelberg 2013
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where, as before, {0(¢); t > 0} is a continuous-time Markov chain with finite state
space S and transition rate matrix IT = [A;;]. In this chapter, we will consider that
the transition matrix IT will be either exactly known or belong to a convex set V,
where

I4 4
V={MO=3) o0 p" >0y p*=1. (5.2)
k=1 k=1
and IT* =[A\*.],k =1, ..., £, 1is a set of known transition rate matrices.
ij

For K= (Kq,...,Ky) € H"™, consider in (5.1) u(t) = —Konx(r) and Zi =
A; — BiK;,i €S, so that (5.1) can be rewritten as x(t) = Ag(;)x(t). As in Chap. 3,
define Q(7) = (Q1(?), ..., ON (1)), where

Q; (1) := E(x()x(1)* 1ig()=j) = O, (5.3)

and consider the operators £ and 7 = L£* as in (3.21), with A; replaced by A;. We
recall that £ and 7 possess the same eigenvalues and, by Proposition 3.7, that for
every t € R,

Q) = L(Q)). (5.4)
We recall from Definition 3.34 that

K= {K € H™™; K stabilizes (A, B, IT) in the mean-square sense}

and, for the case in which IT is not exactly known, introduce the following defini-
tions.

Definition 5.1 We say that (A, B, IT) is robustly mean-square stabilizable if there
exists K = (K, ..., Ky) € H"™ such that model (5.1) is MSS with ;f,- =A; —
B; K; forevery IT € V. In this case we say that K stabilizes robustly (A, B, IT) in the
mean-square sense. We set K; = {K € H""; K stabilizes robustly (A, B, IT) in the
mean-square sense}.

Definition 5.2 We say that (A, B, IT) is quadratically mean-square stabilizable if
there exist K= (K{,...,Ky) e " and P = (Py, ..., Py) > 0, P € H"*, such
that

(Aj_BjKj)Pj+Pj(Aj_BjKj)*+Z}\ijPi<07 jes, (5.5)
ieS
for every IT = [A;;] € V. In this case we say that K stabilizes quadratically

(A,B, 1) in the mean-square sense. We set K, = {K € H"";K stabilizes
quadratically (A, B, IT) in the mean-square sense}.

From Theorem 3.25 it is clear that K; C K;. Note also that from Definition 5.2
it follows that (5.5) is satisfied for every [T = [A;;] € V if and only if for each
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k=1,...,£, we have that
(Aj_BjKj)Pj+Pj(Aj_BjKj)*_'_Z)";‘(jPi<07 jes. (5.6)
ieS

5.3 Controllability, Observability Gramians, and the H>-Norm

Consider the following system:

X(1) = Agyx (1) + Joyw (1),
G=1 z2(t) = Cox (1), (5.7)
x(0) =0, 6(0) =06y,

where A = (Ay,...,Ay)eH",C=(Cy,...,Cy) e H"P,and J = (J1,...,  y) €
H"" with J; J* > 0 for each i € S. The initial distribution for 6y is given by v =
{vi;i € S}, satisfying v; >0,i €S, ) ;. gvi=1.

If Re{A(L)} < O (thatis, model (5.1) is MSS) and w = {w(¢); t > 0} is an impulse
input (that is, w(¢#) = v§(¢) where v is an r-dimensional vector, and §(¢) the unitary
impulse), then, as a consequence of Theorem 3.15(v), there exist » > 0 and a > 0
such that for each r € RT,

E(|z®0)]?) < ae™ E(Ix0l1?), (5.8)

and clearly we have that z = {z(¢); t > 0} € Lg (82, F, P). The next definition is a
generalization of the H>-norm from continuous-time deterministic systems to the
stochastic Markovian jump case.

Definition 5.3 We define the Hy-norm of the system G as

r

2 2
1613 =" wjllzs,l3.

s=1 jeS
where z; ; represents the output {z(¢); t > 0} given by (5.7) when

(a) the inputis given by w = {w(¢); t > 0}, w(t) = e;8(t), §(¢) the unitary impulse,
and e, the r-dimensional unitary vector formed by 1 at the sth position and zero
elsewhere, and

(b) 6o=.

For the deterministic case (N = 1), the above definition reduces to the usual H,-
norm. At the end of this section we also present a connection between the above
definition and the expected value of the stationary variance of the output when the
input is the unit-variance white noise.
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We will next show that the H,-norm as defined above can be calculated
via the solution of the continuous-time coupled observability and controllabil-
ity Gramiarflvs, a result~ thgt mirrors its deterministic counterpart. For this, de-
fine M = (C7Cy,...,CyCn) € H"*, vN = WL Jf . unIN TR € H"t, S =
(S1,...,8y) e H"", and P = (Py, ..., Py) € H"" as the unique solution of the
equations (see Theorem 3.25)

T(S)+M=0 (observability Gramian),
LP)+vN=0 (controllability Gramian).

From Theorem 3.25 and vN > 0 it follows that P > 0. We have the following result,
establishing a connection between the H>-norm with the observability and control-
lability Gramians.

Theorem 5.4 [|G[3 =", 5v; tr(J}S;J;)) =Y ;c5tr(C; P;CY).
Proof Let us show the first equality. For i € S,
Ti(S)+ C;Ci = ATS; + SiAi + > hijSi+ C;Ci=0.
jeS

Consider z = {z(¢); ¢t > 0}, an impulse response of (5.7). Then, from (5.3) and
Proposition 5.4, recalling that 7* = L, we get

E(z(t)*2(t)) = E(x(t)*Cj)Coyx (1)) = —E(x(1)* To() (S)x (1))

==Y E(x®O*TiS)x()1p0)=i))
ieS

==Y t(E(x0)x(0)*Lipw=1)) T (S))
ieS

==Y w(Qi®Ti(S))
ieS

=—(Qu); T(9)
=—(£(Q®): )
= —{Q(); ).

Taking the integral over ¢ from 0 to co and recalling that Q(z) — 0 as t — oo (since
the system is MSS) and that 6(0) = j and x(0) = J;ey, we get that

feust = [ E(l0]f)

:—/ (Q); S)ar
0
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=—{Qw: 8|5
=(Q(0); S)
=Y w(0i(0)$:)
ieS
= e JiS;jJjes.
Therefore,

r r

IGIZ =" villzsjlz =)D vjeiJ;S;Jjes =Y viu(JFS;J5),

s=1 jeS s=1 jeS jeS

proving the first equality. For the second equality, we have that

N
G153 =" v te(J5S; 7))
j=I
N ~ ~
= Ztr(\}j]}ksj‘]j + Pj(C;Cj + 7;(5)))
j=1

N

Y (v J; 7S + PiCiC) + (P T(S))
j=1
(P; M) + (vN; S) + (L(P); S)
(P; M) + ((L(P) + vN); P)

N
= (P;M) =) u(C;P;C}),
j=1

completing the proof of the theorem.
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O

If the Markov process {6(¢); t > 0} is ergodic, then (see (3.4)) P(6(t) =i) — m;

as t — oo exponentially fast for some 7; > 0,i € S, Zi cs i = 1. In this case, if

v; = m; above, we get that, like in the case with no jumps, the definition of the H;-
norm coincides with the expected value of the stationary variance of the output when
the input is the unit-variance white noise. Indeed, consider the stochastic differential

equation

dx(t) = Agyx (1) dt + Joiry dw(t),

where W = {(w(t), F;),t € RT} is a Wiener process with incremental covariance

equal to the identity. We recall from Proposition 3.28 that for every r € RT,

Q) = L(Q()) +R(),
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where R(¢) = (R (t), ..., Ry(t)), with R; (1) = J; J pi(t), and p; (t) = P(0(t) =i).
Moreover (see Proposition 3.29), Q(¢) — P as t — oo, and

lim E(J20]) = lim > a(C;0i(0C;) =D u(CiAC)) = 19153
ieS ieS

However, as it will be seen in the next sections, for the H,-optimal control problem
with IT exactly known, the optimal controller will not depend on J = (J1, ..., Jy).
In particular, we have that the choice of v = {v;; i € S} in the definition of the H;-
norm will not affect the optimal solution of the problem, as long as v; > 0 for all
i €S (see Remark 5.12 below).

5.4 H; Control via Convex Analysis

5.4.1 Preliminaries

Consider the jump controlled system

x(t) = Aogiyx(t) + Boryu(t) + Jonw(t),
G=1 z(t) = Coyx(t) + Dyryu(t), (5.9
x(0) =0, 0(0) = 6y,
where A = (Ay,...,Ay) e H", B=(By,...,By) e H*", J = (J1,...,JN) €
H™,C = (Cy,...,Cy) € H"P, D = (Dy,..., Dy) € H"P, with D?D; > 0 and
CD; =0foreachicS.

ForK=(Kj,...,Ky) €K, set Gk as system (5.1) with u(¢t) = —Kg()x(¢). The
H;-optimal control problem for IT exactly known is defined as

min{||Gk [2; K e K}, (5.10)

whereas the H,-guaranteed cost control for continuous-time Markovian jump linear
systems with uncertain transition rate matrix I7 is defined as follows.

Definition 5.5 Find K € K; and 8 < oo such that
72
IGK |, =B forevery T eV, (5.11)

where ||QII(7 |l> represents the Hp-norm of system (5.9) with feedback control law
defined by K € K; and transition probability matrix given by IT € V (see (5.2) for
the definition of V).
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5.4.2 M Exactly Known

Define U= (Ui, ..., Uy) € HOP™T and W = (Wy, ..., Wy) € H#TM+ a5
ci¢c; 0 Wi W,
Ui=| "+ Cowi=| TR s,
0 D;-"Di Wi*2 Wis

C={W=0;W;;>0,0;(W) <0, jeS), (5.12)

and set

where, for j € S,
O;(W) = A;jWji + Wi A5 — BiWh — WiaBF + > hijWi +v,J;J7.
ieS

Clearly, C is a convex set. We have the following result.

Proposition 5.6 K # @ iff C # @. Moreover,
K= {(WhHW's .., Wi Wy ) W= (Wy,..., Wy) eC).

Proof If K # J, then we can find K = (K}, ..., Ky) € K such that system (3.77) is
MSS with A; = A; — B;K;. By Theorem 3.21 there exists P = (Py, ..., Py) > 0in
H"* such that

(A; — B;K))P; + P;(A; — B;K;))* + Z)»j,‘Pj + V,'J,'Ji* =0. (5.13)
jeS

Then by choosing W;; = P;, Wi» = P;K}, and W;3 = K; Pi_]Ki* we get from
Lemma 2.26 that W > 0, W;{ > 0, and from (5.13) that ®; (W) <0, i € S, showing
that C # ¢ and that K; = Wl.*2 Wl._ll. On the other hand, if C # @, then, recalling that
viJ; J]’.k > 0, we get from ©;(W) <0 that

AiWit + Wil Af — BiWjs — WiaBF + Y 3jiWj1 <0,
jeS

and from Lemma 3.37(SS3) we get that K # ). Moreover, with K; = W} WJI and
K= (Ki,...,Ky) e H"™, we have that K € K. O

Define the following convex optimization problem.

,u::min{Ztr(UiWi); W:(Wl,...,WN)eC}. (5.14)
ieS

We have the following theorem, which parallels the results presented in [75].
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Theorem 5.7 The following assertions are equivalent:

(a) There exists W= (W], e, WN) such that
W:argmin{Ztr(U,-Wi); W=Wi,...,Wy) ec}. (5.15)
ieS
(b) There exists K= (Il(\l, e, I/(\N) € K such that
IGg|13 = min{lIgkl)3: K € K}. (5.16)
Moreover, if (a) holds, then (5.16) holds with

o~ LS

Ki=Wh57W,", i€S, (5.17)
and
p=y tr(U;W;) = min{||GklI3; K eK}.

ieS
On the other hand, if (b) holds for K= (El, R EN) € K, then (5.15) is satisfied
with

_ P, PK;

Wi=|l o~ ~~~ |, €S8, (5.18)

K;P. K.PK:

and W= (Wi, ..., Wx), where P = (Py, ..., Py) e H"* satisfies
(Aj = BiK))P; + Pj(Aj — BjK))* + ) 4ijPi +v;J; T} =0.
ieS
Proof For any W € C, tr(U; W;) = tr(C; W;1 C}') + tr(D; Wi3 D}) and, from (5.12),
L(Q)+ VN <0, where A; = A; — BiK;, Ki = WhW ', Q=(Q1,..., On), Qi =

Wi1 > 0. Therefore, by Theorem 3.25, W;; > P; fori € S, where P = (Py,..., Py) €
H"* satisfies L(P) + vN = 0. By Theorem 5.4,

IGkI3 =) &((Cj = D;K))P;(Cj — D;K,)*)

jeS

< Ztr((cj —D;Kj))W;i(Cj — D;K;)*)
JjeS

< > u(CiWnC}+ DjWi3Dj) =) u(R;W)).
jeS jes

showing that u > min{lngllg; K € K}. On the other hand, for any K = (K1, ...,
Ky) € K, we have from Theorem 5.4 that

IGkI3 =Y u((Cj — DjK))Pi(C; — DK )*),
jeS
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where P = (Py, ..., Py) > 0 satisfies L(P) + vN = 0 with Z,- = A; — B;K;. Defin-
ing Was Wy = P;, Wi = P;K},and W3 = W,-*QW,-TlWiZ, we get that W € C and

Ztr(Rjo) = Ztr(CjolC;f) +tI'(Djo3D7)
jeS jeS

=Y u((Cj — DjK;))Pji(Cj — D;K;)*) = 9x3,
jeS

that is, u < min{||QK||%; K € K}. Thus, u = min{||gK||%; K € K}, and one solution
can be recovered from the other according to (5.17) and (5.18). O

5.4.3 II Not Exactly Known

We consider now the case in which I7 is not exactly known but belongs to V (see
(5.2)).Setforc =1,...,¢,

cr = {WZO, le >0, @}((W) SO,] GS}’
where

O (W)= A; W1+ Wi A — BjWh — WinBS + > a5 Wiy + ;0,7
ieS

for j € S, with IT" = [A;fj]. It is clear that C¥ is a convex set, and thus

c,=[)c"

is also a convex set. The following result follows the same steps as the proof of
Proposition 5.6 (see also [170]).

Proposition 5.8 K, # @ iff C, # . Moreover,
_ * -1 * —1y. _
Ky ={(WhHW .. WhoWh s W= (Wi, ..., Wy) €Cy}.
Proof If K; # @, then from Definition 5.2 we can find K= (K1, ..., Ky) € K such
that for some P = (P, ..., Py) > 0, we have that for each k = 1,..., ¢, (5.6) is

satisfied. From (5.6) we can find a constant ¢ > 0 such that, with P =P,

(Aj — BjKj)ﬁj +ﬁj(Aj - BjKj)*—i_Z)\.;(jﬁi +VijJ;k <0, jed&. (5.19
ieS
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Taking W;; = P;, Wi» = (K; P,)* and W;3 = Kiﬁi_lKi*, we get that W € C; with
K; = W W' Similarly, if W € C, then by choosing P; = W;; and K; = W5 W, ;!
we get that (5.19) is satisfied, and thus K= (K, ..., Ky) € K. Il

We have the following corollary concerning problem (5.11).

Corollary 5.9 Let W= (Wi,...,Wy) = argmin{) _; s tr(U; W;); W = (Wy, ...,
=1

Wy) € Cy). Then K; = WA W

[ ’
pg

problem with g =3 ;s tr(U; W;).

i €8, solves the Hy-guaranteed cost control

Proof For any W € C,; and every IT = [A;;] € V (see Theorem 5.7 and Proposi-
tion 5.8), tr(U; W;) = tr(C; W,']C;k) + tr(D; W13D;k), and

(Aj = BiWHW Wi+ Wi (A — BiWHW,) + D hij Wi +v,J;J7 <0.
ieS
Therefore, by Theorem 3.25, W;; > P; fori € S, where P = (P, ..., Py) ¢ H""
satisfies

(Aj = BiWHWi )P+ Pj(Aj — ByWHWH) + 3 hij P4 v, 77 =0
ieS

for arbitrary IT € V. By Theorem 5.7, ||QII(7 ||% < Z/es tr(R; W;), and since [T is ar-
bitrary in V, maxcy ||QII(7||% < Zjes tr(R; W;), showing that every W € C, gen-
erates an upper bound to ||QII(7 I|%. Clearly, the smallest one is given by the optimal
solution of the problem posed above, so that ||Qllg ||% <pBforall [T V. U

5.5 The Convex Approach and the CARE

This section establishes a link between the convex approach, based on the solution
of problem (5.14) that corresponds to the H, control problem of an MJLS with I7
exactly known and on the CARE (4.28). As seen in Chap. 4, this equation arises
when one solves the infinite-horizon quadratic optimization problem of an MJLS

X(t) = Agx(t) + Boyu(t)

with minimization cost given by 7 (u) defined in (4.6). In what follows, we recall
the definitions of maximal (Definition 4.10) and (mean-square) stabilizing (Defini-
tion 4.11) solutions for the CARE (4.28). We have the following result (see also
Theorem 3.1 in [246]).

Proposition 5.10 Suppose that (A, B, IT) is SS. Then there exists a maximal so-
lution V= (V1,..., Vy) to (4.28). Moreover, if V is the mean-square stabilizing
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solution of (4.28), then (4.28) has a unique mean-square stabilizing solution. Fur-
thermore, defining the following sequence of CARE,

_ I
AX; + XiA; — X; Bi(D} D) leXl-—i-Z)\inj—i—C;"Ci—i—%:O, (5.20)
=

i €S, we have that there exists a mean-square stabilizing solution VK = (Vk, e
VE) t0 (5.20), VF > VT and VF — V as k — co.

Proof The first part follows from Theorem A.5 and Remark A.10. From the hy-
pothesis that (A, B, IT) is SS and Theorem A.5 it is clear that (5.20) has a maximal
solution, which we write as VK = (Vlk s V/f,). From the identity (A.12) and (5.20)
we have that V¥ satisfies the following set of Lyapunov equations

(Ai = Biki (V9) "V + V(A = BiKi(V9) + D ai V]
Jjes

+ K (VK) DEDiK (VF) + CFCy + é —0, €S, (5.21)

and by Theorem 3.21, Re{A(LF)} < 0, where for P € H", £LX(®P) = (LK(P), ...,
LY, (P)) with c’; (P)=(Aj — BjK;(VO)P;+ Pj(Aj — BjK; (V) + 3, g hij P
From identity (A.12) and (5.20) we have that
(Ai = Bl (V) VI + v (4 = Bk (VF))
I

+ K (V) Df DiKi (V) + ZA,--V’F“ +CIC+ .

T
jeS
— (K (VF) = K (V)" D Dy (I (VF) = G (V1)) =0, (5.22)

Writing Q = V¥ — VK*1 we get from (5.21) and (5.22) that

. I
(Ai — BiK; (Vk)) Qi+ 0; (Al' — B/ K; (Vk)) + ;AU Qj + m
+ (K (VF) = K (V1)) Dy s (G (VF) = K (VEHY) = 0. (5.23)

By Proposition 3.20, there exists a unique solution Q for (5.23), and moreover
Q € H"*, which shows that V¥ > VA1 Similarly, we can show that V¥ > V. Taking
the liAmit as k — oo, from Lemma 2.17 we have thgt vk v € H"+, with R(V) =0
and V > V. From Theorem A.5 we get that V >V and thus V =V, completing the
proof. U

We can now show the main result of this section, which relates the CARE and
the convex problem (5.14).
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Theorem 5.11 The following assertions are equivalent:

(a) There exists a mean-square stabilizing solution V= (f/\l, e, V\N) e H'' 1o
(4.28). R
(b) There exists W = (W1, ..., Wy) such that

W:argmin{Ztr(UiW,');W: (Wi, ..., W) ec}.
ieS

Moreover, if V= (Vl»~..,VN) e H'" is the mean-square stabilizing soluﬁon
to (4.28), then setting K; = (DfD;)"'B}V;,i € S, K= (Ki,...,Ky), P =
(P1, ..., Pn) > 0 satisfying

N
(Aj —BjK;)Pj+ Pj(A; — BjKj)*—i-Z)nijPi —i—l)j.]j.]}k =0, jeSs,
i=1

andW:(Wl,...,WN) as

we have that W satisfies (b) On the other hand, if w satisfies (b), then setting
K; = W W1 and V= (Vi,..., Vy) € H' satisfying

(Aj — BiK))*V; + Vi(A; — BiK;) + Z/\ijVj
jeS
+(Ci — DiK)*(C; = DiKi) =0, i€, (5.24)

we have that V is the mean-square stabilizing solution of (4.28).

Proof We prove that (a) is equivalent to (b). The second part of the theorem fol-
lows as a byproduct of this proof. Let us first prove that (b) implies (a). Indeed,
let W = (Wi,...,Wy) = argmln{zlestr(UlWl) W=W,...,Wy) eC} and
write K Wl*zW,]], ieS K (K], .. KN) As seen in Proposmon 5.6, Ke K,
and by Theorem 3.25, there exists a unique solution V= (Vl, e, VN) e H** sat-
isfying (5.24). From the fact that (A, B, IT) is mean-square stabilizable (indeed,
KeK # (§) we know, from Proposition 5.10, that there exists a maximal solution
V=(Vi,..., Vy) to (4.28). Moreover, from (4.28) we have that

(Ai — BiK))*V; + Vi(A; — BiK;) + Z)»ijVj
jeS
+(Ci — DiK)*(Ci — D;K;) — (Ki — K)*(D D) (Ki — Ki) =0,  (5.25)
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where K; = (Dl.*D,-)_lBl?“Vi, ie8,and IS: (Kiy,...,Ky). From Ke K, (5.24),
(5.25), and Theorem 3.25 we get that V > V. As stated in Proposition 5.10,
V=1limi_ oo VK, where V¥ is the mean-square stabilizing solution of (5.20) with

= (DD~ B VF KK = (KE, ... KK) e K. Foreach k = 1,2, ..., let VA =
(V", e V/\‘,) € H"* be the unique solution satisfying (see Theorem 3.25)

(Ai — BiK})"V} + VF(A; — BiK}) +Z,\,j !
jeS

+(Ci — DiK})*(Ci — DikF) =0, i€S. (5.26)

From KX € K, (5.26), (5.20), and Theorem 3.25 it follows that V¥ > V£, By the
optimality of W, Theorem 5.4, Theorem 5.7, and the fact that K* € K for each
k=1,2,..., we get that

IG5 =Y v r(J7Vidi) < IGxell3 = Y vi w(FFVER) < i we(JFVET),
ieS ieS ieS
and taking the limit as k — oo and recalling that V¥ — V as k — 0o, we obtain that
D v tr(Vid) <> vite(JFVi ).
ieS ieS

Thus, V> Vand ¥, g vi tr(J*(V; — Vi) J;) < 0, which yields tr(J*(V; — Vi) J;) = 0
for each i € S. Since J; Ji* > 0 by assumption, it follows that tr(\7,- — Vi) =0 for
i €S, with V> V, which can only hold if V = V. Subtracting (5.24) and (5.25)
yields fori € S,

(Ki — K)*(D} D) (K: — Ki) =0,
and since D} D; > 0 by assumption, it follows that K; = K; is showmg that (b) im-
plies (a). Let us now prove that (a) implies (b). Suppose that V= (Vl, e VN) €
H"* is a mean-square stabilizing solution of (4.28). Then K= (Kl, ..., Kn) €K,

where for i € S, K; = (D*D;)"'B}V;. For any G = (G1,...,Gy) € K, define
=(S1,..., Sy) € H"* as the unique solution of

(Ai — BiGi)*Si + Si(A; — BiG) + Y _ 4ijS;
jeS
+(C; — DiG)*(C; — D;G;) =0, i€S. (5.27)

Equation (4.28) with V can be written as

(Ai — BiG)*Vi + Vi(A; — BiG;) + Z)Lij‘//\j + (Ci — D;G))*(C;i — D;G))
jeS

— (K = G)*(D}Di)(K; = G)) =0, i€S, (5.28)
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and from (5.27), (5.28), and Theorem 3.25 we have that S > V. Moreover, since

(Ai — BiK))"V; + V;(A; — BiK;) + Z)Lijvj +(Ci — DiK)*(Ci — DiK;) =0,
jeS

i € S, we have, from Theorem 5.4, that

G113 =D vite(J7ViJi) < vite(J7S: ;) = 13-
ieS ieS

and since G is arbitrary in K, it follows that

I9& 115 = min{liggl13; G € K}. 0

Remark 5.12 Since the solution of the CARE (4.28) does not depend on J;J ;f, we
can see that the optimal controller does not depend on vN. In particular, the choice
of v in Definition 5.3 will not affect the optimal solution for the H;-optimal control
problem.

5.6 Historical Remarks

One of the earliest and most powerful design control techniques for multi-variable
systems has been the so-called LQG technique. It soon became extremely popular in
the control community, as it provided powerful tools to design dynamic controllers
in a coherent and systematical manner. The LQG theory is based on an stochas-
tic setup for the system. More recently, a deterministic interpretation for the LQG
control problem has been provided, which yielded to what is now known as the
H, optimal control problem. The subject of H, optimal control is by now vast and
immense, and the reader is referred to [251] for a comprehensive treatment on this
subject (see also [117]). One of the advantages of the deterministic setup adopted in
the H, optimal control problem is that it allows one to use LMIs optimization tools
for dealing with parameter uncertainties of the system (see, for instance, [168]).

It seems that the H, control problem for MJLS was first introduced in the litera-
ture in [75] for the discrete-time case and in [76] for the continuous-time case. Since
then, several other results related to Hy for MJLS have appeared as, for instance,
dealing with parametric uncertainties on the systems matrices and/or transition rate
matrix [76, 113, 255, 305], when a nonobserved part of the Markov state is grouped
in a number of clusters of observations [111], the optimal time-weighted H, model
reduction problem [267], mixed H>/H, control [85, 185, 216], mode-independent
output feedback control [3], and the separation principle [80].

The results of this chapter are based mainly on those presented in [76].



Chapter 6
Quadratic and H, Optimal Control with Partial
Observations

6.1 Outline of the Chapter

This chapter deals with the finite-horizon quadratic optimal control problem and the
H, control problem for continuous-time MJLS when the state variable x(¢) is not
directly accessible to the controller. It is assumed that only an output y(¢) and jump
process 6 (t) are available. The main goal is to derive the so-called separation prin-
ciple for this problem. We consider the admissible controllers as those in the class
of Markov jump output dynamic observer-based control systems. Tracing a parallel
with the classical LQG theory, it will be shown that the optimal control is obtained
from two sets of coupled differential (for the finite-horizon case) and algebraic (for
the H> case) Riccati equations. One set is associated with the optimal control prob-
lem when the state variable is available, as analyzed in Chaps. 4 and 5, and the
other set is associated with the optimal filtering problem. An outline of the content
of this chapter is as follows. Section 6.2 is devoted to the finite-horizon case, while
Sect. 6.3 deals with the Hj case. For the finite-horizon case, the description and the
problem statement are presented in Sect. 6.2.1. In Sect. 6.2.2, we study the filtering
problem. The main result for the finite-horizon case, which is the separation prin-
ciple, is derived in Sect. 6.2.3. The H, case follows similar steps, with Sect. 6.3.1
presenting the problem formulation, Sect. 6.3.2 considering the H» filtering prob-
lem, and Sect. 6.3.3 presenting the separation principle for the H>-control problem
with partial observations. In Sect. 6.3.4, we present an LMIs approach for the prob-
lem.

O.L.V. Costa et al., Continuous-Time Markov Jump Linear Systems, 97
Probability and Its Applications, DOI 10.1007/978-3-642-34100-7_6,
© Springer-Verlag Berlin Heidelberg 2013
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6.2 Finite-Horizon Quadratic Optimal Control with Partial
Observations

6.2.1 Problem Statement

Let us consider, for t € Rt the class of MJLS given by

dx(t) = Agiry Ox(t) dt + Byy(Ou(t) dt + Jor) (1) dw(t),
G =1 dy(t) = Hyp)()x(t)dt + Gy (t) dw(1), (6.1)
z(t) = Cory (1) x (t) + Dg(r)(H)u(r),

with x (0) = xo, where, as before, {x(¢)} denotes the state process in R", {y(t)} is
the observation process in R, {u(t)} is the control process in R™, and {z(¢)} is
the output process in R”. Moreover, we assume that A(r) = (A((t),..., Ay(t)) €
H", B(t) = (B1(t),..., By(@)) e H™", C(t) = (Ci(t),...,Cn(t)) e H"P, D(t) =
(Dy(t),...,Dn(t)) e H™P, J(t) = (J1(2), ..., In()) e H", H(t) = (H(¢), ...,
Hy () e H"Y, G(@) = (G(t),...,Gn(t)) € H"9, and all matrices are of class
PC. We also assume that, for eachi € S and t € R,

D} (t)D;(t) > 0, Gi(t)G; () > 0, JF()Gi (1) =0, Cr(#)Di(t) =0,

and that the matrices (D} (t)D; ()~ and (Gi(t)G;“(t))_1 are of class PC. We
write D C RT as the union of the discontinuity points of A;, B;, J;, H;, G,
C;, D;, (D;‘Dl-)’l, and (G,-G;k)’l, i € S. As pointed out in [53], p. 7, for any
T e R, DN[0, T] contains at most a finite number of points. The r-dimensional
Wiener process W = {(w(t), F;),t € RT} and the homogeneous Markov process
0 ={@(), F;),t € R"} are as defined in Chap. 3. We recall that {9 (¢)} and {w(¢)}
are statistically mutually independent. Finally, we suppose that x(0) and 6(0) are
independent random variables taking values in respectively R” and S with

E[x(O]=pn,  E[xOx©O*]=S,  v=P0@©0)=i)>0 foralieds.

Remark 6.1 From the hypothesis that P(8(0) =i) > 0 for i € S we have that
pi(t):=P@(t)=i)>0foralli €S and ¢t € RT. Indeed, first notice that p;(t) =
> jes*jipj(t), and therefore,

t
pi(t) ="' p; (0)+/ ekii(t_‘v)( > )‘jin(S)) ds. (6.2)
0 jeS:j#i

Thus p;(¢) > 0, bearing in mind that p; (0) > 0 and the second part of (6.2) is non-
negative.

In this chapter it is assumed that we do not have access to the state x(t), but
only to the measurement and jump processes, {y(¢)} and {6(¢)}, for all . We define
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Fr = 0{(@(s),y(s));0 <s <r}. The idea here is, as in the LQG problem with
partial observations, to use an optimal estimate, X(¢). In addition, it is important
that the filter does not introduce too much nonlinearity in the control problem. For
this reason, we shall consider the class Gg of Markovian jump controllers given by

dX(t) = Ag( ()X (1) dt + Bog (1) dy (1),
‘= (6.3)

u(t) = Con (O (@).
The quadratic cost associated to the closed-loop system G.; with control law

{u(?),0<t <T}given by (6.3) is

T
Tw) = E{/O |z szt —i—x(T)*Lg(T)x(T)}, (6.4)

where L = (L1, ..., Ly) € H"". The finite-horizon optimal quadratic control (OC)
problem we study in this chapter can be stated as follows.

Problem 6.2 Find A(1) = (A1(1)...., Ay (1), B(t) = (Bi(®)...., By (1)), and
C(t) = (Cl(t) CN (1)) within the class PC such that the control law {u(z),0 <
t < T} induced by (6.3) minimizes the cost function 7 («). This minimal (optimal)
cost will be denoted by J°P := min, g, J (1), that is,

T
TP = urgign { /O E[||Coy(@)x (1) ||2 + | Doy (Du(t) ||2] dt

+ E[x(T)*Lo(r)x(T)] } (6.5)

6.2.2 Filtering Problem

Consider equation (6.1) with observable {y(¢)} and {6(¢)}, and the class of ad-
missible control pohcles Ok as in (6.3). The optzmal ﬁltermg (OF) problem here
c0n51sts of finding A(t) = (A](t) AN(t)) B(t) = (B](t) BN(t)) and
C(t) = (Cl(t) CN(I)) in (6.3) w1th deterministic x(0), such that E([[v()]?)
is minimized for each t € [0, T'], where

v(t) = x(1) — R(0). (6.6)
With u(t) = 69(,) (t)x(¢) given as in (6.3), define

dRop(1) = Ag(ry (N Top(1) i + By (Du(t) dt + K}, (1) dv (1),
Top(0) = E[x(0)] =
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where
Xop(1) :=x(1) — Xop(1), (6.8)
and recalling that p; () > 0 (see Remark 6.1), we set
K ()= Yi(OH ©)(Gi(OGF)pi(1) ™, (6.9)
where
Yi(1) 1= E[Xop()Xop () Lo )=i) |- (6.10)

The innovation process is given by
dv(t) :=dy(t) — Hp(r)()Xop(t) dt
= Hp)()Xop(t) dt + Go(ry (1) dw(t). (6.11)

From (6.1), (6.7), (6.11), and (6.8) we have that

dXop(t) = Ag(y () Xop (1) dt + (Joiry (1) — K;gf(,) (1)Gow) (1)) dw(1), 6.12)
fop(o) =X0— MK,
where

Agn (1) = Ag( (1) — Kg(,)(t)He(t)(l)- (6.13)

Lemma 6.3 We have that Y(t) = (Y1(¢),..., Yy () € H'" is a unique positive
semi-definite set of n X n matrices satisfying the following interconnected Riccati
equations:

Yi(t) = A ()Y (1) + Y (DA (1) + Z)\tij(t) + Ji @) JF @) pi (1)
jeS

~YiOH () (GiG; Opi(0) Hi©Yi(1), 1eRT\D,  (6.14)
with Y;(0) = (S — up*) pi (0).

Proof The existence, positive-definiteness, continuity, and uniqueness follow from
Theorem A.11. By Itd’s rule we get

dYi (1) = E((dXop (1)) Xop(t)* 1{6(1)=i} + Xop (1) (dXop(1)*) Lo ()=i)
+ Xop(DXop () * d (Lo 1)=i}) + 1{o(1)=i} d%op (1) dXop(t)™). (6.15)

Recalling that J; ()G} (t) = 0, from (6.12) we get that

E (Xop(OFop()* d(Lipy=i))) = D _ »ji¥; (1) dt
jeS
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and
E (1{g(1)=i) d%op(1) d¥op(1)*)
= E(1p)=1) (Jo0) () ) () = K1y (0 Gy ()G 0y (0 (K (0) 7)) dt
= (5T — K] GG ) (K] 0))) pi (1) dt, (6.16)
as well as
E (dXop()Xop() Lo 1)=i})
= E((Apw)()Xop () dt + (Jo (1) — Kgf(,)(t)Ge(z) (1)) dw(1))Xop () Lo 1)=i})
= A; (1)Y; (1) dt. (6.17)
From (6.9) and (6.15)—(6.17) we get (6.14). 0

The following orthogonality results will be very important in the sequel.

Lemma 6.4 ForXx(t), Xop(1), and Xop(t) given by (6.3), (6.7), and (6.8), respectively,
and fori € S and t > 0, we have that

E (Xop()Xop () * Lo ()=i}) =0, (6.18)

E(fop(t)f(l)*l{g(t):i}) =0. (6.19)

Proof Denote by @ the union of D with the discontinuity points of the matri-
ces A;(t), Bi(t), Ci(t), i € S. First notice that E[Yop(O)ﬁp(O)l{goz,-}] = 0. This
follows from the fact that X(0) is deterministic and from the independence of

x(0) and 6y, bearing in mind that E [fop(O)] = 0. Similarly, we can prove that
E(?c'op 0)x* (0)14g,=i}) = 0. In what follows, we will use that, by (6.9),

K/ (G (0GOpi () = Vi) H (). (6.20)

Let us show (6.18) and (6.19). Define

Qi (1) = E(Xop()Xop (1) 1o (1) =i} ) 6.21)
0i (1) = E (Xop(OX(1)* Lg(1)=i1) (6.22)

and consider t ¢ R \]ﬁ). By Itd’s rule we get
d Qi (1) = E(dXop(t)Xop(1)* Lig(1)=i} + Fop(t) dXop(t)* 1(o(1)=i}
+ Xop (NTop (1) * d (Lo 1)=i}) + 1{o1)=i} dFop (1) dXop()*)
= E((Ao() ()Xop(t) dt

+ (Joy (1) — K({(t)(t)Ge(z)(t)) dw(1))Fop(1)* 1{p (=i}
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+ Rop(1) (Ag(ry () Fop dt + By (Du(t) dt + K () dv(©)) Tig=i)
+ fop(t)jc\op(t)* d(1{9(t)=i}) + 1{0(t)=i} dfop(t) dfop(t)*)-
Now, we have that

E (Fop(DXop(1)* d(Lipy=i))) = Y _ 1ji Qj (1) dt
jeS

and, recalling that J; (1)G (1) =0,
E (1{(=i) dFop (1) dRop()*) = — E(Lp(y=i) K () Gy () Gy (0 (K (1)) dit
=k )G )Gr ) (K] (1)) * pit) dr.
In addition, we have that
E((Ag) (OXop(t) dt + (Joy (1) — Kgf(t)(t)GH(l)(t)) dw (1)) Xop(t)* Lip)=i)
=A;(1)Q;(t)dt
and, from (6.20),
E (Rop(1)(Ap ) (1) Top dt + By (Du(r) dt + Kgf(l)(t) dv(®))* Lipwy=i))
= E (Xop(1) (Ao (1) Xop dt + By (Du(t) dt
+ K}y 0 (Ho ) (DFop(1) d1 + G (1) dw (D)) Vg =1y)
= Qi (A} (1) dt + E (Xop)u(t) 1o )=i}) B (1) dt + Y; (t)Hi*(t)(I(l.f(t))*dt
= Qi(OA; (1) dt + 0;()CF(1)BF () di + K] ()G ()G () (K] (1)) pi () dt.
Therefore, for t € R* \ D,

Qi(1) = Ai() Qi (1) + Qi(DAF (1) + Qi(OCF (OB (1) + Y 2jiQ;(t).  (6.23)
jeS

Notice from (6.1), (6.3), and (6.8) that
dx(t) = Agy (DX (1) dt
+ §0(l‘) () (Ha) (1) (Kop(1) + Top (1)) dt + Gy (1) dw(?)). (6.24)
Similarly, we have, by Itd’s rule, that
d Qi (1) = E(dXop()T(1)* Lip)=i} + Xop(t) dX(1)* 1o () =i)
+ Xop(ODX()* d(Lig(y=i}) + Lig(r)=i} dXop(1) dX (1))
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= E((Ao (OFop(t) dt + (Jo (1) — Ky ()G (1)) dw (1)) Top(1)*
x Lg)=i)
+ Zop() (Ra(ry (VF () di + By(y (1) (Hay (1) (Rop (1) + Fop (1)) d1
+ Gow (1) dw(1))) 1ip)=i)
+ Xop () Fop (1™ d (Lip(r)=i)) + Lo(r)=i} dXop(1) dXop(1)).

‘We have, as in Lemma 3.6, that

E(Xop)X(0)* d(Lipy=i})) = Z A 0;(@t)dt,
JjeS

and, recalling that J; (1) G} (t) = 0, we get from (6.24) that
E(Lp()=i) dXop(t) dX(1)*) = —E(1{9<,>:,~}Kéf(t) (Gow) ()G (B, (1)) dt
=—K] ()G ()G} () B} (1) pi (1) .
In addition, we have that
E((Ao(ry ()T op(t) d1 + (Joi) (1) — Ky (G (1)) dw(®) (1) Lio)=1))
= Ai(1)0;(1)dr
and, from (6.20),
E (Fop(t) (Ap(ry (VT (t) d1 + Bogry (6) (How) (1) (Rop () + Fop(1)) dt
+Goy () dw(®))) Tip=i))
= (Qi(A; (1) + Yi(OH () B} (1) + Qi (1) H} (1) B} (1)) dt
= (Qi (AL () + pi(OK] (VG (GF OB (1) + Qi (1) H} (1) B} (1)) dt
Therefore, for t e R™ \ D,
0i(1) = A:(1)0; (1) + Qi (DAL(1) + Qi (OVHF OB} () + Y 2ji 0;(1).  (625)
jeS

Since Q;(0) =0and Q; (0) =0, i € S, it follows from the uniqueness of the solution
of (6.23) and (6.25) (see Theorem 2.4 or Theorem B1.2-6, p. 470, in [53]) that
Qi(t) =0 and Qi(t) =0, forall i €S and t € R™. This completes the proof of
(6.18) and (6.19). O

Lemma 6.5 Let v(t) and Y(t) = (Y1(t),...,YNn(t)) be as in (6.6) and (6.10), re-
spectively. Then for every t € R,

E(Jo@]?) =Y ufrio).

ieS
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Proof Bearing in mind that v(¢) := x(¢) — X (), with x(¢) solution of (6.1) and X(¢)
solution of (6.3), we have:

Jx@) -7

[Fop (1) + Fop (1) —20)|)?)

E(Jvw][?) = E

E

(
(

= tr{ E[(Fop(t) + (Fop(t) = X(1))) (Xop (1) + (Fop(®) —X(1)))"]}
= tr{ E (Xop (1) Xop (1)) + E (Xop (1) Xop (1)*) — E (Xop ()X (1)™)

+ E (Xop (1) Xop(1)*) — E(X()Xop(1)™)
+ E((Fop(t) = X)) (Xop (1) —X(1))") }.
Thus, from Lemma 6.4 it follows that

E([o)]*) = tr] £ Zop(0Fop (0)7) + E((Fop(0) = T(0) (Rop () = T))")

= tr{ Z E(fop(l)fop(t)* l{g(t):i})
ieS

+ E((Fop(t) = X(1)) (Xop (1) — %(1))") }

_ tr{z Vi) + E((Rop(t) — 1)) Fop() _m))*)}
ieS

=Y u{rvi} + E(|Fop®) — 20| %)

ieS
> v}, (6.26)
ieS
and the result follows. U

In view of the previous result, we have the following theorem.

Theorem 6.6 An optimal solution for the OF problem described before is: x(0) =
w, C;i(t) arbitrary in the class PC, and

Ai() = Ai() — K] 0O H: (1) + Bi ()G (1),
B =k/ .
Proof From (6.26), E(||v()|?) is minimal when E (|[Top(f) — X(¢)[|?) = 0, that is,

when X () = Xop(¢) almost surely, and the minimum is given by ;s tr{Y; (1)} for
each t. O
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6.2.3 A Separation Principle for MJLS

In order to show the separation principle, we go back to the OC problem posed in
Sect. 6.2.1. We have the following lemma.

Lemma 6.7 The problem of minimizing the cost

T
J(m:/o E(||z(t)||2)dt+E(x(T)*L9(T)x(T))

with {x(t)} and {z(t)} as in (6.1) and {u(t)} as in (6.3) is equivalent to minimizing

T
Topu) = /O E(|[Zop(®) ||2) dt + E (X5, (T)Lo(r)Xop(T))
subject to
dRop (1) = Ag(ry () Fop(1) i + By (Du(t) dt + K}, (1) dv (1),
Xop(0) = E(x(0)) = u, (6.27)
Zop(t) = Coy (1)Xop(t) + Doy (u(t),
with dv(t) defined as in (6.11) and {u(t)} as in (6.3).

Proof First, notice that

E(|z0)) = E(| oy 0x®[*) + E(| Doy yu)|*)
= tr(E(Con (0x(0)x(1)" iy (1)) + E (| Doy )| )

= tw(CHOCi(E(x()x(0)* Low)=i))
ieS

+ E(|| Doy u@) ). (6.28)
Now, from Lemma 6.4 and due to Xop(#) = x (1) — Xop(r), we get that
E(x()x(D)* Lipy=iy) = E{(Fop(t) + Fop(1)) (Fop()* + Top()*) Lo 1)=i} }
= E (Xop(1)Xop() 1o (1)=i}) + E (Xop(1)Xop() 1 {o()=i})
+ E (Xop (D Xop () * Lo n)=i}) + E (Fop () Xop(1)* Lig1)=i1)
=Y (1) + E (Rop(DFop () Lp1)=i})-

Then, from (6.28) we have that

E(|=0]?) = " u{CFOCi0)(Yi(t) + E (Fop(0Fop(0)* Lipry=i1)) }
ieS
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+E(||D6<t>(f)u(f)||2)

= Ztr{Ci Y (1)CF (1) + C; (t)E(fop(t)fop(t)*1{9(z)=i})C,-*(t)}
ieS
+E(||De(t>(f)u(f)||2)

= " w(C: ()Y (1) CF (1))
ieS

+ tr{E(Ce(t)(f)fop(t)fop(t)*cg(t)(t))} + E(” Do) (H)u(r) Hz)

= > " w(C: ()Y (1) CF (1))

ieS
+ E([[Coy@Fep®) %) + E(| Doy 0y | )

= Ztr(Ci(t)Yi(t)ka(t)) + E (|| Cogy () Fop(t) + De(z)(t)u(t)”z),
ieS

recalling that C/(¢) D;(t) =0 fori € S and all # > 0. Now, from (6.27) we conclude
that

E(|z0]%) = E(JZop®]}) + Y te(C: ) Y ()CF ).
ieS
Similarly, we have that
E(X(T)*LO(T)X(T)) = E((fop(T)* +35\0p(T)*)L0(T) (;op(T) +3C\0p(T)))
= E(Xop(T)* Lo(1)Xop(T)) + E (Xop(T)* Loy Xop(T))
+ E (Fop(T)* Lo(1)%op(T)) + E (Xop(T)* Lo (1) Top(T))
= E(’)?Op(T)*LO(T);Op(T)) + E(fop(T)*Lg(T)fop(T))

since, by Lemma 6.4, E (Xop(T)* Lo(7)Xop(T)) = E (Xop(T)*Lo(1)Xop(T)) = 0. But
E(Xop(T)*Lo(r)Xop(T)) = Ztr{E(Le(T)fop(T)fop(T)*1{0(T):i})}
ieS
=Y tr{Li E(Fop(T)Fop(T)* Lip(r)=i)) }
ieS
= Ztr(L,-Yi(T)).
ieS
Therefore,

E(x(T)*Loyx(T)) = Ztr(Li Yi(T)) 4 E (Xop(T)* Loy Xop(T)).
ieS
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Finally, the cost function is given by

T
F@= [ B0 ) de+ B L)
T
- /0 {E(H?opm BEDM(CIOACLHD)) } di+ ) t(Li¥i(D)
ieS ies
+ E(Fop(T)" Lo(r)Xop(T))

T
= [ (O ) di + E G (T Lo Ton(T)
T
+ Ztr([ Ci)Y; (t)C;k(t)dt + L; Yl-(T)>. (6.29)
. 0

Notice now that Zies tr(fOT Ci(t)Y; (t)Ci* (t)dt+ L;Y;(T)) does not depend on the
control u. Therefore, minimizing

T
j(u)=/0 E(|z@)|*) dt + E(x(T)* Lor)x(T))

is equivalent to minimizing

T
jop(u) = /(; E(H’Z\op(t) Hz) dr + E(’x\op(T)*LG(T)fop(T))

subject to (6.27), i.e., we recast the problem as one with complete observations via
Xop (1), the optimal filter. O

Remark 6.8 Notice that feedback controls of the form u(t) = 69(05501,0) can be
written as in (6.3), since, in this case, we would have from (6.27) that

dZop(t) = (g (1) + Boy () Cowy — Ky (1) Hoy (1)) Top(t) d1 + K, (1) dy (o),

which is as in (6.3).

We proceed now to study the complete observations problem posed in Lemma
6.7, following an approach as in [159]. In this case we have an observable state
variable system whose evolution in time is described by (6.27) with {u(¢)} as in
(6.3) and

dv(t) = Hy(y () Fop(t) di + G dw (1), (6.30)

where Xop(1) := x(t) — Xop(#) With x(¢) in (6.1). Recall from Lemma 6.4 that for
ies,

E[;Op(t)jc\op(t)*l{g(t):i}] =0. (6.31)
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The cost functional is given by

T
o~ 2 ~ ~
Top(ut) = E{ / [Zop(®) |~ dt + Fop(T)*Lo(r)Xop(T) } (6.32)
0
and we set the optimal cost as
Top = inf Jop(u). (6.33)
ueld

We recall from Theorem 4.6 that there exists a unique set of N positive semi-definite
and continuous n x n matrices X(¢) = (X1(¢), ..., Xy(t)) e H*",0 <t < T, satis-
fying the CDRE (4.17), repeated here for convenience:

Xi(t) + AT (O Xi () + Xi (DA (1) + D 1ijXj(0) + CF(OCi(1)
jeS

-1
~XiOBO[D;OD; )] Bf)Xi() =0, re[0,T1\D, (639
Xi(Th=L;, ieS.
Let us define
=~ -1
CP(t)=—[Df )D: ()] B (1) X;(1). (6.35)
We will show in the sequel the following result.
Theorem 6.9 Consider the stochastic optimal control problem defined via (6.27)
and the cost functional (6.32). Then the optimal control policy in the class deter-
mined by (6.3) is given by (see Remark 6.8)
u’(t) = Copy (DTop(t), 0=t <T. (6.36)

In addition, from (6.33) we have that the optimal cost is given by

Jop = Z{pi O X; (O)p

ieS
! i f oyt
+ /O piO (K] (G (0G0 (K] (1) Xi(1)) dz}, (6.37)
where X(t) = (X1(2), ..., Xn(t)) are the unique positive semi-definite and contin-

uous n X n matrices satisfying (6.34).

The following auxiliary results aim to prove Theorem 6.9. In what follows, set
Jri= U{(Q(S),fop(S)); 0<s<t}.
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Lemma 6.10 Let X(¢) = (X1(2), ..., Xn(t)) € H'" be as in Theorem 6.9. Then

E(fop(t)* dXO(t) (I)fop(t))

= E(;c\op(t)* |:Z Ao X (1) dt + )'(9(,) (1) dl]fop(t)>.
jeS

Proof We have from (2.13) that

E(Xo(4n)(t +h) — Xoy ()| Fr)

= E(Xo(4n (t + 1) — Xo@y(t +h) + Xo) (t +h) — Xow) ()| F7)
= E(Xoa+n(t + 1) — Xow (t + 1) |F) + Xo@y (t +h) — Xog (1)

= Z)\g(t)ij(t +h)h + X@(;)(l)h + o(h),
jeS

since Xg(1)(t +h) — Xg1)(t) = Xg(,) (t)h + o(h). This implies also that
E(Xg(H_h)(t +h) — X@(;)(t)|}_,)

= 2o (X0 + X (0)h + 0o(h))h + Xoq) (1)h + o(h)
jeS

=Y ko X O+ X (Oh + o(h),
jeS

and the result follows (bearing in mind the notation in (3.22) and (3.23)).

Lemma 6.11 We have that
E(tr(K ) (1) dv()Top(1)* Xo(1) (1)) = 0
and
E (K, 0 dv() dv®)* (K], (1) Xow (1))
= E(tr(K] , (0Gow (DG (D (K 0y ()Xo (1)) dr.
Proof The first result follows from (6.30) and (6.31), since
E(tr(K ] ) (1) dv(D)Fop(D)* Xo (1) (1))

= > " t(K] (0 Hy E(Rop()Fop (1) Lo (ry=i)) X (1) dt =0,
ieS

(6.38)

whereas the second result follows from (6.30), bearing in mind the assumptions

made on W and 6.

O
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Lemma 6.12 Consider Xop() defined as in (6.27) and
V(1) := E (Top(t)* Xo () (1) Xop(1)) (6.39)
with X(t) = (X1(1), ..., Xn (@) € B as in Theorem 6.9. Then
V(1) = —E(|Zop®)]*) dt + E(| Doy (1) (u(r) — Cghyy (0Fop (1)) ||*) it
+ E(tr(KJ ) (0Go (DG (O (K (D) Xow (1)) dt.
Proof From Lemmas 6.10 and 6.11, in conjunction with (6.34), we have that

dV (1) = E(dXop()* Xo) () Xop(1)) + E (Fop () * d Xg (1) (1)Xop (1))
+ E(fop(t)*xe(t) (#) dfop(t)) + E(dfop(t)*XQ(t) ) dfop(t))

= —E([Zop®)|*) di + E(| Doioy 1) (0(0) = Ty 0 op(0) )
+2E(tr(K ) (1) dv(6)Top (1) X0 (1))
+ E(tr(K ], () dv(0) dv(t)* (K], () X (1))

= —E([Zop®)] ) dt + E(| Doy ) (ut) — Cyb (1Tep ) ||*) dt
+ E(tr(KJ ) (G ()G (0 (K ) (0) Xo (1)) dt,

and the result follows. O
We can now proceed to the proof of Theorem 6.9.

Proof of Theorem 6.9 From Lemma 6.12, it follows that
T
V(T) - V(0) = —/0 E(|Zop®)]?) dt
T cop 5
+ [ B0 O = E3f 7))

T
+ /0 E(tr(K ) (0Goy) (G (0 (K1) (0) Ko (1)) dit

or, equivalently,

jop w)=E (fop (O)* Xg 0) (O)fop (0))

T
+ [ E( D00 )~ 38 T @) ) at

T .
+ /0 E(tr(K ], (0 Go) (0G0 (0 (K ) (0) Ko (1)) dr. (6.40)
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From (6.40) it follows that minimizing the cost functional Jop (1) within the class
determined by (6.3) is equivalent to choosing (see Remark 6.8)

u(t) = th)fop(t).
This, in turn, gives the optimal cost
jop(u) = E(fop(o)*XQ(O) (O)fop(o))
T
+ /0 E(tr(K ], (DGowy (G 1y (1) (K 0y ()Xo (1)) ) dt
= Z{pi On*Xi (O
ieS
! i Fony®
+ / pi) (K (DG OGT ) (K ()" X: (1)) dl},
0
and the result follows. 0

From Theorem 6.6, Lemma 6.7, and Theorem 6.9 we have the following separa-
tion principle result.

Theorem 6.13 (The Separgtion Principle) An optimalA solution for the OC prob-
lem posed in Sect. 6.2.1 is A%® = (A (1), ..., A% (1)), B® = (B’ (1), ..., BY (1)),
Cor — (fﬁp(t), .., CY(1)) given, fori € S and t e R, by

AP0 = A+ Bi(OCF (1) — B () Hi (1),

-1
B () = Yi() H; (1)(Gi()GF (1) pi (1) ™,
-1

a)p(t) =—[D;)Di()]" B ()X (1),
with X(0) = u, where Y(t) = (Y1(t),...,YN()) € H'" are the unique posi-
tive semi-definite and continuous n x n matrices satisfying (6.14), and X(t) =
(X1(t),...,Xn() € H'" are the unique positive semi-definite and continuous

n x n matrices satisfying (6.34). The optimal cost is given by jofg) = Zie S joog’ (i)
with

T
TR (i) = pi (O X; O + fo pi) (K] ()G ()G @) (K (1)) X (1)) d

T
+/ (G ()Y (1)CF (1)) dt +u(L;Yi(T)), i€S.
0



112 6 Quadratic and H> Optimal Control with Partial Observations
6.3 The H, Control Problem with Partial Observations

6.3.1 Problem Statement

In the remainder of this chapter we will study the H> control problem with partial
observations, which can be seen as an infinite-horizon time-invariant version of the
problem studied in the previous section. We will consider a Markov jump linear
system in which all the matrices are time-invariant,

xX(t) = Apyx (1) + Boryu(t) + Jonw(t),
G=1y({)=Hypx() + Goryw(t), (6.41)
z2(t) = Coryx (t) + Dgryu(t),

assuming that the output and “operation modes” (y(¢) and 6(t), respectively) are
known at each time . As before, we suppose that D} D; >0, CD; =0, G;G} >0,
and J,-G;" =0 for each i € S. In addition, we assume from now on that the initial
distribution for the Markov chain coincides with the invariant distribution ;, so
that p; (r) = P(0(t) = i) = m; for all r. We will consider the dynamic Markov jump
controllers Gk for system (6.41) given by

_[x= Ee(t)f(l) + Byyy (D),
Ok = {”(t) = Cg(nx (1), (6.42)

withA = (A1,...,Ay),B=(Bi,...,By),and C= (Ci,...,Cn).

Remark 6.14 The advantage of considering Markov jump controllers as in (6.42) is
that they are not sample path dependent, which allows us to obtain the stochastic
stability of the closed-loop system.

From (6.41) and (6.42) we have that the closed-loop system is

[ﬁ(l)} _ |:A Ao B@g\)@(z)] [X(t)} " [A Jo }w(z)
x(1) BoiyHpry Asq) x(1) Bo)Gor) ’

(6.43)
~ t
2(t) =[Coy Doy Co ] [;C\Et;] .
Setting, for each i € S,
| A B:C; |

E_I:BiHi i ] %_[BiGi]

(6.44)
~ t
Ai=[Ci DiCi], v(t) = [;\Etﬂ ,

we have from (6.43) that the Markovian jump closed-loop system G| is given by

_ VO =TV +¥enyw(),
G = { 2(t) = AgyV(©). (6.45)
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Definition 6.15 We say that (K, ﬁ 6) in the definition of the controller Gg given
by (6.42) is admissible if the closed-loop MILS G (6.45) is MSS according to
Definition 3.2.

For the class of admissible controllers, we recall from Definition 5.3 that the
Hj-norm of the closed loop system G (given by (6.45) with v(0) = 0), denoted by
1Geill2, is defined as

1Garll3 = ZZm lzs.i 13 = Z lzs13, (6.46)

s=1ieS
where z; represents the output {z(¢); ¢ > 0} of (6.45) when:

(a) the input is given by w(t) = {es8(¢); t > 0}, 6(¢) the unitary impulse, and e, the
r-dimensional unitary vector formed by 1 at the sth position and zero elsewhere,
and

(b) 6p =i with probability r; foreachi € S.

Since system (6.45) is MSS, we have that the norm ||z ; ||% in (6.46) is finite. As
remarked in Chap. 5, for the case with no jumps, the definition above coincides
with the usual H>-norm. The H,-norm can be computed in terms of the coupled
observability Gramian S = (S1, ..., Sy) e H':

LFSi+ ST+ Y hijSj+ AfAi=0, i€, (6.47)
=
or, alternatively, from the coupled controllability Gramian P = (Py,..., Py) €
H*
[iPj+ P+ hijPi+ W0 =0, jeS, (6.48)
ieS

as stated in the next theorem.

Theorem 6.16 For the closed-loop MJLS (6.45) with an admissible controller, we
have that

IGalll =Y mjte(W)S;w;) =) tr(A;PjAY). (6.49)
jesS jeS
Proof This is a consequence of Theorem 5.4. g

The optimal H, control (OC) problem with partial observations we want to study
is defined as follows.

Definition 6.17 Find (A, B, C) in (6.42) such that the closed-loop MILS G in
(6.45) is MSS and minimizes ||Ge 3.
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We next present an alternative definition for the H, control problem with partial
observations, which shows that it is possible to rephrase the problem in the same
manner as in the classical stochastic control way. Suppose that in model (6.41),
W = {(w(t), F;),t € R} is an r-dimensional Wiener process with incremental co-
variance operator /dt and independent of the initial condition x¢ and the Markov
process 6(t). Let Gk be an admissible controller given by (6.42), v(¢) be as in (6.45),
and

Pi(t) = E(VOOV()* Lip)=i)), i €S. (6.50)
By Proposition 3.28, P(t) = (P (1), ..., Py (1)) € H'' satisfies

Pi(t)=TjPj(t) + Py} + > MijPi(t) + mW;WF, jeS.
ieS

Moreover, since the closed-loop system is MSS, we have that P(z) IT—>OO P, where
P=(Py,..., Py) € H"" is a unique solution of the coupled Lyapunov equations
(6.48). Notice that

E(|=0]*) = E(tr(z020)"))
= tr(E (AQ(I)V(I)V(I)*Az(I)))

=Y _(E(A[v@OVO* Lpn=i]AT))

ieS
=S (AP 0A]) I Y (A PAY) = 1Gal3. (63D
ieS ieS

and thus an alternative definition for the H; control problem is as follows.

Definition 6.18 Find (A, B, C) in (6.42) such that the closed-loop MILS G (6.45)
is MSS and minimizes lim;_, o E(||z(1)]|?).

Remark 6.19 Note that lim;_, o E(||z(7)]|?) does not depend on the initial condition
xo for system (6.41).

In order to solve the problem, we will have to assume the existence of stabilizing
solutions associated to the control and filtering coupled algebraic Riccati equations
(see Appendix A for a necessary and sufficient condition for the existence of this
solution). For the control problem case, this was presented in Definition 4.11, which
states that X = (X1, ..., Xy) € H"™ is the stabilizing solution of the control CARE
if it satisfies, for each i € S,

AFXi + XiAi — XiBi(DFD:) ' BfXi + Y hijX,; +CiCi =0 (6.52)
jeS
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and Re{A(L)} <0, where £L = (L1, ..., Ly) is defined as in (3.21) replacing A; by
A; — B K;(X), with

Ki(X) = (Di D)~ B X; (6.53)

for each i € S. For the filtering case, the definition is as follows.

Definition 6.20 (Filtering case) We say that Y = (Y7, ..., Yy) € H"T is the stabi-
lizing solution of the filtering CARE if it satisfies, for each j € S,

AjYj+ Y AS =Y HE (GG T H Y+ Y hYi+miJiJE =0 (6.54)
ieS

and Re{A(L)} <0, where L = (Ly, ..., Ly) is defined as in (3.21) replacing A; by
Ai — K (Y)H;, with

K (Y) =Y, H (GiGm;) ™! (6.55)

foreachi € S.

6.3.2 Filtering H, Problem

Since our problem is with partial observations, the following optimal filtering (OF)
problem will be crucial for deriving the results. Consider the following MJLS:

dx(t) = (Agx (1) + Boyu(t)) dt + Jog dw(t),
Gy =1 dy(t) = Hyyx (1) dt + Gy dw (1), (6.56)
v(®) = Rylp (Foyx(t) +u(0)),

where we assume, as before, that W = {(w(z), F;),t € RT} is an r-dimensional
Wiener process with incremental covariance operator / dt, independent of the ini-
tial condition x( and the Markov process 0(¢), and that the initial distribution for
the Markov chain is given by m;, so that p;(¢) = m; for all . We also assume
that F = (Fy, ..., Fy) stabilizes (A, B, IT) in the mean-square sense. It is desired
to minimize lim;_, 5 E( ||v(t)||2) by considering stochastically stabilizing Markov
jump linear filters as in (6.42) with deterministic x(0). Notice that minimizing
lv(2)|| amounts to choosing u(t) which best approximates (weighted by Rg(;)) the
term Fg(;)x(t).

The definition of this filtering problem traces a close parallel with the Output
Estimation problem in the classical H> optimal control literature (see, for instance,
[324]). In Sect. 6.3.3, we will present the separation of the cost function in two
components, one of which will have to do with the filtering problem posed here.

Suppose that there exists Y = (Y1, ..., Yy) € H"T, the stabilizing solution (see

Definition 6.20) of the filtering CARE (6.54). Let K/ = (K|, ..., K1) e HP" be
as in (6.55) (for simplicity, we drop from now on the dependence on Y).
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As mentioned in Remark 6.19, lim;_, o E(||v(?) ||2) does not depend on the ini-
tial conditions x(0), xo. Therefore, we make convenient choices for these initial
conditions. We assume that

1 ~
*0=—73 Yo/’ %(0)=0, (6.57)
o

where 7 is a zero-mean n-dimensional random vector independent of 6y and with
identity covariance matrix. Notice that with this choice, E(xg) =0, E (xox(’)" Ligy=i})) =
Yi, and E([|x0l|*) = tr(Y; e 5 E (xox§ Ligp=iy)) < nlY|l1.

Consider now the MJLS G, given by (6.56) and

dZe (1) = (ApyTe(t) + Boeoyu(0)) dt + K, (dy (1) — HyTe (1) dt),

£.(0) = 0, (6.58)

where u(t) is given by (6.42). The associated error related with the estimator given
in (6.58) is defined by X, (t) = x(t) — X.(¢), and from (6.56) and (6.58) we have that
it satisfies

% (1) = (Ao — Ky How))Te(t) dt + (Jowy — Kipy o) dw (0), 659)
X.(0) = xp.

Set Y(t) = (Y1(2), ..., Yn(1)) € H'" as Y; (1) = E(Xe(1)X(t)*1ig(1)=iy) for t >0
and i € S. From Proposition 3.28 we have that Y (¢) satisfies the equation

Y(1)=L(Y®) +V, (6.60)

where L is defined as in (3.21) replacing A; by A; — K,in, andV=(V,...,Vy) €

H"* is defined as V; = 7;(K{ G;G¥K /" + J;J¥). But notice that, by the CARE
(6.54) and (6.55),

0= (Aj—K] Hj)Y;+¥;(A;j—K[H;)"+) " hij¥irm; (1T +K] G;G(K])7)
ieS

forall j € S, that is,
0=L(Y)+ V. (6.61)
From the initial conditions (6.57) we get that Y(0) =Y since
Y;(0) = E (% (0)%c (0)*1{gy=i}) = E (x0x Ligo=iy) = Yi. (6.62)

From (6.60), (6.61), and (6.62) it follows that Y(t) =Y for all t € R*. We have the
following propositions.
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Proposition 6.21 For X(t), x.(t), and X,(t) given by (6.42),(6.58), and (6.59), re-
spectively, and for all i € S and t € R, we have that

E(Xe(DXe ()" lip=i}) =0,
E(Z (X1 * Lg()=i)) =0

Proof See Lemma 6.4. O

Proposition 6.22 Let v(t),P(t) = (P (t),..., PN(@)) and Y()=(Y((2),..., YN (1))
=Y be as in (6.56), (6.50), and (6.60), respectively. Then for every t € RT,

E(Jo®]?) = u(a A7) = > u(RFYiFR}?), (6.63)
ieS ieS

where A; = R\*[F; Ci1.

Proof See Lemma 6.5. 0
Set A% = (A, ..., A%), B® = (B, ..., BY), and C® = (C{*,...,CW) as

follows:
AP —A;—K/H, —BF;, B®*=k/, C®=-F, ieS. (6.64)

‘We have the following proposition.

Proposition 6.23 The controller (KOP ,Bop, Cop ) is admissible according to Defini-
tion 6.15.

Proof Consider the MJLS

[X"p(t)] _ [Aem — By For) By For) } [x°"(t)}

Pty |~ 0 Aoy — Ky How | Le®®)

Since Y is the stabilizing solution of (6.54), we have that the subsystem
&P (1) = (Aoqy — Ky Ho ) e™ (1)

is MSS, and thus P = {e®P(¢);t e RT} € L3(£2, F, P). By hypothesis, F stabilizes
(A, B, IT), and thus from the fact that ¢°P € L} (£2, F, P) and

x%P(1) = (Agty — Bo)y For))x°P(t) + Bory Fo)e®™ (1)

we have from Theorem 3.27 that x°P = {x°P(¢);t € RT} ¢ L5(82, F, P). Set-
ting X°P(r) = x°P(t) — e°P(¢) and X°P = {x°P(¢); ¢ € RT}, it follows that X°P €
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L5(82, F, P) and that

X (1) Ag(r) Bemégﬁ) xP(1)
0| | By Howy  Agy, | [FPO)]

proving the desired result. g

By combining the previous propositions we have the following result, which pro-
vides a solution for the H; filtering problem.

Theorem 6.24 An optimal solution for the OF problem posed above is given by the
admissible controller (A"p BeP, C"p) The associated optimal cost is

m1n||gv||2_ 1615 =" u(RFYiFR}?). (6.65)
ieS

Proof Let us denote by x X% (1), u’® () the process generated by (6.42) when
(AOID BOP COP) is as in (6.64), by x°P(¢) the process generated by (6.56) when we
apply the control u°P(z), and e®(t) = x°P(t) — x°P(¢). This leads to the following
equations:

dxP(t) = (Agyx°P(t) — Bo(y FonX°P(1)) dt + Jo(r dw (1),
dx°P(1) = (Agq) — KG(I)HQ(,))EEOP@) dt + Ké(,) (HonxP (1) dt + Gy dw(1))
— By FoyXP (1) dt,
= Ap X () dt + Ky Hoe® (1) dt + K} ;) Goy dw (1)
— Bory FoyXxP (1) dt,
and thus,
dx®®(t) = (Aow) — Bow) Fo)x P (t) dt + Boy Foye® (t) dt + Jory dw(t),
de™ (1) = (Ag(ry — KJ o How)e® () dt + (Joqy — Ky Gorny) dw(®),

that is,

dx°P(1)] _ | Aew) — Bay Foq Be(z)Fe(z) x°P (1)
de®® (1) 0 Aoy — Koy How | L)

Joy
+ ) dw(t).
|:J9(1) — KyiyGow

By Proposition 6.23 the Markov jump closed-loop system obtained from (AOp B°P,
COP) is MSS. We also have that

v°p(t) = F@(,) ()Cop(l‘) — }*OP(t)) = Fg(t)eop(t)
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with
F:=R/"F, ieS.
Writing YP(t) = (Y; (t), ..., Y\' () with
YP (1) = E(e®®)e®)* lp)=iy), i€S, t=0,

it follows from the same arguments as in (6.60), (6.61), and (6.62) that YP(r) = Y
for all t e R*. Thus,

|GP[3 = tim tr(E(P 0P 0)"))

= lim » tr(FE(e 1) (0) Lip)=i)) F}')

ieS

= Ztr(FzYzFl*)

ieS

Consider any (K, ﬁ, 6) such that the closed-loop system (6.42) is MSS. By Propo-
sition 6.22,

E(Jo@|?) = u(a: ) A7) = > u(E Y E), (6.66)
ieS ieS

where P(¢t) = (P1(2), ..., Py(¢)) €e H'T is as in (6.50), and P(¢) tT—O.; P with P =
(Pi,..., Py) e H'" the unique solution of the controllability Gramian (6.48), so
that

Jlim E( (lv|?) =Y w(A;i P 4}) = Y u(FY: F)
ieS ieS

proving the desired result. d

6.3.3 The Separation Principle

We next present the main theorem, which establishes the separation principle for
H; control of MJLS with partial observations. In what follows, we recall that ||G||»
represents the Hp-norm of (6.41) under a control law of the form (6.42).

Suppose that there exists X = (X1, ..., Xy) € H'*, the stabilizing solution (see
Definition 4.11) of the optimal control CARE (6.52), and let F = (F1, ..., Fy) be
as in (6.53). Set also R= (R, ..., Ry) with R; = D;kDi for i € S. We introduce a
change of variable in (6.41) for the control law in the following form:

u(t) = v(t) — Fyyx(0), (6.67)
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where v(¢) represents the new control variable. By making this change, (6.41) can
be rewritten as

£(1) = Agx(t) + Boyv(t) + Joyw().
z2(t) = Coryx(t) + Dyryv (1),
() = Hoinyx (1) + Goyw(t),

where K,- = A; — B;F; and a = C; — D; F;. We can decompose the above system
so that x(¢) = x1(¢t) + x2(¢) and z(¢t) = z1(¢t) + z2(¢), where

$1(t) = Agnyx1(1) + Joyw(t),
G, = ~ 6.68
¢ {m(t):Ce(t)xl(f) (069
will be associated to the cost of control, and
. ~ 12

x2(1) = Aoy x2(t) + Boy Ry v (),
U= ~ ) (6.69)

22(1) = Coyx2(1) + Doty Ry ) " (1),

with v(r) = Ry/pv(1), v = {v(t); € R}, will be associated to the separation of the

cost of estimation with the cost of control. Notice that system G. does not depend
on the control u(¢) and that

2(1) = Ge(w) (@) + Gu (v)(D).

In what follows, @ (s, t) will be as in (3.19) with Zg(t) replacing Ag(;). We can now
prove the following result (for the definition of the adjoint operator for the MJLS,
see Appendix B).

Proposition 6.25 Let G, and Gy be as in (6.68) and (6.69), respectively. Then, for
any w ={w(t);t e R} € L3(2, F, P),

(@ Gy 0u =1,
e o (6.70)
(b) G5y Ge (W) () = R, ;)" By / E(®@(s,1)* Xos) Josyw(s)| Fr) ds.
t
Proof See Appendix B. O

The main result reads as follows.

Theorem 6.26 Consider system (6.41) and Markov jump stochastically stabiliz-
ing controllers as in (6.42). Suppose that there exist stabilizing solutions Y =
Y1,...,Yy)and X = (X1, ..., Xy) for theﬁltering and control CARE as in (6.54)
and (6.52), respectively, and let K/ = (Kf, e, K{,) andF = (Fy, ..., Fy) beasin
(6.55) and (6.53), respectively. Then an optimal solution for the Hy control problem
with partial observations is given by A°P = (Z?p, e, A\(})\})), B°P = (E)p, e, I/B\X,p),
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and C = (6(1)p, e, 67\,1)) as in Egs. 6.64), that is, a Markov optimal controller g‘,’f
is given by

o _ () = (Agqr) — Ky Hoy — Bowy Fo)) TP (1) + Ky y (1),
P
u(t) = —Fe(t)fOp(l‘).

Moreover, the Hy-norm for this control is

nglin 1G13 = mi (S XiJ;) + Y _ (D F;Y; F} D}).
K ieS ieS

Proof From (6.42), (6.56), and (6.67) we have that

V(1) = Ty v(t) + Poryw(@).

gv = ~
v(t) = R;{,z) [Fowy Cor ] [;gﬂ = Agryv(2),

where I' = (I7,...,Iy) and ¥ = (¥1,...,¥)y) are as in (6.44), and A =
(A1,..., AN), Ai = R’[F &1, i € 5. We have from (6.68) and (6.69) that

2(t) = GW)(1) = Ge(w) (1) + Gu (Go (W) ().
The norm of the operator G applied to w can be written as
|G) |3 = (Ge(w) + Gur (Go(w)): Gew) + G (Go(w)))
= |Ge) |3 + (Gl G (w); G (W) + (G (w); Gy Ge(w))
+(G8GuGu(w); Gy(w)).
We recall from (6.46) that

1613 =" |G wi)

k=1

2
27

where wy () = §(t)ex, and ey is a vector with 1 at the kth position and zero else-
where. Notice now that, by (6.70) in Proposition 6.25,
—1/2 ~
G Ge(wi) (1) = Ry) By E(® 0. 0)* Xoy Jgyex| Fr). 1 <0,
0, t>0,
and since
t

Gy(w)(t) = Aa(r)f D(t, )Wy w(s)ds,
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we have that

Aginy @ (t,0)Wgoex, 1>0,
Gt ) = { A0 P OFwex
0, t <0.

Thus,
(Gt Ge(wi): Gulwi)) = 0.
Furthermore, by Proposition 6.25, Gf;Gy = I, and thus,

(GG Go(w); Go(w)) = | Gu(w) |-

This leads to

r

1613 = > 1G5 = 1613 + G, 113,

k=1

and since G, does not depend on u,

min |G| = [|Ge 13 + min |G, |13, (6.71)
gk Gk

where Gk, Gy, and G, are as in (6.42), (6.56), and (6.68), respectively. But the
solution of ming, |G, ||% is as in Theorem 6.24. Therefore, from Theorems 5.4 and
6.24,

1Gell3 = i wr(J7 X Ji) (6.72)
ieS
and
min|Gul3 =Y (R 2 FYi FFR;"), (6.73)
gk ;
ieS
completing the proof of the theorem. g

Remark 6.27 Notice that as for the deterministic case (see, for instance, [251] or
[324]), we have from (6.71) that the H-norm can be written as the sum of two
Hj-norms; the first one does not depend on the control # and has value given by
(6.72), and the second one is equivalent to problem OF and has optimal value given
by (6.73).

Remark 6.28 1t is worth noticing that from Theorem 6.26 an optimal dynamic MJLS
controller for the problem can be obtained from the stabilizing solution for the
CARE associated with the filtering problem (6.54), and from the stabilizing solution
for the CARE associated with the optimal control (6.52). The controller equations
are as in (6.64), and the optimal cost given by the sum of the terms in (6.72) and
(6.73).
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6.3.4 An LMIs Approach for the Hy Control Problem

In this subsection we present a formulation for the H> control problem with partial
observations as posed in Sect. 6.3.1 based on an LMIs optimization problem. As
seen in Sect. 6.3.1, the H control problem with partial observations can be written
as the optimization Problem 1 on the matrix varlables Al, B,, Cl, S;, ViforieS
(recall from (6.44) that I;, ¥;, A; depend on A, R Bl, C,)

Problem 1

inf Zm tr(Vi)
ieS

subject, fori € S, to

Si >0, (6.74)

Vi > lI/i*Sl' 'J/l', (675)

IS+ ST+ ) hijSj+ AfA; <0. (6.76)
jeS

Consider now the LMIs optimization Problem 2 on the matrix variables X;, Y;, L;,
F;, V; for i € S (recall in what follows the definition of R and D in (3.111) and
(3.112), respectively) defined as follows.

Problem 2

inf Z 7; tr(V;)
ieS

subject, fori € S, to

Yl' 1 Ji
1 X; XiJi+LiG; | >0, (6.77)
| J¥ JFX; + GEL; Vi
[AiYi +Y;Af + BiFi + F'B} + 1i;¥;  Y;Cf + FDf  Ri(Y)
C;Y;+ D; F; —1 0 <0,
I RE(Y) 0 ~Di(Y)
(6.78)
AfXi+ XiAi + LiH; + H'L] + CFCi + ) %ijX; <0. (6.79)
jeS

We have the following theorem, based on Theorem 4.1 in [101].

Theorem 6.29 Problem 1 and Problem 2 are equivalent. Moreover, if X; > 0, Y; >
0, L;, F;, V;, i €S, is an e-optimal solution for Problem 2, then an e-optimal
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solution for Problem 1 can be obtained by choosing the same V; and by making, for

i€esS,

. Sy
s,:[ X h ’_ﬂ =0 (6.80)
Y7 -Xi Xi—Y,

and

Ai=(xi -y ! (A;k + XiAiY; + XiBi Fi + Li H; Y

+c7<ciYi+DiE)+injY,.‘Yi)Yi‘, (6.81)
jesS
= _ —1
Bi=(Y'-X;) L. (6.82)
Ci=FY " (6.83)

Proof Suppose first that there exist ;\\,-, g[’, a, Si, Vi satisfying (6.74)—(6.76) and
consider the following partition for S;:

| Zi U
S,_[Ui* Z,-] (6.84)

Without loss of generality, suppose further that U; is nonsingular and define the ma-
trices Vi, Ti, M; as in (3.118), (3.119), (3.120), respectively. Multiplying (6.76) to
the left by 7;* M and to the right by M;T;, we get, after performing some calcula-
tions, that

Ti M
M; B;

Tl 71
+Z)‘ij [yl[y] ~|—(U,Zl-
jeS

N)
|
\Q

)
v
S
N‘ )
N
|
=
<
()
| |
A
o

where
Ti =AY+ ViAl + BiFi + FiB} + (ViC} + F}' D})(Ci Vi + Di Fy),
Bi=AZi+ ZiAi + LiH; + H' L} + C/C;,
Fi=-GZ]'U Y,
Li=U;B;, (6.86)
Mi= A} + ZiAYi + ZiBi Fi + LiH; Y, — Ui A Z]7 ' UY;

+ CH(CiYi + Di Fi) + Z)»ij (2j - U Z7' U ).
jeS
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From (6.85) by the same reasoning as in (3.124) we get that (6.78) and (6.79) hold

with Y; =Y, X;, =Z;, F; =F;, and L; = L;, i € S. Moreover, from the same
reasoning as in (3.123) we get that [317, ZI ] > 0 and that

Tl'*Mi*Sl'lpl' = |: Ji i|9

ZiJi + LiGi
14

Therefore, by (6.75),
Vi S = (0 ST (T MES T (15,

-1
Vi1 J;
= [ J,.*zi+G;‘£;*][1' Zi] |:ZiJi+[£iGi:|’ (6.87)

which shows that (6.77) holds with the above choice for Y;, X;, F;, L;.
On the other hand, if X; > 0, Yl > O Ll, F;, V; is an e-optimal solution for
Problem 2, we get, by choosing S;, A:, B;, C; asin (6.80)—(6.83), respectively, and

setting
Y; I
weli o]

Ji = AiY; + YiAf + Bi F; + FB + (YiC} + FD})(C;Y; + D; F})

+Zkinin_1Yi,

JjeS

MHi=A]X;+XiA; +LiH; + H'L} + C/C; + Z)»inj,

jeS
that
TH P+ Pl + AT A+ Y 0 Py | Ti = N (6.88)
i 0 H :

jeS

since, by (6.78), J; < 0, and, by (6.79), H; < 0, showing that (6.76) is satisfied.
Moreover, from (6.77) and noticing that

WESiW; = (WS M T (T M S MG T) ™ (T3 MESi )

-1
Y, I Ji
=[JF Ji*Xi‘i‘GTL?][]l Xl} [XiJi‘i‘lLiGl} =

we get that (6.75) holds, completing the proof. g
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Remark 6.30 As in Remark 3.4, the choice in (6.80)~(6.83) for A;, B;, Ci, S;
corresponds to choosing in (6.84) the trivial solution U; = —Z; = Yi_1 — X; and, in
(6.86), M; =0.

6.4 Historical Remarks

It is well known that stochastic control problems with partial observation are, in
general, very hard problems to deal with. In this scenario, we can certainly assert
that separation principles are powerful tools. In this regard, the separation principle,
studied by Wonham [302], is a distinctive result, and it has had a crucial bearing
on the study of the control problem with partial observations (an early foray in this
topic was made in [193]). Its famous version, which is a great achievement for the
LQG problem with partial observations, is known in the specialized literature as the
certainty equivalence principle (first excursions in this scenario were made in [260]
and [277]). An example in which the control has the separation property but not
the certainty equivalence is given in [265]. These concepts were used extensively
in areas such as adaptive control (the enforced separation approach) and self-tuning
controllers, and gave rise to a huge amount of literature on these subjects. Other
attempts to advance in the theory of optimal control with partial observations were
made, for instance, in [19, 99, 139, 300, 303]. Despite many efforts, control prob-
lems with partial observations remain a great challenge, and the LQG problem with
partial observations is one of the rare problems in which we can explicitly obtain the
optimal control solution and in which the separation principle applies (the certainty
equivalence situation).

Regarding MJLS, it is perhaps worth noting here that the partial observation may
be associated either with the state variable or with the Markov chain, or yet with
both variables, which is of course the hardest problem. For the control problem
with partial observations of the Markov chain, the readers are referred, for instance,
to [51, 134, 143]. The case with partial information of the state and perfect mea-
surement of the Markov chain (including the H, control problem) is treated, for
instance, in [80, 89, 101, 125, 153]. The case in which both the state variable and
Markov chain are only partially observable was also studied in [125]. Another set-
ting with partial observations, which has a strong relation with robustness, is that in
which we have partial information of the transition matrix (or transition probability)
of the Markov chain, i.e., the partial observations are related to the uncertainty in
the transition matrix. One kind of uncertainty found in the literature is that in which
the transition rate matrix belongs to a polytope. For a brief account of the results in
this scenario, see, e.g., [305, 306, 316-319].

For those interested in the theory of stochastic control problems with partial ob-
servation, we refer, for instance, to the books [25, 97] and [311].

The material of this chapter was drawn, essentially, from [80, 101], and [153].



Chapter 7
Best Linear Filter with Unknown (x(¢), 0(¢))

7.1 Outline of the Chapter

The aim of this chapter is to derive the best linear mean-square estimator for
continuous-time MJLS assuming that only an output y(¢) is available. It is impor-
tant to emphasize that in this chapter we assume that both the state variable x (#) and
jump parameter 6(¢) are not known. The idea is to derive a filter that bears those
desirable properties of the Kalman filter: a recursive scheme suitable for computer
implementation which allows some offline computation that alleviates the computa-
tional burden. The filter is derived as a function of the error covariance matrix whose
dynamics is governed by two matrix differential equations, one associated with the
second moment of the state variable and the other one associated with the second
moment of the estimator. The linear filter has dimension Nn (recall that n denotes
the dimension of the state vector, and N the number of states of the Markov chain).
Both the finite-horizon and infinite horizon cases are considered. A brief outline of
the content of this chapter is as follows. In Sect. 7.2 we recall some basic facts on
linear filtering, which can be found in [97]. The problem statement for the finite-
horizon case is described in Sect. 7.3. The filter equations for this case are derived
in Sect. 7.4, and the convergence of the solution of the associated Riccati equa-
tion to a stationary value is considered in Sect. 7.5. The stationary filter is studied
in Sect. 7.6. An equivalent LMIs formulation to solve the problem, which can be
extended to consider uncertainties on the parameters of the possible modes of oper-
ation of the system, together with a numerical example, will be analyzed in Chaps. 9
and 10, Sects. 9.5 and 10.5.

7.2 Preliminaries

The purpose of this section is to recall some basic facts on linear filtering for
stochastic continuous-time systems, following the approach adopted in [97]. We
set H := L,(82, F, P), which represents the Hilbert space of all square-integrable
random variables in the probability space (§2, F, P), equipped with inner prod-
uct (x, y) = E(x*y). Convergence here will be in the quadratic mean (g.m.) sense,

O.L.V. Costa et al., Continuous-Time Markov Jump Linear Systems, 127
Probability and Its Applications, DOI 10.1007/978-3-642-34100-7_7,
© Springer-Verlag Berlin Heidelberg 2013
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i.e., a sequence {x(n)} converges to x if ||[x(n) — x| — 0. We define also Ho =
{x € H|Ex = 0}, the closed subspace of all centered random variables of H and
therefore a Hilbert space. In addition, x € H and y € H are said to be orthogonal
(from now on x_Ly) if (x, y) = 0. Furthermore, for y € Hy, we consider the sub-
space "H,y C Ho defined by H,y = £{y(s), 0 < s <t} that consists of all linear com-
binations Ziaf y(#;), where t; < ¢, and q.m. limits of these combinations (a closed
subspace), so that H; C ’H;V/ CHY :=H fort <t'. We recall that if {y(¢)} is q.m.
continuous, then H” is a separable Hilbert space, and, as a fundamental property of
a Hilbert space, any z € Hp has a unique decomposition (cf. [97], p. 45) z =2+ Z
where 2 =P}z € H; and Z L H; . Here P} denotes the projection operator, which
projects each element of H onto 7; . Moreover, we have the following properties
(ct. [97], p. 45): (i) lz = P’z = min, gy Iz — vl|, and therefore 2 = P}'z is the
linear least-square estimator of z given Hly , 1.e., the best linear estimator is the
projection of z onto H; ; (i) 2 =z — % L H; .

A vector process {x(t) = [x1(t) ... x,(t)]*;t € RT} € R" has orthogonal in-
crements (0.1.) if for all i, j and any nonoverlapping intervals (u,r) and (s,?),
(xi(t) — xi(s)) L (x;(r) — xj(u)) or, equivalently, (x;(t) — x;(s)) L H;. For a
second-order vector process {x(t)}, cov(x(¢)) will refer to its covariance function.

We recall now some basic facts on filtering theory, the main reference being
[97]. Without any loss of generality, we assume in the sequel that all the processes
are centered (zero mean).

Proposition 7.1 A stochastic process {x(t)} is g.m. continuous if and only if its
covariance function r (s, t) is continuous at the diagonal point (t,t). Furthermore,
if {x(®)} is g.m. continuous for all t, then r (-, -) is continuous at every point (s, t).

Proposition 7.2 There is a measurable version of every q.m. continuous stochastic
process.

Proposition 7.3 A g.m. continuous stochastic process {x(t)} has stationary o.i. if
and only if its covariance function is given by r(t,s) = I’ min{t, s}, where I" is a
positive definite matrix.

Proposition 7.4 Let {x(t)} be a g.m. continuous stochastic process, and y € H; for
somet. Then, PYy — yass 1 t.

Proposition 7.5 Let {7 (t)} be a process with stationary o.i., and {z(t)} a g.m. con-
tinuous second-order process. Then the following assertions are equivalent:

(a) Foreacht € RY, z(t) € HT, and for s <t, (z(t) — z(s)) L HT.
(b) There exists a matrix-valued function G(s) such that, for each t,

! 2
E /(Gij(s)) ds < oo
i,j 70

and z(t) = [y G(s)dm(s).
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Proposition 7.6 Let x be a random variable, and {7 (t)} a stationary o.i. process.
Ifx(t) =Pl x, then

) = ft<diE[xn(s)*]) dm (s). 7.1
0 N

7.3 Problem Formulation for the Finite-Horizon Case

On the complete probability space (2, F, P) carrying its natural filtration {F;,
t € RT}, as usual augmented by all null sets in the P-completion of JF, consider
the dynamical systems modeled by the following MJLS:

dx(t):Ag(t)x(t)dt-i—.]g(l)dw()(t), t €R+, x(0) = xo, (7.2)
dy(t) = Hoiyx (1) dt + Goy dw(?), y(0) =0, (7.3)

where, as before, {x(¢)} denotes the state vector in R”, and {y(¢)} the output process
in RY, which generates the observational information that is available at time z.
As before, we assume that A = (A, ..., Ay) e ", J=(Jy,..., Jy) e H"" H=
(Hy,...,Hy) e "4, and G = (G, ..., Gy) € H"?. The results here also apply
for the case in which the above matrices are of class PC (see Definition 2.3), but
for easiness of notation, we dropped the dependence on the time variable ¢. We also
assume that:

(A1) W= {(w(),F),t €RT} and Wy = {(wo(t), F;),t € RT} are independent
standard Wiener process in R” and R”, respectively.

(A.2) For each i € S, xolg,=i} is a second-order random variable such that
E (x01{gy=i}) = wi and E (xox;1{g,=i}) = V;.

(A.3) xp and {6(¢)} are independent of {wp(?)} and {w(z)}.

(A4) G;G} >O0foreachieS.

We set 7(t) := P; (r), zi(t) = x(t)Ljp(1)=i}» and Q;(t) = E(z;()z;(1)*),i € S, in
R” and B(R") ™, respectively. We also set

J7 = diag(Ji (g (=i}

G} =[lpw=11G1 ... lpw=nGn].
dwo(t) := [dwo()* ... dwo()*]",
dw(t) = [dw®)* ... dw@®)*]".
Furthermore, by making z(t) = [z1(t)* ... zy(t)*]* € RN", we consider the fol-

lowing additional notation (some of which already presented in Chap. 3):

Z(t) = E(z()z(D)*), Z(t) = E(2()2(*), Z(t):= E(Z()Z(1)*),
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with Z(t), Z(t), and Z(t) e BRM) " and

J:=1'® I, € B(R""), (7.4)
F = IT'® I, + diag(A;) € B(R""), (7.5)
H:=[H, ... Hy]eB®R"™R"), (7.6)
G =[J/piOG1 ... JVpn@DGN]eBRY R™), (1.7)
JP = diag(yv/pi (1) J;) € B(RY,RM"). (7.8)

The linear filtering problem consists in finding the best linear mean-square esti-
mator of {x ()} given th , i.e., finding X (¢) such that it minimizes the mean-square
error ||)E(t)||%. With the techniques of Hilbert spaces underpinning our geometric
approach, in conjunction with stationary o.i. processes, a filter is defined via

t
£K(t):/ K(t,s)dm(s),
0

where {m(#)} is an adequate stationary o.i. process, and to find the best linear mean-
square filter is tantamount to identifying the kernel K (¢, s) that minimizes

J(K@, ) =E([x@®) — Lk O] [x() — Lk ©)]).

As in [65], the idea here is, instead of estimating directly x(¢), to estimate z; (t) =
x(t)146()=i}, taking advantage of its Markovian property. Via z;(t) we get easily
X(1), since x(t) = Y_;.sx () 1{p(1)=i) and therefore X (1) =Y, gZi (7).

We conclude this section with some auxiliary results. For system (7.2), it has
been shown in Proposition 3.28 (see also [152]) that fort e Rt and i € S,

0i() = AiQi() + QiAT + Y hjiZi®) + JiJfpi). 79,
jesS

In what follows, we set dD; = [x(t)*d (1ip)=1}) ... x()*d(Lyg(=n})]" € RN7,
We have the following result.

Lemma 7.7 We have that

dz(t) = Fz(t)dt — Jz(t)dt + J,‘) dwo(t) +dD;, (7.10)
P} dDy) = Ji(t)dt. (7.11)

Proof First notice that

dzi(t) = Lygy=iy dx(t) + x () d (Lo r)=i})
= A;jzi(®)dt + Jilgy=iy dwo(t) + x () d(Lig(r)=i}) (7.12)
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and thus
dz (1) = diag(A;)z(t) dt + J? dwo(t) + dD,
= [diag(A) + ' ® I, ]z() dt — [IT' ® I, )z(t) dt + J{ dwo(t) + dD;
= Fz(t)dt — [T’ ® I, |z(t) dt + Jf dwo(t) + dD;
= Fz(t)dt — Jz(t) dt + J? dwo (1) + dD;,

showing (7.10). Now,

(x(t)(1{9(1+h) iy — Lign= l}))
=P E(x@) A ou+m=i) — Lipwy=i)|Fr)]
=P LE( Ol paim=iplF) — (Ol jp0=i)]

= [ E x(t)l{é)(t+h)=i}1{9(t)=j}|\7'—t)i| —2Zi(®)

jesS

Y PIxOlw=jrilh

jeS.j#i
+ P [x () Lo=iy (1 + Aizh)] — 2i (1) + o(h)
=Y Ajikj(0)h+ o(h), (7.13)
jeS
showing (7.11). Il

Remark 7.8 Notice that
dy(t) = Hz(t)dt + G dw (1), (7.14)

and from (7.14), the assumptions above, and (7.9) it easily follows that {z(¢)} and
{y(#)} are second-order g.m. continuous processes.

7.4 Main Result for the Finite-Horizon Case
The main result for the finite-horizon case reads as follows:

Theorem 7.9 For system (7.2)—(7.3) with assumptions (A.1)—(A.5), the best linear
mean-square estimator x(t) is given by the following filter:

HOESYA0)

ieS
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where
d3(t) = F3(t)di + Z)H*(GPGI*) ' (dy(t) — HE()dt),  (7.15)
20)=pi=[ud ... owy], (7.16)

with
Zt)=Z@1) — Z(1), (7.17)

and Z(t) = diag(Q; (1)) with

0i(t) = AiZi + ZiA} + Y AjiZj + Ji I} pi(0). (7.18)
jeS
Zi0) =V, i€S, (7.19)

and

2= F0)2(0)+ 20O F* (1) + 20 H* (GPGP) " HZ(1)

+ Z(z)H*(G{’G{’*)*‘ HZ(), (7.20)
Fit)y=F — Z(r)H*(G{’Gf*)*lH, (7.21)
Z(0) = uu*. (7.22)

Remark 7.10 Notice that for the case with no jumps (N = 1), suppressing the super-
script and subscript, it follows from (7.17)~(7.22) that Z(r) = AZ(t) + Z(t)A* +
JJ* — Z(t)H*(GG*)"YH Z(t), which coincides with the standard filtering Riccati
differential equation, and thus (7.15), (7.16) reduce to the standard Kalman filter.

Before going into the proof of this result, let us consider some remarks and results
which play a central role in the arguments of the proof. We begin by assuming that
w; =0,i €8, in (A.3), and show later on that the results remain true for the nonzero
case. In this case, under assumptions (A.1) and (A.4), all the random variables have
zero mean. Defining the innovation process {v(¢)} as

dv(t) :=dy(t) — HZ(t) dt, (7.23)
we have from (7.14) that
dv(t) = HZ(t)dt + Goydw(t) = HZ(t)dt + G? dw(t). (7.24)

Lemma 7.11 Fort > s, we have that:

(@) v(t) —v(s) LH;,
(b) cov(v(t)) = [yGLGL" du.
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Proof (a) Let x € Hj and denote by v i(t) the ith component of v(¢), by H' the ith
row of H and define Gg() = [gg (¢)]. Then from (7.24) we have

(x, v @) =V () = ( (/ H' Z(u)du+2/ ”(t)dw/(t)>)
= E(x/ HiZ(u)du> —i—ZE(/ xg’ef(t)dwj(t)).
s j=1 N

The last term is obviously zero. Furthermore, as H'Z(u) L H;, D H3, we have that

t 1
E(x/ H"z(u)du>=/ E(xH'Z(u)du) =0.

(b) From (7.24) and the Itd’s rule, dv(t) dv(t)* = G? dw(t) dw(t)*Gf*. Thus,
from the It6’s differential rule,

d(v(OV(D)*) = (dvO)v(O)* + V() (dv)*) + G dw(r) dw(t)* G?”.

From (7.23) and v(¢t) € H,y, bearing in mind part (a), we have that E(dv(t)v(t)*) =
0. Taking the expectation operator on both sides, we have

E(v()v(®)*) = E(dv(t) v(1)*) + E(v(t) dv(t)*) + E(G? dw (1) dw(1)*G7")
= E(GYG?")dr =GP G dt,
showing the desired result. g

Since by hypothesis G;G;* > 0, we have A(r) := (G G7™)~1/2 > 0. Set
t
7 (t) ::/ A(s)dv(s), (7.25)
0

so that, by Proposition 7.3, {m (¢)} has stationary orthogonal increments.

Lemma 7 12 For v(t) and n(t) defined as in (7.23) and (7.25), we have that H} =
H = H .

Proof 1Tt follows from the same arguments as in Theorem 4.3.4, p. 127,in [97]. O

Now since H = H! = H; , we have from Proposition 7.6 that

t
2(t) = / k(t,s)dm(s), (7.26)
0
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where the kernel k(z, s) is given by
d k
k(t,s) = %E(z(t)n(s) )- (7.27)
Set
t
q(1) ::2(t)—2(0)—/ Fz(u)du. (7.28)
0

Recalling that {y(¢)} is a .m. continuous process, from Remark 7.8 and from Propo-
sition 7.4 it is not difficult to prove that {Z(¢)} is also a q.m. continuous process, and
by Proposition 7.2, it has a measurable version, which implies that the integral above
is well defined. The next result shows that {g ()} is an o.i. process.

Lemma 7.13 For s < t, we have that (q(t) — q(s)) L H3.

Proof First notice that Py 2(t) = Py P;Vz(t) = P z(t), by the property of the pro-
jection operator, and

t t t t
PSY/ F2(u)du=/ FPsszz(u)du=/ FPsyz(u)duzpsy/ Fz(u)du.
S s S

s

Bearing in mind equations (7.10), (7.28), and (7.29), we have 72
Py (q() —q(s)) =P§V<Z(f) —z(s) — /;Fz(u)du>
= Psy/l(—Jz(u) du + J? dwo(u) +dD,)
=P§V/t(—J2(u)du + JE dWo(u) + dDy). (7.30)

We have from assumptions (A.1) and (A.4) that Pr (f; J,f dwy(u)) = 0. As shown
in (7.11), P} (dD,) = J%(u) du, proving that (7.30) equals zero. O

Since foreacht € R™, ¢ (¢) € H; and (q(t) —¢q(s)) L H;3 fors < ¢, it follows that
{g (1)} is an o.1. process, and by Proposition 7.5 there exists a matrix-valued function
G (s) such that, for each ¢, Zi,jf(;(Gij (s))2 ds <ooand g(t) = féG(s)d;r(s). In

view of (7.28) with z(0) = 0, we can write
dz(t) = Fz(t)dt + G(t) dn(1). (7.31)
We are now ready to prove the main result of this section.

Proof of Theorem 7.9 Equation (7.18) follows from (7.9). In view of (7.31),
the problem of getting (7.15) boils down now to identify G(¢). For this, no-
tice that, since {7 (z)} is a stationary o.i. process, (7.31) has the solution z(¢) =
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féq)(t, s)G(s)dn(s), where @ (¢, s) is the transition matrix of F (i.e., @(¢,s) =
eF't=9)) Comparing this with (7.26), we have that ® (¢, s)G(s) = k(z, s), and eval-
uating this at r = s gives G(tr) = k(t, t). In order to calculate k(¢, ¢), we first derive
an adequate expression for (7.27). This is achieved by first noticing that

w(s) = /SA(u)dv(u) = fSA(u)HZ(u)du —i—/SA(u)Gz dw(u). (7.32)
0 0 0

From assumptions (A.1) and (A.4) we have that
E(z(t)m(s)") =/ E(z()Z*(w))H* A(u) du. (7.33)
0

We now prove that E (z(1)z(u)*) = ® (¢, u) Z (u). Defining
W(t,u) = E(z(OZ(w)*),
we have from (7.10) that
d¥(t,u) = F¥(t,u)dt — J¥(t,u)dt + E(J dwo()z(u)*)
+ E(dDiz(w)*). (7.34)

Let us now analyze the terms in (7.34). Recalling that JZO and Z(u)*, with u <t, are
Fi-measurable and dwy(¢) is independent of F;, we have that

E(Jf dwo)zw)*) = E(E(Jf dwo()zZ(w)*|F)) = E(T E(dwo()|F:)Z(u)*)
= E(JY E(dwo())Z(w)*) =0

since E(dwp(t)) = 0. By using the same arguments as in (7.13) we get that
E(dD;z(u)*) = JW¥(t,u)dt, and, therefore, the matrix differential equation (7.34)
becomes

%lll(t, u)=FW¥(t,u). (7.35)
Noticing that
W (u,u) = E(ZwZw)*) + ECwiw*) = Zwu)+ E(Zwiw)*) =Zw),

since Z(u) € Ha, and Z(u)* LH,, it follows from (7.35) that ¥ (¢, u) = eF ¢~ Z (u).
Consequently,

N
E(z(t)n(s)*):/ O(t,u)Z(u)H* A(u)du,
0
and, bearing in mind (7.27), we get

k(t,s) = %E(z(l)n(s)*) =®(t,5)Z(s)H* A(s),
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and therefore G(t) = k(t,1) = Z(t)H* A1), showing (7.15). Defining M, :=
H*(GIGF*)~!, we have from (7.31) and Itd’s rule that

d(Z(0z2(0)*) = FZ(OzZ(0)* dr + ZOM; dv()z()* +2)2)* F* dt
+2(0)dv()* M Z(t) + Z()M, dv(t) dv(t)* M} Z(t).

Taking now the expectation operator on both sides, and bearing in mind Lemma
7.11(a), we have

dZ(t) = FZ(t)dt + Z)ME(dv():(t)") + Z (1) F*d1

+ E(2@) dv(t)* )M} Z(t) + Z() M E(dv(t) dv(t)* )M} Z (1)

= FZ(t)dt + Z(t)F*dt + Z(t)M, (G G M} Z(1) dt

=[F - zw)H*(GP GP*) ' H]Z() di
+Z0[F* — H*(GPGP) 'HZ ()] dr
+ZOH*(GPGI) ' HZ () dt + Z()H* (GP GP*) ' HZ (1) di

= F()Z(t)dt + Z0)F* () dt + ZWOH*(GP GP) ' HZ () di
+Z0)H*(GPGPY) ' HZ @) dt,

and (7.20) follows. Finally, consider now that u; #£0, i €S, and define u(t) =
(L1 @)* ... un@F]* with p; () == E(z;(t)). Then pn(t) = Fu(r), n(0) = p =
[} ... mwy]*. We have shown that for the centered process z¢(t) = z(t) — u(t),
Z¢(¢r) satisfies (7.15) with z°(0) = 0. Now, from (7.24) and the equation for ()
above we can easily show that z(¢) = Z°(¢) + u(¢) satisfies (7.15) with ©(0) = u,
and the proof is concluded. O

7.5 Stationary Solution for the Algebraic Riccati Equation

The goal of this section is to obtain the convergence of the error covariance matrix
Z () defined in (7.17) to a stationary value under the assumption of mean-square
stability of the MJLS (7.2) and ergodicity of the associated Markov chain 6(z). It
is shown that there exists a unique solution for the associated stationary Riccati
filter equation, and this solution is the limit of the error covariance matrix of the
filter. This result will be used in Sect. 7.6 in order to derive the stationary filter for
(7.15)—(7.19).

We start by deriving a matrix Riccati differential equation for Z(t) in a
more direct way than in (7.17). We recall that Z; () = z;(t) — z;(¢), Z(¢) =
[Z1()* ... EN@* T =2(0) — £(0), Z(1) = E[Z(0)Z(1)*], and %(t) = x(t) — £(1) =
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Yoieslzi(t) —zi(H)]1=)_;csZi(t). In addition, we recall that

0<GlGI" =Y "G;G’p;(t) eB(R?)
jeS

and that the innovation process {v(¢)}, defined in (7.23), is written as
t
v(t) =y() — [ ni(s)ds,
0

where mi(t) = P} [Hyx ()] = Y ;s HiZi(t), or
dv(t) =dy(t) — HZ(t) dt.
Notice that in (7.17) the term Z(¢) is obtained as the difference of two terms

(Z(t) — 7 (7)) derived via (7.18) and (7.20). Our first step then is to obtain a Riccati
differential equation for Z(t) as follows.

Lemma 7.14 Z(¢) satisfies the following matrix Riccati differential equation:
7)) =FZ() + Z()F*
— ZOH* (GG HZW + IP I +V(QW)), (7.36)
Z(0) = diag(V;) — up* > 0,

withQ(t) = (Q1(t), ..., On(t)), where Q;(t) is the solution of (7.18), and V(Q(t))
is defined by

ZjeSQj(t))‘jl 0
v(Qm) = : :
0 ZjeSQj(t))‘jN
—(I'®L)Zt) —ZW)(IT' ®1,)". (7.37)

Moreover, V is a linear operator, and V(Q(t)) > 0.

Proof Let us first prove that V is a linear operator and V(Q(#)) > 0. For any
Q=(01,...,0n) eI, R=(Ry,...,Ry) e H*", o and B € R, it is straight-
forward to show that V(@Q + BR) = oV (Q) + BV(R). Recalling that dD, =
x@*d(Lig=13) ... x@O)*d(Lpny=nD]* € RN by using Lemma 3.6 one can
show that E[dD;dDf]=V(Q(t)) dt. Then, for any constant vector v € RN,

v'V(Q())vdt = v*E(dD,dD;)v

_ & (Japrol?) =0,
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and therefore, V(Q(¢)) > 0. By the definition of Z(r), we have that
Z(t) = diag(A;)Z(t) + Z(t) diag(A;)* + J,thp*

ZjeSQj(t))‘jl 0
+ : : )
0 ZjeSQj(t))“jN

and bearing in mind the definitions of V(Q(¢)) and F, it follows that
ZO)=FZ®) +ZWOF*+ JPIP" +v(Q)).
From (7.20) and (7.21) we have that
Z2(t) = F2(t) + 2() F* + [zt) - Zw)|H*(GP M) ' H[z@) - Z(1)].
Finally, bearing in mind that VA ) =2Z@1t)— 7 (t), we get that
7)) = FZ(t)+ Z()F* — Z(z)H*(G;’G;’*)*‘ HZ@) + I 17 +v(Q),
which proves the lemma. O

We obtain next the main result concerning the asymptotic behavior of the matrix
Riccati differential equation (7.36). We show that, under the assumption of irre-
ducibility of the process {6(#)} and of mean-square stability of (7.2), the unique
solution of the matrix Riccati differential equation (7.36) converges to the unique
solution of an algebraic Riccati equation.

The main result reads as follows.

Theorem 7. 15 Assume that system (7.2) is MSS and {6(t)} is ergodic. Then for
any Q(O) =(01(0),..., On(0) € H"* and Zo > 0, we have that Z(t) — Z expo-
nentially with Z the unique positive semi-definite solution of the algebraic Riccati
equation (ARE):

FZ+ZF*—ZH*(G’G"") 'HZ + J?J"* + V(Q) =0, (7.38)

where F — ZH*(GPGP*)~'H is a stable matrix,

JP = diag(/7i J;), (7.39)
GP:=[ymGi1 ... JanGn], (7.40)
with {m;;i € S} the limit distribution of 0(t), Q := (Q1,..., On) with Q; the

limit of Q;(t), in the sense that ||Q;(t) — Q;i|| > 0 as t - oo, where Q; =
—@lfl (A71Q(R)) (recalling that A= IT' @ L2 +diag(A; ® A;)) and R; = J; J[' i,
R=(Ry,...,RN).
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Proof See Sect. A.7 in the Appendix A. g

Remark 7.16 For the case in which there is no jump (N = 1), we have that
V(Q) =0, so that in this case the above filter reduces to the Kalman filter.

7.6 Stationary Filter

The main goal of this section is to derive the stationary filter for (7.15)—(7.19). The
idea is to design a time-invariant version of the dynamic linear filter (7.15) such
that the joint system obtained from (7.2)—(7.3) and the filter is mean-square sta-
ble and optimal in the sense that it minimizes the stationary expected value of the
square estimation error. It is shown that a solution to this optimal filter problem is
obtained from the stationary solution associated to the ARE analyzed in Sect. 7.5.
This section is divided into two subsections. In Sect. 7.6.1 several auxiliary results
are presented in order to formalize the infinite-horizon filtering problem. The so-
Iution of the stationary filtering problem based on the associated filtering ARE ob-
tained in Sect. 7.5 is derived in Sect. 7.6.2. As mentioned in the outline of the chap-
ter, an equivalent LMIs formulation to solve the problem, which can be extended to
consider uncertainties on the parameters of the possible modes of operation of the
system, together with a numerical example, will be analyzed in Chaps. 9 and 10,
Sects. 9.5 and 10.5.

7.6.1 Auxiliary Results and Problem Formulation

As before, we consider a hybrid dynamical system modeled by the following MJLS:

dx(t) = Agyx () dt + Jor) dw(t), (7.41)
dy(t) = Hg(l)x(t) dt + G@(,) dw(t), (7.42)
v(t) = Loyx(1), (7.43)

under the same hypotheses as in Sect. 7.3. Again {x(#)} denotes the state vector in
R", {y(¢)} the output process in R?, which generates the observational information
that is available at time #, and {v(#)} denotes the vector in R” that it is desired to
estimate.

We recall from Theorem 3.25 thatif Re{A (L)} < 0, thenforany V= (V, ..., Vy)
€ H", there exists a unique U = (Uy, ..., Uy) € H" such that

LU)+V=0, (7.44)

and furthermore, if V > 0 (respectively V > 0), then U > 0 (respectively U > 0).
We will need a matrix representation of (7.44) that will yield a convenient LMIs
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formulation for the filter problem. To this end, we consider the following notation:
L:=[L; ... Ly]eB®" R). (7.45)

The following identity can be easily established for Z = (Z;, ..., Zy) € H" and
Z =diag(Z;) (recall the definition of V in (7.37)):

diag(Li(Z)) = FZ + ZF* + V(Z). (7.46)

Recall that Z(r) = E(z(t)z(t)*) = diag(Q; (¢)), Qi(t) = E(z;(t)z; (t)*), and

Q) =(0Q1(),..., On()). From (3.71) and (7.46) it can be easily shown the fol-
lowing matrix equation for Z(t):

ZO)=FZO) +ZOF*+V(QW) + JT I (7.47)

It is desired to design a dynamic estimator () for v(¢) given in (7.43) of the
following form:

dZ(t) = A;Z(t) dt + By dy(1), (7.48)
V(1) = Lfz(1), (7.49)
e(t) = v(t) — (1), (7.50)

where Ay € BR"/,R"/), By € B(R?,R"/), Ly € B(R"/,R"), and e(¢) denotes
the estimation error. Defining x.(2)* = [x(¢)* Z(¢)*], we have from (7.41), (7.42),
and (7.48)—(7.50) that

_| Asw 0 Jor)
) = [BfHO(t) Af} xe(ydr+ [BfGem i), (7.51)

e(t) =[Low) — L rlxe (),

which is a continuous-time Markov jump linear system. We will be interested in
filters such that (7.51) is mean-square stable. The next results aim at providing nec-
essary and sufficient conditions for the mean-square stability of (7.51). Define

Z(1) = EZ0Z2(0)%),

Ui (1)
Uuny:=| : |, U@:=E(®OZ0"),
Un(t)
—r[1z® s =l 2| £ U
P(t) ._E<[?(t)] [z()* Z() ]) = [U(I)* Z(t)] (7.52)

~ ~ F 0
L:=[L —Lyg], F.:[BfH Af], (7.53)
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T._ Jr T ._ Jtp
e[ =[] 050

Proposition 7.17 Fort € RT,

V@) 0
0

P(t) = FP(:)+P(:)F*+[ 0

} +ITE (7.55)

Proof By It6’s calculus, noting that By Hy()x(t) = By Hz(t), from (7.51) we have

Z(t)=BrHU®t) + A Z(t) + U()*H*B} + 2(;)A7- + B;G/G/"B}. (1.56)
Similarly, by 1t6’s calculus,

U@t)=FU@t) + Z()H*B} + U A% + 1/ Gl "B} (7.57)

By combining (7.47), (7.56), and (7.57), we get (7.55). O

We now want to rewrite (7.47) so that the term V(Q(¢)) can be decomposed as a
sum of matrices. To this end, we first define Iy := [y ; ;] € B(RN), ¢ € S, where

[Aeil, =],

—hiy LF ] J=4
—hej, 1FJ i=L,
0 otherwise.

Peij=

After some straightforward calculations we have that (7.37) can be rewritten, for

Q:(Ql""’ QN)’aS

VQ) =) (I ® I,)dg(Qr)
LeS

where, for S; € B(R"),i € S, dg(S;) stands for an Nn x Nn matrix where only
S is put together corner-to-corner diagonally with all other entries being zero. We
have the following result.

Proposition 7.18 I, > 0.

Proof For any vector v* = [v; ... vy], we have that
v v = Z Zgﬁe,i,jvivj
ieS jeS

= Welv%-i-z?»uviz - vl(Zijj) - (Z Ui)»b')w.

i#0 j#e il
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But recalling that —A¢y = Zj# Agj, we get that

v v = Zkgiv% + Z)\Ziviz - 2(2 MiviW)

i#0 i#0 i#e
= ZM;‘ (v +v7 —2viv) = ZM;‘ (ve —vi)* >0,
i#0 it
showing the desired result. U
It follows from Proposition 7.18 that for Q = (Q1, ..., On) > 0, we have that

VQ =Y (r;?@n)(r,* ®1,)dg(Q0)
LeS

=Y (r,? ®1,)dg(Q) (I, * @ 1) = 0. (7.58)
LeS

Therefore, writing for £ € S,

V=1, ® 1, (7.59)
Yy = ["’6‘] , (7.60)
we have from (7.55) that
P(t)=FP0)+ P(OF* +Y_ 1pdg(Qe) 17 + T T} (7.61)
teS

We next present some conditions to get the mean-square stability of system
(7.51). First, we present a necessary and sufficient condition based on the spectra
of the operator £ and matrix A .

Proposition 7.19 System (7.51) is MSS if and only if Re{A(L)} <0 and Ay is a
stable matrix.

Proof (=) If (7.51) is MSS, then, considering w(#) =0 in (7.51), we have for any
initial condition x.(0), 6y, that

—>00

2 2 ~ 2
E([x®|") =E([x®]") + E([z0]7) — o,
that is, E([x()]?) =30 and E(JZ(1)?) =3 0. By Theorem 3.25, Re{A(L)} <
0. Consider now an initial condition x.(0) = [0* Z(0)*]*. Then, clearly Z(¢) =
eAr7(0), and since Z(¢) 220 for any initial condition Z(0), it follows that A s
is a stable matrix.
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(<) Suppose now that Re{A(L)} < 0 and A is a stable matrix. By Proposi-
tion 2.23, Re{A(£)} < 0 implies that ||eZ!|| < ae™"" for some a > 0, b > 0, and all

t € R*. From (7.51) with w(r) = 0 and according to Theorem 3.25, E(||x(1)|]?) <
ce~ || x(0)]|? for some ¢ > 0. Moreover,

dz(t) = AfZ(t)dt + By Hy(pyx (1) dt,
and thus,

t
20r) = eA17Z(0) +/ eAf([_s)Bng(s)x(s) ds.
0

From the triangular inequality we have
E([2o]?)"” < E(Je* 20 %) + / (|0 B Hyx o)) R d
= e E(J70[?)
+||Bf||||H||max/ |eAr = E(|lx(s)])?) 2 ds,

where we recall that [|H||max = max{||H;||,i € S}. Since A is stable, we can find
a' > 0and b’ > 0 such that ||eAf|| <a’e~?"". Then, for some @ > 0 and b > 0,

E(z0)})? <ae™ 20| + e ).

showing that E ([ x.()|2) = E(|x(®)|?) +E(Z®)1?) =0 for any initial condi-
tion x,(0), 8o, so that by Theorem 3.25 system (7.51) is MSS. O

The next proposition presents a necessary and sufficient condition for mean-
square stability of system (7.51) based on an LMISs representation.

Proposition 7.20 System (7.51) is MSS if and only if there exists P > 0 with

P [diag(Qi) g}

U* Z
such that
FP+PF*+) 1,dg(Q)T) <0. (7.62)
LeS

Proof (=) Consider the operator Le B(H"* /) as follows: for V= (Vi,..., Vy) €
H*f, L(V) = (L1(V), ..., Ly(V)) is given by

Lj(V):=A;Vi+ ViAi+ > nijVi, (7.63)
ieS
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~ T A 0
A= [Bin Af} '
Consider model (7.51) with w(¢) =0, and for t e RT,

E(zi (1)zi (1)*) E(zi (Z(1)%) }
E@(Ozi()*)  E@NOZ1O)* ligw)=iy)

where

Pi(1) = [ (7.64)

and P(1) = (P\(t), ..., Py(t)) € H"*"s. By Proposition 7.9, P(r) = LP@)),
and by Theorem 3.25 system (7.51) is MSS if and only if there exists P =
(P,...,Py) e "™/ P, >0,i €8, such that

Li(P)<0, jeS. (7.65)

~ 0; U;
Pj: i AJ 5 ]ES,
Uj Zj

where Q; € B(R") and Z; € B(R"/), and define Z =Y .5 Z;, Z = diag(Q;), and

Partitionate Fj as follows:

Ui

. [z v
o e R
Uy

Notice that P > 0. Indeed since for each j € S, 13} > 0, it follows from Schur’s
complement (Lemma 2.26) that Z; > U;.‘ZJ_IU j for j €S8, so that

Z=Y'7;>Y vro;'uj=urz"'v.
jeS jeS

From Schur’s complement again it follows that

zZ U
|:U* 2:|—P>0.

Reorganizing (7.65) and using (7.58), we obtain that (7.62) holds.

(«<) From (7.62) and (7.58) it follows that £(Q) < 0, where Q = (Q1, ..., On)
€ H", which means, by Theorem 3.25, that Re{A (L)} < 0. From the Lyapunov equa-
tion (7.62) it is easy to see that F' is stable, and thus in particular A s is stable. Since
Re{A(£)} < 0and A is stable, it follows from Proposition 7.19 that system (7.51)
is MSS. O

The next result guarantees the convergence of P (¢) defined in (7.52), (7.55)to a
P>0ast— oo.
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Proposition 7.21 Consider P(t) given by (7.52), (7.55) and assume that Re{A (L)}
< 0 and that Ay is stable. Then P(t) ZXp > 0, where P is of the following form:

zZz U .
o | E——

Moreover, P is the only solution of the following equation in V.

0=FV+VF +) 1idg(X) Y} +IP ", (7.66)
eS
X R .
V= [ e }?} . X =diag(X;). (7.67)

Furthermore, if V satisfies

FV4+VF 4> 1 dg(X) Y+ TT* <0 (respectively <0), (7.68)
teS

then V > P (respectively V > P).

Proof Consider the operator L as in (7.63) and E-(t) as in (7.64). As shown in
Corollary 3.31,

. o J,J*  J,G*B*
Pj(6)=L;(B®) + pj(®) [BfJijﬁ Bf/Gj]G*.fB*] ’
J N

JiTf
and 13} (1) = 13]- > (), where P= (ﬁl, e ﬁN) satisfies
~ o~ J:J* J;:G*B*
0=£-(P)+n-[ 77 T } (7.69)
J ! BijJ}k BijGjB?
Note that
~ Qi) Ui(@) |15 | Qi U;
P;(t) = ~ — ~ |,
t0) [U,*(t) Qz‘(l)i| [U,-* Ql}
where
0i(1) = E(ZZ(1)* Lip()=iy)-
Moreover,

Z(t) = Z 0i(1) =% Z 0i=2.
ieS ieS
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Defining

and recalling that Z = diag(Q;), it follows that P(t) Z2p. Furthermore, from
(7.69) we have that P satisfies (7.66), (7.67). Suppose that V also satisfies (7.66),
(7.67) and set Q = (01, ..., On), X=(X1,..., Xn). Then LX) =0, L(Q) =

and since Re{k(ﬁ)} < 0, we have from Corollary 331that Q; =X;, j€S. ThlS
yields that 0 = F(V P)+ (V- P)F* By Proposition 3.13, Re{A (L)} < 0 implies
that F is stable and thus that the block diagonal matrix F is also stable, yielding
that V = P. Finally, suppose that V is such that (7.67), (7.68) are satisfied. Then
L(X) <0 (respectively £(X) < 0), and it follows that £L(X — Q) < 0 (respectively
L(X—Q) < 0). This implies by Theorem 3.21 that X > Q (respectively X > Q). Us-
ing this fact we conclude that F(V P)+(V— P)F* < 0 (respectively F(V P)
+(V— P)F * < 0), and again from stability of F it follows that V — P > 0 (respec-
tively V. — P > 0). O

We conclude this subsection presenting the formulation of the stationary filtering
problem. We assume from now on the following hypothesis:

Assumption 7.22 Re{A(L)} < O (or equivalently Re{A(A)} < 0, see Theorem
3.21).

In what follows, recall that v(z) = Lz(¢) and that e(t) = v(¢) — v(¢) = Lz(t) —
Lf’Z\(Z).

Definition 7.23 (The stationary filtering problem) Find (As, By, L) suchthat Ay
is stable and minimizes lim;_, o E (]le(?)||?), that is, minimizes

. 2 _ . *

lim E(Je)]?) =t( lim E(ee))

=u(L lim P(OI*) =u(LPL"), (7.70)
t—00
where the last equality follows from Proposition 7.21 and
Z U .
P= |:U* /Z] ,  Z=diag(Q,), (7.71)
in which, according to Proposition 7.21, P is the unique solution of the equation

FP+PF*+) 1,dg(Q)1; + JT* =0. (1.72)
leS



7.6 Stationary Filter 147

7.6.2 Solution for the Stationary Filtering Problem via the ARE

In this subsection we present a solution for the stationary filtering problem posed
in Definition 7.23 based on the associated filtering ARE derived in Sect. 7.5. To
keep the same notation as in Sects. 7.4 and 7.5, we assume here that J;G} =0
for each i € S (although this assumption could be easily removed). We recall the
assumption that for each i € S, G;G} > 0, so that from this hypothesis we have
that G/ G/ = ¥;cs pi()GiG¥ > 0 and similarly GPGP* = Y, s 1:G;G* > 0.
By Corollary 3.31, Re{A(£)} < 0 implies that there exists a unique solution Q =
(Q1,..., On) for (3.72). We recall that Z = diag(Q;). Define

T(U)=UH*(G"G"*)™". (7.73)
We have the following theorem.

Theorem 7.24 Consider Q = (Q1,...,0OnN) = —L7YR) as in (3.72) and let 7 be
the unique positive semi-definite solution of the algebraic Riccati equation (7.38).
An optimal solution for the stationary filtering problem posed in Definition 7.23 is

Arop=F —T(Z)H, Brop=T(Z), Liop=1L (7.74)
with the optimal cost given by tr(L ZL*).
Proof Consider any Ay, By, L ¢ such that A ¢ is stable and write

dZ(t) = AfZ(t)dt + By dy(1),
(1) = L £Z(1).

Consider Vop (1) = LZop (1), Where Zop() is given by (7.15), (7.16), and e(r) = v(t) —
(). Noticing that

e(t)=Lz(t) — LyZ(t) = Lz(t) — LZop(t) + LZop(t) — L f2(t)
= LZop(t) + LZop(t) — L fZ(t) = LZop(t) + Vop(t) — (1),

from the orthogonality (see Sect. 7.4) between Zop () and Do () — D(t) we have that
E([e®)|?) = tr(E((LZop@) + Dop(t) — () (LZop 1) + Top(t) — (1)) "))
— w(LZ)L*) + E([top@) — 00 |)
>w(LZ@)L*) =3 w(LZLY)
since, as stated in Theorem 7.9, Z(t) —3 Z. Combining this with (7.70) yields that

lim E(Je]?) =a(LPL*) = u(LZL7). (7.75)
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On the other hand, consider Ay = Ay op, Bf = Bfop, Ly = Lyop asin (7.74). We
want to show that in this case the unique solution of (7.72), denoted by

Zop Uop .
Pop = |: ~ |, Zop=diag(Zep,i). (7.76)

is given in (7.76) by Zop = Z, Uop = Zop = Z — Z, that is, we have the following
equations satisfied:

0=BfopHUop+ AfopZop + U* H* Bfop + ZOPAfop + By, OPGPGP*Bf op’

(1.77)
0= FUpp + ZopHl, B} op + Uop AT o1 (7.78)
Notice that
0=FZ+ZF*+V(Q) +JPJP*, (7.79)
and from (7.79) and (7.38) we have that
F(Z-2)+(Z—-Z)F*+ZH*(G"G"*)'HZ =0, (7.80)
For (7.77) with Ugp = Z=7Z-7 , we have from (7.80) that
BfopHUop + A fopZop + Ugy H B} o + Zop Ay o + B.opG? GP B

=T(Z)HZ + (F —=T(Z)H)Z + ZH*T(Z)* + Z(F = T(Z)H)"
+T(Z)GPGP*T(Z)*
—FZ+ZF* +ZH*(G"G"") 'HZ
=0
and similarly from (7.78) that

FUqp + ZopH* Bfop + Ugp A% Fop
=FZ+ZH'T(Z)*+Z(F —T(Z)H)"
=FZ+ZF*+(Z-2)H*(G"G"") 'HZ
—FZ+ZF*+Z(G"G"*)"'HZ =o0.

This shows that for the choice of A f,op, Bf,0p, L fop as in (7.74), the unique solution

POp of (7.72) is given in (7.76) by Zop = Z, Uqp = Z=7-71tis easy to see that
in this case LPOPL = LZL* which shows by (7.75) that (7.74) yields the minimal
cost tr(LZL*) O

The next corollary is an immediate consequence of the above theorem.



7.7 Historical Remarks 149

Corollary 7.25 An optimal stationary filter for the stationary filtering problem is

AZop(1) = FZop(t) dt + ZH*(GPGP*) ™ (dy(t) — HZop(1) d1),
’Zop(o) = E(Z(O)),

where Z is a unique positive semi-definite solution of the algebraic Riccati equation
(7.38) with Z satisfying (7.79).

7.7 Historical Remarks

Filtering theory has been widely celebrated as a great achievement in stochas-
tic system theory and is of fundamental importance in applications. The Wiener—
Kolmogorov filter was the first systematic attempt to have a filtering theory for the
linear case (the time-invariant case). The crowning achievement in this setting is the
Kalman filter, which has spawned a widespread range of applications. The climax
of the theory is the Fujisaki—Kallianpur—Kunita equation for the nonlinear setting.
Although the theoretical machinery available to deal with nonlinear estimation prob-
lems is by now rather considerable, there are yet many challenging questions in this
area. One of these is the fact that the description of the optimal nonlinear filter can
rarely be given in terms of a closed finite system of stochastic differential equations
(the so-called finite filters), i.e., the optimal nonlinear filter is not computable via a
finite computation (the filter is infinite-dimensional). This is what happens with the
optimal nonlinear filter for the MJLS model in the case in which both x and 6 are
not accessible (even in the case in which the state space of the Markov chain is finite
countable). This, in turn, has engendered a great amount of literature dealing with
this scenario, which is the setting treated in this book.

In the MJLS framework, the filtering problem has three possible settings: (i) the
Markov chain is observed, but not the state x; (ii) the state is observed, but not
the chain; and finally (iii) none of them is observed. In the first case, the optimal
filter is a Kalman-like filter, and the result can be found, for instance, in [223]. In
this scenario, Hy filtering and robust Kalman filtering for uncertain MJLS (includ-
ing the time-lag case) have been studied, for instance, in [105-107, 205, 217, 257].
For iterative and sampling algorithms, see, e.g., [115] and [116]. An optimal fi-
nite nonlinear filter for the second case was derived in [301]. In a general setting,
as the one considered in this book, the optimal nonlinear filter for (iii) is infinite-
dimensional, which makes the optimal approach impractical from an application
point of view (see, e.g., [30, 31, 123, 132, 214, 308]). Due to this, some particular
situations and suboptimal approaches have been studied. For instance, with the sim-
plification that the observation process is not fed by the state, in [30] a finite filter is
derived. This problem has been also studied in [320] for a small noise observation
scenario (asymptotic optimality is proved). In [155], an optimal linear mean-square
filter was obtained, and the associated stationary filter was derived in [160] (see also
[65] and [84] for the discrete-time case). A robust version of this filter was analyzed
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in [82] (see also [83]). For a sample of suboptimal filters, we mention, for instance,
[7, 22,37, 58, 123, 125, 131, 214, 287, 288, 308, 321, 322].

For an introduction to the linear filtering theory, the readers are referred, for in-
stance, to [97] and [100] (see also [194] for an authoritative account of the nonlinear
filtering theory and [98] for a nice introduction). Regarding MJLS, we recommend,
for instance, [22] and [271].

The main sources for this chapter were, essentially, [82, 154, 155, 160].



Chapter 8
H., Control

8.1 Outline of the Chapter

This chapter is devoted to the Hy, control of continuous-time MJLS in the infinite-
horizon setting. The statement of a bounded real lemma is the starting point toward
a complete LMIs characterization of static state feedback, as well as of full-order
dynamic output feedback stabilizing controllers that guarantee that a prescribed
closed-loop H, performance is attained. This chapter is organized as follows. Sec-
tion 8.2 presents a description of the problems. In order to study the Hy, control
problem, we start by deriving a bounded real lemma for MJLS in Sect. 8.3. This
allows us to characterize, in terms of the feasibility of LMIs, whether a system
is mean-square stable with prescribed degree of performance. In the sequence we
proceed to study in Sects. 8.5 and 8.6 the disturbance attenuation problem. This,
roughly speaking, consists of determining whether a given system can be stabilized
and driven to a desired H, performance level, by the action of control, and how
such a controller can be designed. Two cases are considered, the static state feed-
back (Sect. 8.5) and dynamic output feedback (Sect. 8.6) control problems. The
main results are presented through explicit formulas with the corresponding design
algorithms for obtaining the controllers of interest.

8.2 Description of the Problem

Our concern in this chapter is with MJLS described as

X(t) = Agyx(t) + Boyu(t) + Joyw(t), 8.1
which maps input disturbances w into a to-be-controlled output z,

2(t) = Coyx (t) + Doryu(t) + Lonyw(t), 8.2)

O.L.V. Costa et al., Continuous-Time Markov Jump Linear Systems, 151
Probability and Its Applications, DOI 10.1007/978-3-642-34100-7_8,
© Springer-Verlag Berlin Heidelberg 2013
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that should be made as close to zero as possible, in an appropriate sense, under
the action of the control signal u. We wish to characterize and to design mode-
dependent controllers that, on the basis of partial measurements of the state, of the
form

y(t) = Hoiyx (1) + Gopyw(1), (8.3)

are capable of stabilizing the system with prescribed degree of Hy, performance.
Roughly speaking, such performance requirement will be intimately related to a
quantity similar to (the precise definition is given in (8.15))

( [ Elllz)1dr )1/2

s [ ENw®)Pldr

weLl (2, F,P),lwll27#0

(8.4)

which measures to which extent finite-energy input disturbances are amplified (or
attenuated) by the system, in a worst-case scenario. In other words, the larger this
norm, the greater the effect of finite-energy input disturbances on the system’s con-
trolled output. The two basic problems considered here are the one of static state
feedback, in which the controller is of the form

u(t) = Fonx (1), (8.5)

and that of dynamic output feedback, in which the control signal is extracted from
the output of a dynamic controller driven by the measurement, such as

X(1) = Ag(yX (1) + Boyy(1),
. R (8.6)
u(t) = Cor)x(t) + Doy (2).

The state feedback approach is interesting whenever H; = I and G; =0, so that the
complete state (x, 0) is available to the controller. In the general case of incomplete
information, on the other hand, the output feedback approach is the choice adopted
here. The scenario in which 6 is not available will not be addressed.

As it will be shown more precisely later, whenever either (8.5) or (8.6) is plugged
in the above system, we will end up with a closed-loop system of the form

g [©0= Aty el (1) + T wo), .
w = .
2(1) = Chiyyxar(t) + Ly w(0),

whose main H, analysis tool comes in the form of a bounded real lemma. This
result, presented in Lemma 8.2, states that system (8.7) is mean-square stable, with
performance ||gg}||oo < y, whenever a specific set of linear matrix inequalities is
satisfied. Besides the interest in its own right, such LMIs characterization of perfor-
mance makes it possible for us to: (i) tell whether there exists a stabilizing controller
such as (8.5) or (8.6) which guarantees a desired level of disturbance attenuation,
and (ii) design such a controller. These two problems are respectively solved in
Theorems 8.13 and 8.15, as well as in Algorithms 8.20 and 8.21-8.22.
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8.3 The Bounded Real Lemma

8.3.1 Problem Formulation and Main Result

Throughout this section, we denote by L;(.Q, F, P, [0, T]) the space of all random
processes w = {w(t); t € RT} in R’ such that the norm

T 5 1/2
hwlly 7 = ( /0 E(Jwo] )dr) ®.8)

is finite. Letting T — oo, this obviously yields that ||-||2,00 = ||-||2, as defined in
(2.3) in Chap. 2. Moreover, notice that L7 (£2, F, P, [0, T]) D L5 (82, F, P) for ev-
ery T > 0.

The basic Hso-analysis problem we address here is related to a system of the
form

x(t) = Apyx(t) + Joyw(1),
Gw =1 2(t) = Co)x(t) + Loryw(t), (8.9)
o = (x0, 60), Plp=i)=v;,, ieS,
withA=(Ay,...,Ap) e ", J=(J1,...,Iy) eH"", C=(Cy,...,Cn) e H"P,
and L = (Ly,...,Ly) € H*?. Here, x = {x(¢);t € R} in R" denotes the state,
w={w@);teRT}e LE(.Q, F, P) is a finite-energy stochastic disturbance, and

z={z(1);t € R*} in RP? is the system output.
The notion of stability considered in this chapter is defined as follows.

Definition 8.1 System (8.9) is said to be internally mean-square stable (internally
MSS) if, for an arbitrary initial condition ¥, we have

lim E([lxa0]) =0, (8.10)

in which x,; = {x,(¢);t € RT}, termed the zero-input response of system (8.9),
stands for the unique solution to the equation

X2i(t) = Ag(yXzi (1), xzi(0) = Xo. (8.11)

Throughout this section, a very convenient decomposition for the state of system
(8.9) will be such as

x(1) = xzi (1) + X25(1), (8.12)

in which x5 = {x,5(t); 7 € RT}, termed the zero-state response of system (8.9),
stands for the unique solution to the equation

Xzs(t) = Aoy Xzs () + Jonyw(t), x4(0) =0. (8.13)
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The importance of (8.12) is due to the fact that it provides us with a clear distinction
between the response to initial conditions and the response to the external input
signal. In our approach, we consider that only the latter is relevant to Hy, analysis.
Bearing this in mind, we define the perturbation operator as

Lw(t) = Co()xzs(t) + Loyw(t), teRT, (8.14)

which, whenever internal MSS holds, is well-defined (bearing in mind Theorem
333)asL:L5(82, F, P)— Lg(.Q, F, P), abounded linear operator. Since, in our
framework of Hy, analysis, L entirely describes how input disturbances affect the
output of system (8.9), the induced norm

ILwll2 r
L]l = sup ol swe Ly(82,F, P), wl2#0 (8.15)
measures precisely the worst-case effect that finite-energy disturbances may cause
at the output. Due to this, throughout this section we interchangeably write that

1Gwlloo = LI (8.16)

and refer to it as the Hyo-norm of system (8.9). As mentioned earlier, the larger this
norm, the greater the worst-case effect of the unknown disturbance w on the system
output, z. Thus, (8.15) may be seen as a measure of performance for system (8.9).
An LMIs criterion for the assessment of the Hx,-norm is provided by the main result
of this section, which goes as follows.

Lemma 8.2 (Bounded real lemma) Given y > 0, the following statements are
equivalent:

(i) System (8.9) is internally MSS with ||Gyllco = |IL|| < y.

(ii) There is P = (Py,..., Py) > 0 in H"" such that MY (P) = (MT(P),...,
M}(,(P)) < 0in H™, where m :=n +r, and, for each i € S,

M! (P) = [T"(IZZ_ (J;)C*i* Ci u;}(;) )} , (8.17)
with T;(P) = AT P; + P; A; + Zjes AijPj asin (3.21) and
U(P) = PiJ; + CFL;, VI =LiL; —y*I,. (8.18)
(iii) Thereis R=(R1,..., Ry) > 0in H"" such that, for eachi € S,
AR+ RiAi+ Y ;e ijR;  RiJi  C}
J*R; —yl, L¥ |<o. (8.19)

C; L; —yIp

The sufficiency part of the proof of Lemma 8.2 will rely on the following result,
to be proved in a more generalized form in Proposition 8.6 of Sect. 8.3.2.
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Proposition 8.3 For arbitrary 0y, all w € L,($2, F, P),and everyP = (Py, ..., Py)
€ H"™*, we have

/OT E(|Lw®) H2 —y?|w@) Hz) dt

= —E((x5(T); Poryxs5(T)))
r Xz5(1) . Xzs(1)
Tt

Proof See Proposition 8.6 in Sect. 8.3.2 below. U

forall T > 0.

Conversely, the necessity in Lemma 8.2 is a consequence of the following lemma,
which will be proved in Sect. 8.3.2.

Lemma 8.4 Suppose that system (8.9) is internally MSS with |L|| < y. Then there
isP=(P,..., Py) in H"" such that the coupled algebraic Riccati equations

Ti®) +CiCi —U @)V ) U@ =0, i€, (8.21)

are satisfied.

Bearing in mind the two preceding results, the proof of the bounded real lemma
goes as follows.

Proof of Lemma 8.2 The equivalence between (ii) and (iii) is easily obtained with
the aid of Schur complements, Lemma 2.26, by letting R = y’] P. Thus, it suffices
to prove that (i) and (ii) are equivalent.

Given y > 0, suppose that there is P = (Pq, ..., Py) > 0 such that Miy P <0
for all i € S, so that (ii) is true. Then, it is immediate that

TP <Ti(P)+C;Ci <0, i€eS,

which, by Theorem 3.21, guarantees that system (8.9) is internally MSS as in Defi-
nition 8.1. Next, we have that for such P and y, there is § > 0 such that, according
to Proposition 8.3,

ILwl3 7 — y2llwli3 7 = —E([x25(T); Pocryxas(T)))
T Xz5(1) . Xz5(1)
) E(<[w<f>]Mg<’>(P)[w<r>} “
r Xz5(1) . Xz5(1)
§0+/0 E(<|:w(t)],(—81)[w(t)} dt

2
< 8llwllz 7
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Thus, letting T — oo, we get that, for every w € L5(£2, F, P) such that |wl|2 # 0,

ILwl3 = y2lwi3 < 8wl <0, (8.22)
which, due to (8.15), yields ||L|| < y.

Conversely, let C? := [EC; 1. Li:= [LO" ], and notice that ||L|| < y implies [L?|| <

y if € > 0 is small enough, where
LEw(t) = ChyXzs (1) + Loyw(t) (8.23)

by definition (whose norm is defined analogously to (8.15)). In fact, since
ILEw(@)]|? = |[Lw(0)]]® + €2|lw(r)|?, it follows from (3.62) that there is ¢ > 0
such that, for all w € L5 (82, F, P),

ILfw2 < ILwl3 + ce?wii,

so that ||L?]|? < ||L||* + c&2. Hence, whenever (ii) is true, we have, due to Lemma
8.4, that

Ti®) + (Co)*Ce — e @) (VY) U (Py* =0 (8.24)
is satisfied for some P = (Py,..., Py) >0andalli € S, where
(C5)"Ce =CrCi+ €21,
U (P) = PiJ; + (CF)"Li = PiJ; + CF L = Uy (P),
VI =LiLi —y* I =LLi —y*1 =V,
so that, forall i € S,
TiP) + {21+ C:Ci —U; ®Y(V!) Ui (P)*} =0, (8.25)

which, from Theorem 3.21, yields P > 0. Furthermore, this may be rewritten in the
form

Ti(P) + C:C; — U YV )™ Uy (P)* = =621 <0, (8.26)

and the result follows from Schur complements (Lemma 2.26). O

8.3.2 Proof of Proposition 8.3 and Lemma 8.4

The purpose of this subsection is to prove Proposition 8.3 and Lemma 8.4. Our
approach relies on maximizing the cost functional

T
w > JX (X, w):/o E(|z0]? = *|w®)|*|60 =i) dr1, (8.27)
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in which T > 0 is an arbitrary time horizon, z = {z(t),0 <t < T} is the output of
system (8.9) with respect to x(0) = x € R” and given 8y =i € S, and the input
w e LE(.Q, F,P)C LE(Q, F, P,[0, T)). For later use, let us also define the cost
associated with an arbitrary distribution v = {v;,i € S} to 6,

T
w> T (x, w) =f0 E(|z0 ] = y?|w@) ) dt, (8.28)
which is linked with (8.27) by means of
T w) =Y TE i w)Po=i)=Y_ T¥ (x.i,w)vi. (8.29)
ieS ieS

The relevance of (8.28) is largely due to the fact that it generalizes the cost at the
left-hand side of (8.20), which was already shown to play a central role in the proof
of Lemma 8.2. Roughly speaking, there we used the fact that, whenever system (8.9)
is internally MSS as in Definition 8.1, then

L
lim 77 (0, w) = [Lw|2 — y2|lw|? < 0 ILwllz_ (8.30)
T—00 lwll2
for any given y > 0 and w € L’ (£2, F, P). Besides, noticing that
L L
Roler _,,  Rwler TLO.0) <TLO.w), (83D
lvll2,r lwlla,7

we get that a candidate for worst-case disturbance in the right-hand side of (8.15)
should maximize the cost w — || Lw ||% 2wl % In order to study the more general
problem of maximizing the cost in (8.27), we will need the following auxiliary result
regarding a certain coupled differential Riccati equation which will subsequently
come up.

Proposition 8.5 There is Y = (Y1, ..., Yn) mapping (0, T) into H"™ such that, for
everyi € Sandall T e RT,

Yi + Ti(Y) + CFCi — Uy (Y)V, ' U (Y)* =0, Yi(T) =0, (8.32)

for any given V= (Vi,...,Vn) <0 in H". Moreover, Y is unique, continuous, and
continuously differentiable.

Proof This is a consequence of Theorem A.1 in Appendix A. g

Proceeding further, we have the following generalization of Proposition 8.3 for
the case of time-varying P : [0, T] — H™* with given x(0) = x € R".
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Proposition 8.6 For any initial condition x(0) = x € R", 8(0) =i € S, all

we Ly (2,F,P,[0,T]), T >0,and every P=(Py,..., Py):[0,T] — H" con-
tinuously differentiable, the cost functional defined in (8.27) can be written as

Ty (X i, w)
= (x: P;(0)x) — E((x(T); Pocry(T)x(T))|6 =)

T s x()] x(t) .
+ /0 E((x(t),Pg(,)(t)x(t))+<|:w(t):|,Mg(l)(P(t)) [w(t)} ‘9():; dt,

(8.33)

with M l.y (P) given by (8.17) for eachi € S. In particular, this guarantees the validity
of (8.20).

Proof In order to prove this result, let us show that

F(T) - F(0)
T x®)] [Poey + Tocry ) PooyJory | [x(0) N
—/O E<<|:w(l):| 7 [ J;(Z)Pe([) 0 ] |:w(t)] ‘90 =1i|dt,
(8.34)
where
F(t) == E({x(t); Pog()x(1))|60 =1). (8.35)

To see why (8.34) is true, notice that F(t) = Z;\]:] E(¢;(®)Lig)=jy100 = i) with
@) :=={x(@), Pj(t)x(t)). Hence, by Itd’s rule, we have

dF(t) =) E(d[¢; () 1pw=j]l60 =i)
jeS
=Y E(d¢;j(Olpn=j) +¢; () d1pn=jl00 =), (8.36)
jeS

where dog;(t) = (x(t); Pj(t)x(t)) dt +{dx(t); Pj()x(t)) + (x(); P;j(¢)dx(1)), so

that, letting x(¢) := [x(t)

w(t)]’ we have

D E(dé;()1ipn=jl60 =)
jeS

— [ (xa): [Fro + Ao Poo + Poodow Poodon ] ) ‘9021. i
’ Je*(t)Pﬁ(t) 0 '
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On the other hand, bearing in mind that E(-|6p = i) is by itself a mathematical
expectation, we have from Lemma 3.6 that

> E(¢j(0)d1ia)=j)l00 =)
jeS

- Z E(‘/’j ® (Z)‘kj 1{0(t)=k}> ’90 = i> dt

jeS keS
= E(¢;(0)ro) ;100 =1i)dt
jeS
—F <<x(t); (Zlew Pj)x(t)>‘90 = i) dr.
jeS

Proceeding further, notice that (8.34) is obtained after integrating both sides of
(8.36). This, when combined with the easily verifiable fact that

T
JTV(X,i,w):/O E((z(t); 2()) — y*{(x(1); x(0))|60 = i) dt

T C* C@([) c* Lg(,)
= E x(t);|: o) 0() i|x(t) ‘90=i di
/o (< LyCowy LygyLew —v1

because of z(t) = Co()x(t) + Lonw(t) and x(¢) = [x(£)* w(t)*]*, immediately
yields (8.33). Finally, bearing in mind (8.29), we obtain

TFO,w) =" JF0,i,w)P(0(0) =i)

ieS
=-— Z E((x25(T); Pocryxzs(T)) (0 (0)=i})
ieS
T
X)Ly Xz5(1)
+ /0 > E <<[ o(®) ] L M), (P) [ ole) L= |dt  (8.37)
ieS
for any P € H"* independent of ¢, which is just (8.20). g

Notice that, in the same vein as (8.37), the preceding proposition yields

T¥ (x, w) = E((x; Poy(0)x)) — E((x(T); Pocry(T)x(T)))

+/TE (x(@); Py O)x(1)) + [x(t)} .M (P@)) [x(t)} "
0 S w(e) |* Mow w(r) :

(8.38)
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a fact that will be employed in the proof of the next proposition, which states that
the cost associated to any disturbance in L;(.Q, JF, P) and fixed initial conditions
can be uniformly bounded from above.

Proposition 8.7 Suppose that system (8.9) is internally MSS with ||L| < y.
Then there is h € (0,00) such that, for all T >0, x e R", i € S, and w €
L3(97 f’ Pi [03 T])’

TX (x,i,w) <hllxl? (8.39)

Proof Bearing in mind Lemma A.2, notice that there is X7 (1) = (XlT ®,..., X{, 1))
€ H"* that satisfies, for all t € [0, T'],

xXIo+T(XT0)+cici=0, xI(T)=0, (8.40)
along with a > 0 such that
|xF®|<a forallieS, te0,T]. (8.41)

Thus, letting P(r) = X7 (¢) in (8.38), we obtain that

T
TF (. w)=E((x: X§,(0)x)) + fo E({Uory (X" (1)) x(0); w(r))

+(w@®); Uy (XT (1)) x (1)) + (w(@); Vi,wn))dr, (8.42)

or, bearing in mind (8.12),
T
TE ( w) = TL O, w) + E((x: XE ©)x)) + /0 E (oo (X7 () 1003 w(o)

+{(w@); Up ey (XT (1)) "x2(1))) dt. (8.43)

Next, let us denote the zero extension of w to t > T as

w(), t=<T,

1) =
wo(t) {O, t>T,

so that, for any 0 < & < /y2 — ||IL||2,
T
77 0.0 = [ E(Luo] =y fun(o)])as
< [ E(Lun® = o) )

< (||L||2_y2)/0 E(|wo)]?) dr

IA

00 T
—¢’ / E(Jwo]*)dr =~ / E({few(0): ew(®))) dr.
0 0
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and thus, back to (8.43), we obtain:

T
JF (. w) < E((x: X§,(0)x)) —/0 E([ew(r); sew(®))
— (e Uy (XT (1)) "X (0); sw (D))
— (ew(®); e Upry (XT (1)) "2 (1))

e o (X7 O) i~ 6™ o (X7 0) i)
T
= E((x; XQTO(O)X)) +/0 E(e | Uy (XT (1)) “x2i(0) ||2
— ew@®) — & Up( (X (1)) “x2i(2) Hz)d’

T
< (e X 0) +7 [ E(Jtoio (X7 ) xa0) )
Bearing in mind (8.41) and (3.38), we thus obtain for a sufficiently large a that

TY (x, w) < (OsupT||XT(r) o ) 112
<t<

T
+e” ( sup max”XT(t)J +CI'L; ||) / E(||Xzi(f)||2)df

0<t<T !

o0
_ _9 /- 2 -
<allxI* + & (@I lmax + 1Cllmax I LlImax) /0 ae | x % dt

=hlxI? (8.44)

for h :=a + £ 2(al|J|lmax + |Cllmax | L|lmax)>@/b. Finally, bearing in mind (8.29)
and the fact that the right-hand side of (8.44) is independent of the distribution of
6o, we get (8.39). Il

In the following lemma we prove that, whenever system (8.9) is internally MSS
with ||L|| < y, then the second diagonal block of MY (P) in (8.17) is negative defi-
nite.

Proposition 8.8 Suppose that system (8.9) is internally MSS with |L|| < y. Then,
bearing in mind (8.18), we have that V¥ = (V! , ..., V}(,) <0inH".

Proof Assume, by contradiction, that there is ¢ € R” such that (¢; Vl-yfp) > « for
some i €S and a > 0. Also, for fixed T > 8§ > 0, consider w® = {w®(t);r e Rt} €
L5($2, F, P) given by

—pl -, 0=<r<$,
wi(r) .= Peo=i U=1= (8.45)

0 otherwise.
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Then, in the spirit of (8.42), if we introduce U := UXT (t)) with X7 (1) =
(XT @), ..., XL ) satisfying (8.40) for all ¢ € [0, T, it follows that
T
TX(0,i,w’) = / E (2Rexss(1); Uy w’ (1)) + (w’ (0); V], w’ @) |60 = i) di
0
)
Z/o E([_2Re<xzs(t)?u9(t)‘ﬂ>+(¢?Vg(z)¢)]1{9(t):i}|90zi)dt
)
2/0 E([—2Refxss(1): Uip) + o] Lig()=iy |60 = i) dt
)
> —2/0 E(|(xzs(0); Ui p)| Lo ty=iy |60 = i) dt

8
+a/ P(0(t) =il6p=i)dt
0

)
= =20l sup UK )]} [ E (] 1000160 = 1)

<r<

8
+a/ P(0(t) =il6p=i)dt
0
8
Z/O (=BE(|xzs®) |00 =1i) +aP(0(t) =il60 =1i))dt (8.46)

for some constant 8 > 0, similarly to (8.44) and due to the fact that 1¢; € {0, 1}.
However, since x,5(t) is continuous to the right of # = 0 with probability one, so that
lim; o P (x,5(t) = 0) = 1, and because of lim; o P(0(t) =i|6p =1) = 1, it follows
that the right-hand side of (8.46) is positive if we take § > 0 sufficiently small. But
this contradicts (8.39) in Proposition 8.7, from which we conclude that Viy <0 for
anyi €S.

Now consider 0 < & <y and y, 1= (y? — ¢ , so that ||L| <y, < y. Repeat-
ing the previous steps right from the start with y, in place of y, we conclude that
Viye =L7L; — (y2 —e2)1, <0foralli €S, so that

2y1/2

VI =LiLi —y*l, < —*1, <0 (8.47)
follows immediately. g

With the auxiliary results stated so far, we are now able to present the maximum
property of w j}/(x, i, w) in (8.28).

Lemma 8.9 Suppose that system (8.9) is internally MSS with ||L|| < y, and de-
note by PT the solution of (8.32) with VY in place of V. Then, for K¥ (PT) =
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(K] ®T), ..., K} ®T)) e H"" with
-1 .
K/'PH)=-(V")"uU:P" )", ies, (8.48)

the following statements are true.

(i) The feedback disturbance w.(t) := Kg(,) Px(t), t €10, T, is such that
TL(x i, wh) > T (x.i,w)  forallwe L5(2, F, P,[0,T]).  (8.49)
(ii) The associated maximal cost is given by
J7 (x.i,wh) = (x; P 0)x). (8.50)
Proof By Proposition 8.6 it is not difficult to verify that, for any P: [0, T] — H"*,
Tt (xsisw) = (x; PrO)x) — E((x(T); Pocry(T)x(T))|60 = i)
+ /OT ((e@); Zg, (PD)x (1)) = ¥y, (P®)) |60 = i) dr,  (8.51)
where, for all i € S,
zZ(P()) = Pi(t) + Ti(P(1)) + CCi = U; (P(t))(Vl?’)_ll/{i (P1))"
and
vl (P(@) :=(w@) — K] (P)x@); (—V]) (w() — K] (P@®))x(1))).

But since the cost associated to some set of arguments is, by its very definition, inde-
pendent of any particular choice on P, we may consider (8.51) with P (the solution
of (8.32) with R = V?) in place of P. Thus, since Z! (P”) =0 and P7(T) =0, it
follows that (bearing in mind Proposition 8.8)

T
TIF (i w) = (x5 P (0)x) —/0 E(%),(P")|60 =i)dt < (x; P (0)x),

and equality holds whenever w(t) = w; (t) = Kg([) PT(1)x(t) for all € (0, T),
from which (i) and (ii) follow immediately. U

Finally, the following proposition guarantees the validity of Lemma 8.4.

Proposition 8.10 Suppose that system (8.9) is internally MSS with |L|| < y, and
let PT : [0, T] — H™ denote the solution of (8.32) with V = V. Then the following

Statements are true:

(1) There exists h € (0, 00), independent of T, such that

0<Pl(t)y<hl, forall0<t<T,i€S. (8.52)
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(i) Forevery 0 < T<Tandic S, we have
Pty < PT(t) forany0<t<T. (8.53)
(iii) There is P € H"" such that, for every t,f € RT,
P= lim P’ ()= lim P7(7). (8.54)
T— 00 T— 00
Moreover, P satisfies (8.21).

Proof In this proof we benefit from the optimality result obtained in Lemma 8.9.
First notice that, for any x e R”,i € S,and 0 <t < T, we have

(: PP ox)=(x: P Ox) =T, (x. i wh_,)

T—t 2
ij[,(X,i,O)zfo E(||z()|" |60 =1i)ds
>0,

in addition to

(; PT1 O x) = T, (x. i, wh_,) < hllxI1* = (x: (k1))

due to (8.39) in Proposition 8.7, which immediately yields the validity of (i).
To prove (ii), consider w = {w(s); s € RT} in L5(82, F, P) given by

y -
w. (s), 0<s<T—t,
w(s) = 7 )
otherwise.

Then, forany x e R",i € S,and 0 <t < T < T, we have that

(G P ox) =06 P Ox)=T7, (x. i w] )
T—t

2JTV_,(x,i,ﬁ))=J%’_t(x,i,w;_t)+/f E(|z)]*|6o =) ds
—t

=J7 (i wi ) =(x; PT0)x),

from which (ii) follows.
Finally, for any given ¢, 7 € RT, we have

lim PT(t)= lim P'~"(0)= lim P/~'(0)= lim P(0), (8.55)
T— 00 T— 00 T— 00 T—o00

for each i € S. The existence of the limit P; := limy_, o P,.T (0) is then a conse-
quence of (i), (ii), and Lemma 2.17 (p. 24). O
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8.4 The H, Control Problem

In this section, for given A = (Ay,...,Ay) e H", B=(By,...,By) e H™"", J =
Ji,...,Jy) e ™", C = (Cy,...,Cy) e H*?, D = (Dy,...,Dy) e H"P, L =
(Li,...,Ly) e "’ H=(H,...,Hy) e H"?, and G = (Gy,...,Gy) € H",
we study the control system

x(t) = Agnx () + Boyu () + Joyw(1),
Gu =1 y(t) = Hy)x(t) + Goryw(t), (8.56)
z2(t) = Conyx (t) + Doryu(t) + Lonyw(?),

where x = {x(1); € R*} in R” denotes the state, w = {w(t);t € RT} € L(2, F,
P) is a finite-energy stochastic disturbance affecting the system, y = {y(¢); t € R™}
in IRY is the measured output, and z = {z(#); t € RT} in R” is the system’s controlled
output. The initial condition Yo = (xg, fy) satisfies E [lIx0]12] < oo with arbitrary
distribution v = {v;, i € S} for 6.

Following the same lines of the preliminary problem addressed in the preceding
section, the objective of the control signal will be to stabilize the system, while at
the same time guaranteeing that the worst-case energy gain of the channel w —
z is smaller than a prespecified level. Analogously to (8.15), such a performance
measure will correspond to the quantity

L w2

L) = sup{—
lwl2

swe Ly(2,F, P), ||w||2750}, (8.57)
in which L% : w(7) > C gl(t)xcl(t) + Lgl(t)w(t) stands for the input—output map of

the closed-loop system (8.7), when x¢)(0) is set to zero. Our starting point here is
the following consequence of Lemma 8.2.

Corollary 8.11 Given y > 0, the closed-loop system (with x¢) in R"<)

go_ | 0= Ay xer (1) + T o),
w =
2(t) = Cfpyxar (1) + L w(t)

is internally MSS as in Definition 8.1, with |G|l oo = LS|l < y, if and only if there
isP=(Py,..., Py) > 0inH" such that the LMIs

(AH*P; + P AS + 27:1 MjPp PIS(CEY

are satisfied for all i € S.
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For later use, let us introduce the notation

o[22 5 12 » 412 o 172 o
Ri® =R . A R AC R ATR] 859)

together with D : H" — H®Y=Dn  which maps R = (Ry,...,Ry) € H" into
DR) = (Di(R),...,Dy(R)), with

’Dl(R) 2=diag(R1,...,Rl'_l,Ri_H,...RN), ied. (860)

8.5 Static State Feedback

In the static state feedback scenario, we assume that H; = I, and L; = 0 for every
i € S, so that system (8.56) becomes

{X(I)=A9(z)x(t)+Ba(z)u(t)+10(z)w(t), 8.61)
u = .
z(t) = Coryx(t) + Dyryu(t) + Lgnyw(t),
with y(¢#) = x(¢). The control law of interest in this case is such as

u(t) = Foryx (1), (8.62)

which, when plugged in (8.61), provides us with the closed-loop system of the form

. { 3(1) = (Apy + Bocry Fon)x (1) + Jooyw (), (8.63)

z2(t) = (Cor) + Doy For))x(t) + Loyw(?).

In this case, we have the following result (in what follows, we recall from Chap. 2
that for a square matrix U, Her(U) = U + U™).

Theorem 8.12 Given y > 0, there is a controller such as (8.62) which guarantees
that system (8.63) is internally MSS with ||g£||oo < vy, if and only if there are R =
(Ri,....,RN)>0inH" and W = (Wy, ..., Wy) € "™, such that

Her(A;R; + GiWi) +AiiRi  Ji  (CiRi + DiW;)*  Ri(R)
I —v1 L 0
CiR; + D;W; L; —vIp 0
Ri(R)* 0 0 -D;i(R)

<0 (8.64)

forall i € S. Moreover, one such controller is given by u(t) = Wg(,)Re_(})x(t).

Proof By Corollary 8.11, there is a controller of the form (8.62) if and only if there
are P=(P;,...,Py)>0in H" and F = (Fy, ..., Fy) € H"™ such that, for all
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ie€S,
(Ai + BiF;))*Pi+ Pi(Ai + BiFy)) + Y0 Lij P Pidi (Ci+ DiFy)*
JEP; -y, L? <0,
Ci+ D F; L; -y,
—1

-1 00
which, whenever pre- and post-multiplied by |: 0 I 0:|, yields
0 01

[Her(A; Ri + BiW;) + Y0 MijRiR;'Ri i (GiRi + D;W)*

0> Jr -yl L}
| CiR; + D;W; L; —ylI
[Her(A; R; + B;W;) + Aii R; * *

= Jr —yl %
CiR; + D; W; L; —yl
Ri(R) RiR)*]"
+| 0o [D®7'| o0 ,
0 0

in which R; := Pl._l, Wi = F,-Pl._1 for all such i. Thus, the result follows easily
from Schur complements (Lemma 2.26). Il

8.6 Dynamic Output Feedback

In this section we consider again the controlled MJLS (8.56) but, in this case, with
dynamic compensators given as

{?m = Ap(nX(t) + Boyy(0),
(8.65)

u(t) = Coyx(1) 4+ Doy y (1),

with X(0) = Xy. We restrict our attention to full-order controllers, i.e., ones such that
X ={x(t);t € Rt} takes values in R” and thus has the same number of entries as
the state of the to-be-controlled system.

Letting v(z) := [x(¢)* X(¢)*]*, it follows that the closed-loop of (8.56) and (8.65)
is of the form

w

c { V(1) =Ty V(t) +Ypryw(t), (8.66)

z2(t) = Agry V(1) + Poryw(2),
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with v(0) = (xo, Xo) € R?", with the closed-loop data given by

roo A +ABi5iHi B,@ v — | i +ABi5iGi
! Bi Hi A,’ ’ ! Bi G[ ’ (867)
A;=[Ci +D;DiH; D;Ci]. ®; = L; + D; D;G;.
Equivalently, if we define
_ (n+r),(n+m) _ A\i E .
K=K,...,Ky)eH , Ki= ¢ D ,I1ES, (8.68)
1 1
then it also follows that
It =A; +B; KiH;, ¥; =J; + B;K;G;,
(8.69)
Ai=C; +DiKiH;, @i =L; +D;K,;Gi,
with
A; 0 |J; |0 B;
A J; B o 0,101, O
C;, L Dj|=|C 0 |L;|0 D (8.70)
H G = 0O I, 1|0 N
H 0 |G;

8.6.1 Main Results

In this subsection we present the main results for the dynamic output feedback
H, control problem. The first main result will show that the existence of inter-
nally stabilizing controllers such as (8.65), which guarantee a desired performance
||g§||oo < y for the closed-loop system (8.60), is equivalent to the feasibility of
the coupled LMIs problem (in what follows, we recall from Chap. 2 that " and R
represent respectively the kernel and the range of a matrix):
A;“Xi—i—X,'A,'—i—Zj.V:lAUXj X J; C*

1

T*X; —yl,  LF | <0
C; L; vy
on N[H; Gi 0g4xp], (8.71a)
YiA;‘-l-A,'Yi-i—)»i,'Y,‘ J; Y,'Ci* Ri(Y)
Ji* _)/Ir L;k 0
CiY; L. -y, o |=9°
Ri(Y)* 0 0 —DiY)

OHN[BI'* Opxr Df Oan(Nfl)]a (8.71b)

1
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X; I
[1 Yl}>0 8.71¢)

for i € S, or, alternatively, to the feasibility of the LMIs

[Her(X;A; + U; H;) + Z?[:l AijXj * *
X;Ji +U;G)* -y, * <0, (8.72a)
| C;+ D;W; H; L;+ D,W;G; _le
[Her(A;Y; + Bi Vi) + i Vi * * *
(Ji + BiW;Gj)* =y * *
0, (8.72b
CiYi+ H;V, L; + D;W;G; =y * = ( )
Ri(Y)* 0 0 =Di(Y)
(X, 1
b Yi:| - 0. (8.72¢)

The precise result, to be proved in Sect. 8.6.2, is as follows.

Theorem 8.13 Given y > 0, the following statements are equivalent:

(i) There exists a dynamic compensator IC such as (8.65)—(8.68) for which system
(8.66) is internally MSS with ||GX oo < .
(ii) There exist X = (X1,..., Xny) e H" and Y = (Y1,...,YyN) € H" such that
(8.712)—(8.71c) is satisfied for all i € S.
(iii) There exist suitable X = (X1,...,Xny) e H", Y = (Yy,...,Yy) e H}, U=
Ui,...,Uy) e H4", V=(Vy,...,Vy) e H"", and W = (W, ..., Wy) €
H9-™ such that (8.72a)—(8.72c¢) is satisfied for alli € S.

Moreover, given any X, Y satisfying (i), there always exist suitable U, V, and W
such that (iii) is satisfied.

In addition, notice that, due to Finsler’s lemma (see [49, Chap. 2]), we may
rewrite the projection constraints in (8.71a)—(8.71c) as follows.

Corollary 8.14 Given y > 0, there exists a dynamic compensator K such as (8.65)—
(8.68) for which system (8.66) is internally MSS with || gu’§ loo <y if and only if there
areX=(X1,...,Xy)andY = (Y1, ..., Yn) in H", together witha = (1, ..., an)
and B=(B1,...,BN) in H!, such that, for alli € S, the LMIs

A;kXi+XiAi+Zj-v:1 )\.,’ij +aiHi*Hi * *
Ji*Xi —i—OliG;kGi ot,-G;"G,- —vyl, * <0,
G L; —vIp
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[YiA¥+ A;Y; + AiYi + BiBiBf % * *
Jr —yl, * * <0
CiYi + BiD; B} Li BiDiDf—vyl, * ’
R (Y)* 0 0 —D;(Y)
(8.73b)
Xoo I 0, a; <0, Bi <0, (8.73¢)
1Y

are satisfied.

The second main result is related to the design of full-order compensators and
reads as follows (the proof will be presented in Sect. 8.6.3):

Theorem 8.15 Given y > 0, suppose that suitable X, Y, U, V, and W satisfying
the conditions of Theorem 8.13 may be found. Then, bearing in mind (8.68), the

following full-order dynamic controller guarantees that internal MSS of the closed-
loop system (8.60) is achieved along with ||g{§ loo < ¥:

- ) » )
A =—(¥"" = X)) | Xi(AYi + BiV) + (Ui — X; B;W) HiY; + AT

N
+ Zkin;IYi +y ICHCiYi + DiVy) + [ Xi Ji + UiGi + y ' CF Li]
j=1

T - = —

X (yI—y 'LILi) " [Ji+y " CiYi+ DV Li]" v, (8.74)
Bi= (v = X;) 7 (Wi — Xi BiWy). (8.75)
Ci=(V; —WiH, Y)Y, (8.76)
D, =W, (8.77)

where, foralli € S,

Ai J_l - Ai i B;
[@ Zz} '_[Ci LJJF[DJW"[HI Gil. (8.78)

8.6.2 Analysis of Dynamic Controllers

Our objective in this subsection is to prove Theorem 8.13. In addition to (8.68)—
(8.70), we use the following notation:
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A;-kPi + PA; + Zy:l )‘ij Pj P;J; C;k

P 0 0
M; = JiP; —yl, LY |, Pi=|0 I 0
c: [ 0 05
Bi =[Bf Omtmxr D}], Hi=[Hi Gi Outq)xp].
from which it is not difficult to check that (8.58) becomes
M; + BiP)*KiHi + Hi K] (BiPi) <O. (8.79)

In order to proceed further, the following auxiliary result, commonly known as
the projection or elimination lemma, will be necessary (see, for instance, [163] or
[49, Chap. 2]).

Lemma 8.16 Given M = (M, ..., My) e H")* @ = (£24,...,2y) € H"n,

and E = (&8q,..., Enx) e H'"" [ there is IK= (K1, ..., Ky) in H" " satisfying
M+ QK8+ EfK]$2; <0, i€S, (8.80)
if and only if
M; <0 onN(E)UN(L2) (8.81)

is also satisfied for all i € S.

The importance of Lemma 8.16 is due to the fact that it allows us to remove the
controller parameters from (8.79). As a consequence, we have the following result.

Proposition 8.17 Given y > 0, there exists a dynamic compensator IC such as
(8.65)—(8.68) for which system (8.60) is internally MSS with ||Ql’f||oo <y if and
only if there is P = (Py, ..., Py) > 0 in H" such that

M; <0 onNH)) (8.82)

and
PIMPT <0 on N(B) (8.83)

are satisfied for all i € S.

Proof (Necessity) Assume the existence of such /C. Then, by Corollary 8.11, there
must exist P such that (8.79) is satisfied. By Lemma 8.16, (8.82) is just a conse-
quence of this fact, which also implies that

y¥M;yi <0 whenever B;P;y; =0 for y; € R* TP, (8.84)
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Now notice that the linear map N (B;P;) > yi = P;yi = x; € N'(B;) is a bijection
between N (B; P;) and N'(B;). Thus, (8.84) holds if and only if, for all i € S,
(Pflx,-)*/\/l,-(P*lxi) <0 whenever Bjx; =0, (8.85)

1 1

which is just (8.83).

(Sufficiency) Since (8.84) is equivalent to (8.83) holding for all i € S, it follows
that the existence of such P > 0 in H?* guarantees (again from Lemma 8.16) that
there is /C such that (8.79) is satisfied, from which the result follows. Il

At this point, we are able to prove that the feasibility of (8.71a)—(8.71c) for all

i =1,..., N guarantees the existence of a suitable H,, controller such as (8.65)—
(8.68). In order to do so, let us consider the following parameterization of P:
X; Y7 —Xx;
P = ! ! i, ies. 8.86
' [YFI—XI‘ Xi—Yfl] l (©5

Lemma 8.18 Given y > 0, there exists a dynamic compensator IC such as (8.65)—
(8.68) for which system (8.66) is internally MSS with ||g{5||<>o < y whenever there
are X=(X1,...,Xn) and Y = (Y1,...,Yy) in H" such that (8.71a)—(8.71c¢) is
satisfied for every i € S.

Proof The idea behind the proof is that, if P is chosen as in (8.86), then (8.82)
reduces to (8.71a), and (8.83) reduces to (8.71b). Additionally, from Schur comple-
ments (8.71c) implies X — Y~1>0,so0itcanbe easily shown that P = (P, ..., Py)
in (8.86) is positive definite.

In fact, notice that A/ (#;) may be written

Ay 0O

G _n[0 B0 0] 00,
NHi G 0(n+q)Xp]—N[Hi 0 G; qup}_R Ay 0
0o I,

whenever N[H; G;] = R[A]:: |- Thus, bearing in mind that P;A; is of the form

A
[Xi*Ai *]. we have that (8.82) is equivalent to

= *

[A;; O _A;kX,'—i-X,'A,'—‘,-Z;v:l Aij X ox o Xid; Ci* Ay 0

0> 0 0 * * * * 0 0

Ari O JrX; * —yl, L} Az 0

Lo 1] L G * L =yl 0 1
Ay 01" _A;"X,'—i-X,'A,‘—i-Z;V:l)\inj X J; Ci* Ay 0O

=|42 0 JEXi -yl L} Az 0],
L0 I [ C; Ly -y, 0 1
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from which (8.71a) follows. As for (8.83), we have that, letting S; := Pl._1 and
bearing in mind the notation at the beginning of this subsection,

1 o[ as+ Y hSiSTls di Sicr
PrIMP = Jk —yl L}
CiS; L; —yl

Also, notice that N'(B;) may be written

®; 0
N(Bl):N[BT 0(n+m)><r DT]ZR 0 Ir
®; 0
with
A O 0
@li _ * *] __ 0 In 0 _
R[@zi]_N[Bi Di]_N[BEk 0 Df =R OO Ol
&y 0

in which R[ g; ] = N[B; D;]. Finally, due to the fact that (8.86) implies

S__|:Yi Y; ]
PR D ARl

it follows that (8.83) reduces to

e; 07" AiYi+nA;<+ZjV:1,\,-jYin—1Y,- x Ji YCY
0> 0 0 * * * *
0 I Jx * —yl, L}
& 0 CiY; x L —vlip
®; 0
y 0 0
0o I
®y 0
O, 071" AiYi+YiA}k+Zy:1)xinin_lYi Ji Y.Cr
=0 I Jr -yl L}
@21' 0 Ci Y,' L,' —)/Ip
®; 0
x| 0 I.],
®y 0
which, from Schur complements, is simply (8.71b). 0

The following result states that, in order to exist a controller such as the one from
the preceding lemma, it is necessary that (8.72a)—(8.72c) be feasible for eachi € S.
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Lemma 8.19 Given y > 0, suppose that there is a dynamic compensator IC such as
(8.65)—(8.68) for which system (8.66) is internally MSS with ||QZE||O<> < y. Then
there exist X = (X1,...,Xy) and Y = (Y1,...,Yy) in H", together with U =
(U], ey UN) S Hq,n’ V= (V], ey VN) S H"’m, and W = (W], ey WN) (S Hq,m’
such that (8.72a)—(8.72c) is satisfied for all i € S.

Proof By the hypothesis there must exist P = (Py,..., Py) > 0 in H*" satisfy-
ing (8.58) for every i € S. For later use, let us write such P and its inverse,

S=(S1,...,Sn) > 0, in the following compatible form:
| X X; | ¥ Yi
P; = |:Xz* Xi:| , S; = |:Yi* Yi:| . (8.87)

Introducing now Z = [0, I,], let us make explicit the affine dependence of I'; on
Al'i
. [Ai+B;DiH; BiCi 0p O f_ = %

I;= [ B.H + Y A +TA;L. (8.88)
Next, define J = [I, 0,]* and notice that N'(diag(J, I,, I,)) = {0}, so uni-
form definiteness is preserved under application of the congruence transformation
diag(7*, I, Ip)(-)diag(J, I, I,,) on (8.58). Moreover, since ZJ = 0, the hypothesis
yields

j*(g;kPi + P,»Ki + Z;'Vzl )Lij Pj)j J* P, j*A;k
wrP3 vl @ | <o (8.89)
Aij @l‘ —)/]p

Hence, by defining W; := 51- and U; := X;B;W; + 5(2-1; and performing the indi-
cated calculations, the equivalence between (8.89) and (8.72a) follows immediately.
Proceeding further, we have from (8.58) that

S 0 O)[I7P+PL+Y 6P PW A
0> 10 v P -yl @}
0 7 A ¢ —vlp

i Si + iﬂ*+27:1)\ijsis;lsi U SiAT

= lI/l.* —)/Ir oF s
A S; D; —vip
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so that from Schur complements (Lemma 2.26) we have that

LS+ ST +0Y: W SiAT RiS)*

W —yl, @} 0
AS; & -y, o |=°
Ri(S) 0 0 —Di(S)

is always satisfied. Thus, since NV (J) = {0}, it follows that

0 0 O ||[LSi+SiTF+rYs ¥ 547 Ri(SF

0 I, 0 0 W —yl,  @F 0

0 0 Ip 9 Al'Si (Di —)/Ip 0

o 0 o J* Ri(S) 0 0 —D;(S)
J 0 0 O

o 0O I, 0 O -0
00 1, of <%
0o 0 0 7

in which J = diag(J, ..., 7). Finally, letting V; := W; H;Y; + C;Y* and bearing in
mind that 3*[ ) *]3 = (), (8.72b) follows immediately.

To complete the proof, notice that X i, I €S, may be assumed invertible with-
out loss of generality. In fact, given any admissible P > 0 in H>**, just per-
turb it to Q > 0 in H***, with Q; = [%; %’] for all i € S, in such a way that
7= (21, e, Zv) is invertible and (8.58) continues to hold with Q in place of P. In
light of this,! we have that

o-l! 0 s [! Y; C[xio1
v, X X7']Tl0 -X7'Xvi |1y

1 1

for all i € S, from which the result follows. O

We can now present the proof of the main full-order analysis result, Theo-
rem 8.13, as follows.

Proof of Theorem 8.13 First, assume that (ii) holds. Then Lemma 8.18 guarantees
that (i) is satisfied. Next, notice that (i) yields (iii) according to Lemma 8.19 (the
fact that such X and Y satisfying (iii) may be chosen by (ii) will be proved last).
Thus, it remains only to prove (iii) = (ii).

Assume that (iii) is true. Since (8.71c) and (8.72c) are the same, it suffices to
prove that such X, Y satisfy (8.71a) and (8.71b), respectively. We have that (8.72a)

UIf, for a given y > 0, (8.58) has a solution, then its feasible set is open. Hence, there always exists
Q > 0 that is arbitrarily close to P in H?"*.
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may be written

A?X,'—i—X,‘A,'-I—Z;V:l)»l'J'Xj X;Ji Cf

JIXi -yl L}
Ci Li =yl
I 0 o'[us
+10 1 0 0 |[Hi Gi 0]
00 D;k W;
ul'fr o o
+[H;, G; o'l o| [0 I O|<0
W; 0 0 Dr

Analogously, (8.72b) is equivalent to
AYi A YViAT+ 0 VY Ye T G

J* —yl L}

CiY;i Li =yl

1

I 0 0
+[Bf 0 Di'[Vi Wi 0]|0 G; ©
0 0 I

I 0 0"
+|0 G of [Vi W; O]"[Bf O Df]<0
0 0 I
‘We further have that
I 0 0 0 I 0 0 0
Nlo 1T o0|=R| 0 |, N0 G 0|=R|6Og |, (890)
0 0 D Op+ 0 0 I 0

i

for some adequate & Dy and ®g, . These facts, along with Lemma 8.16, lead to the
fulfillment of statement (ii).

Finally, let us prove that any X and Y satisfying (ii) may be fed into (iii) and
suitable U, V, and W will always exist. In fact, just assume that (ii) holds. Then
(@) follows, and Lemma 8.19 guarantees that W; = 55, U, = X;B;iW; + (Yi_l —
X,-)E, and V; = W; H;Y; + a Y; are such that (8.72a)—(8.72c) is altogether satisfied,
completing the proof. U

8.6.3 Synthesis of Dynamic Controllers

The purpose of this subsection is to prove Theorem 8.15.
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Proof of Theorem 8.15 From the hypothesis, (8.79) must be satisfied by some IC as
in (8.68) if P = (Pq, ..., Py) is chosen as

. Sy, 3
Pl:[y_lx'x ; Y)_ﬂ _. [5 iﬁ(] ies. (8.91)
i — A i — 4 14

Moreover, from Lemma 8.19 we have that U= (Uy,...,Uy), V= (Vi,..., V),
and W = (Wq, ..., Wy) are related to the controller matrices, as well as to P;, ac-
cording to

Ui = X;BiW; + X; B, Vi=W;HY; + ;Y.  W;=D;,

which, in accordance with (8.87) and (8.91), yields (8.75), (8.76), and (8.77). Thus,
it remains only to explicitly present ;\\, for each i € S in order to solve the LMIs
problem (8.58); for easiness of notation, let us write Z; = ;4\,-. From Schur comple-
ments (Lemma 2.26) we have that this holds true whenever Z = (Z1, ..., Zy) € H"
satisfies

Qi + PiI*ZiI—{-I*Zl-*IPi <0, ieS, (8.92)
where Z = [0,, I,,], and
N
Qi:=AfP+PA +) 1ijPi+v 'C/C
j=1
-~ R O R e _1 -~ R
+(PJi +y 'CIL) (I — y'LIL) (JF P4y 'LIC)

with Zi defined as in (8.88). Since such Z is guaranteed to exist, we have along the
same lines of Proposition 8.17 that

Qi <0 onN(T) (8.93)

and
PT'QiPT <0 on N(Z) (8.94)

must be satisfied for all i € S. Also notice that, due to (8.91), the inverse of P; is

such as
-l _ |V Y .
Si =P, _|:Yi *i|, ied.

Thus, because of N'(Z) = R[ (1)2 ], we have, by writing down

_[2 27 ino. 0 5 cn®
Ql - [Q;{: Q[:| Wlth le Ql’ Ql GB(R )

for each i € S that (8.93) and (8.94) are respectively equivalent to

Wi <0, ieS, (8.95)
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and
0>[1 0] [Y; ;} [@i é’} [Y; *’} [0] =Y;{Qi+ Qi + O + 0}V
so that
Qi +0i+0;+0: <0, i€S. (8.96)
Proceeding further, notice that

PI*Z; T+ I*Zl-*IPj

_ 0 ¥ - Xz
Lz -xn XY hZi+ ZrG -

_[1 OH 0 (Yi_l—X,')Z,}[I —1}
T Iz - Xy 0 0o I/

Hence, due to the fact that

A

0 I |0 1|
we have that Z; may be entirely removed of the main diagonal blocks of (8.92) by
applying the inverse transformation:

I 0 Tk 7 * kT . I 1| _ 0 (Yi_l—X,')Z,'
[1 l} (AT ZI+I Z"IPZ)[O 1]_[22*(2-‘1—&) 0 '

Also, we have
|:I O]Q.[l 1]:[ i Qi + Qi N]
I 1|~"0 I Qi+0f Q0i+Qi+0+0i]|’
so that (8.92) is equivalent to

[ Qi Qi+§i+(yi_l = Xi)Zi

—~ _ ~ i <0, i[eS.
Qi+ 0+ Z: (Y = X)) Q,»+Ql-+Q;*+Qi]

Hence, bearing in mind (8.95)—(8.96), it follows that

A;

Zi=—(v7' = x:) "'+ 00 (8.97)
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yields the desired result. In order to see that this is simply (8.74), first notice that

~ 1 _ X;  ¥Y7'—X;][A +B;DiH; B;C[I
[[ O]PlAz |:I:|_[I 0] |:Yil_Xi Xi_Yili||: BiHi 0 i||:1:|

71/\

=X;A; + {X,’B,‘ﬁ,‘ + (Yi_l — X,') B,'}H,‘ +X,‘B,‘6,'
= X;A; +U;H; +X,'B,'6,'

= X,‘Ai + (Ui - XiBiWi)Hi +XiBl'Vl'Yi_l’ (898)
Tk I N * %) * Y'il Ay —1
[1 O] AP | | =[Ai + BiDiHy*  (BiHp*]| " | =Afy7, (8.99)
and
I y;! -1
(r olp, Hz[z 0][ ; }:yj . (8.100)

Similarly, bearing in mind that C;:=C;+ D;W;H; =C; + D; 5,~ H;, we have
~~ 1 - ~ ~
[I O] Ci*C,' |:I] = C;k(Ci + D;D;H; + D;C;)
=C}(CiYi + DiVi)Y . (8.101)
Finally,

[I 0] P,‘j; =X;Ji + {X,‘Biﬁi + (Yi_l — X,‘)E}Gi =X;Ji+U;G;, (8.102)
[I 0]C/Li=CiL;, (8.103)

A _ _Ty-11 -
@HB}qm mmﬂn}zBWﬂ, (8.104)

-~

~ |1 = ~ ~ - _
L¥C; |:I] = L;’((Ci + D;D;H; + D;C;) = L;’((CiYi + D; V)Y, L (8.105)

1

Hence, (8.74) follows from (8.97) by noticing that Q; + @,- =[70]Q; [ 5 ] O

8.6.4 H, Analysis and Synthesis Algorithms

As a consequence of Theorem 8.13, the existence of internally stabilizing dynamic
controllers such as (8.65)—(8.68) that guarantee a desired level of Hy, performance
for system (8.66) can be characterized by means of the following algorithm.
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Algorithm 8.20 Given y > 0, the existence of a dynamic controller K such as
(8.65)—(8.68) for which system (8.66) is internally MSS with ||Qu’§||oo < y is guar-
anteed by solving any one of the following convex feasibility problems:

e;: Find X=(Xq,....,Xn), Y={1,....,YNy) e H", U= (Uy,...,Uy) € H?",
V=(V1,...,Vy) e H*"™, and W = (Wy, ..., Wy) € H?"™ such that (8.72a)—
(8.72¢) is satisfied for all i € S;

ey: Find X = (Xy,...,Xn), Y=(Yq,...,Yy) € H"™ such that (8.71a)-(8.71c¢) is
satisfied for every i = 1, ..., N; alternatively, solve the LMIs in Corollary 8.14
foralli € S.

On the other hand, whenever it may be proved that either of these problems does
not have a solution, then such a compensator does not exist at all.

The next algorithm provides one possible way of computing a full-order con-
troller such as the one presented in Theorem 8.15.

Algorithm 8.21 (Two-step design procedure) Given y > 0, a controller /C such as
(8.65)—(8.68) that internally stabilizes system (8.66) in the mean-square sense with
||g§ loc <y may be designed according to Theorem 8.15 by the following steps:

d;: Solve the existence problem by means of e; in Algorithm 8.20;
< If such a solution cannot be found, then stop.

dz: With X, Y, U, V,and W from the previous step, design a compensator by means
of relations (8.74)—(8.75).

Looking back at Theorem 8.13, it is possible to propose the following alterna-
tive to Algorithm 8.21. The main advantage here is that the existence of solutions
depends on the feasibility of a problem of relatively smaller dimension.

Algorithm 8.22 (Three-step design procedure) Given y > 0, a controller K such
as (8.65)—(8.68) which internally stabilizes system (8.66) in the mean-square sense
with ||g§||oo < y may be designed according to Theorem 8.15 by the following
steps:

Dj: Solve the existence problem by means of e; in Algorithm 8.20;
< If such a solution cannot be found, then stop.

D,: With X and Y from the above step, find U = (Uy,...,Uy) € H?", V =
Vi,...,Vy) e "™ and W = (W, ..., Wy) € H?™ such that (8.72a) and
(8.72b) are satisfied (due to Theorem 8.13, there is always a solution to this
problem);

D3: With X, Y, U, V, and W obtained from the previous steps, design a compen-
sator by means of relations (8.74)—(8.75).
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8.7 Historical Remarks

The historical foundations of Hy, control were laid out in 1981 by G. Zames with
the paper [314]. The fundamental concepts that emerged in this paper, however, can
be traced back to his doctoral dissertation [313] in 1960, when the interconnection of
two systems was considered. Part of the appeal of Hy, control methods is certainly
due to their connection with various topics in systems theory. Some of these include
minimum entropy problems, risk sensitive control, differential games, dissipativity
theory, model reduction, and many others. A research area strongly related to Hoo
control and of particular interest in the next chapter is the robust control methods.

As far as the authors are aware of, the study of H, control of MJLS was initiated
in [157] (see also [104]), for the continuous-time case and in [158] for the discrete-
time case. A seminal reference for the discrete-time case is [73], which considers
the Markov chain with countably infinite state space. Before the end of the 1990
decade, a fairly expressive number of papers had been published, including [47,
122, 236-238, 247, 256]. The literature which came up ever since has proven so
rich that it is by now virtually impossible to list all the works dealing with the Hy,
control of MJLS. Some academic applications of Hy, control methods in the MJLS
context include but, of course, are not limited to: [261-263] in robotics; [101, 266]
in aeronautics; [1, 2, 254] in networked systems.

The main sources for this chapter were, essentially, [278, 279].



Chapter 9
Design Techniques

9.1 Outline of the Chapter

In this chapter we present some design techniques expressed as linear matrix in-
equalities optimization problems for continuous-time MJLS. The LMIs paradigm
offers a flexible and efficient framework to computational applications for which
many powerful numerical packages exist. The interest here is in robust H, and
mixed Hz/Hoso control (Sect. 9.4) and in the stationary robust linear filtering prob-
lem (Sect. 9.5). In Chap. 10 the use of these techniques is illustrated through some
problems in the fields of robotics, economic modeling, and stationary filtering.

9.2 Stability Radius

In applications of Markov jump linear systems, one is faced with the nontrivial task
of ascribing adequate values to the parameters that define the system. Thus, it is
of germane interest to investigate whether qualitative properties of the system of
interest should be preserved if these values are not sufficiently accurate. In addition
to this kind of modeling error, parametric uncertainty may also come up due to
linearization, aging of components, or slow time dependence, for instance.

In this section we shall present a preliminary study on this problem that concerns
the preservation of mean-square stability. We study the robustness of system (3.1)
under the following assumption, which will be carried throughout.

Assumption 9.1 System (3.1) is mean-square stable as in Definition 3.2.

Our interest lies on the following perturbed version of system (3.1):
x(1) = (Ao + Eoy Do) Foy)x (1), .1
in which, for a prespecified o > 0, the constraint

A=(A1,....,4AN), [Allmax <« .2)

O.L.V. Costa et al., Continuous-Time Markov Jump Linear Systems, 183
Probability and Its Applications, DOI 10.1007/978-3-642-34100-7_9,
© Springer-Verlag Berlin Heidelberg 2013
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must be satisfied for given A = (Ay,...,Ay) e H", E = (Ey,..., Ey) € H"",
and F = (Fy, ..., Fy) € ™"/ It should be noted that (9.2) comprises parametric
disturbances that are not necessarily small (because « is not so assumed), so that
classical parametric sensitivity techniques are not an alternative.

The robustness measure we study in this section corresponds to the infimal o for
which there is one A that destabilizes system (9.1) in the MSS sense. According
to whether or not A is constrained to H"/-", we shall refer to real and complex
stability radii, whose proper definition is as follows.

Definition 9.2 The stability radii of system (9.1) are defined as

Ir = inf{a, s.t. (9.1) is not MSS for some A € Hp as in (9.2)}, (9.3)

ny,ne

where either IF = R (for which Hy = H"/"¢) or F = C (and H¢ =Hg ™).

Remark 9.3 1t should be noted that the complex stability radius is tacitly dependent
on A, E, F, and I1. For convenience, bearing in mind that such data are assumed
known a priori, this dependence is omitted in Definition 9.2.

Remark 9.4 It is also important to mention that the real/complex terminology is
entirely independent of whether the system data (i.e., A, E, F) takes on real or
complex values. In other words, a stable system whose a priori given parameters
are real has both, real and complex, radii. The literature which came up in the last
25 years has shown, however, that computing the real stability radius is far more
difficult than obtaining the complex radius. This is further discussed in Sect. 9.6.

The set of admissible disturbances in (9.2) can carry much more structure in ap-
plications. Block-diagonal real perturbations, for instance, are of great interest in
many scenarios. However, dealing with structured disturbances is in general very
difficult, and the advent of p-values has not yet been proposed in the MJLS lit-
erature. Our objective throughout this section will consist on deriving easily com-
putable bounds for stability radii, for norm-bounded but otherwise unconstrained A
asin (9.2).

As shown next, a lower bound for stability radii is given by the feasibility of the
LMIs

|:77(P) +a?s;F*F; PE;

ErP, —Si1:|<0’ Pi>0. ie$, 0.4

or, alternatively,

[ﬁ,- Q) +ao’s;E;Ef Q;FF

F0: _Sili|<07 0;,>0, ieS. 9.5)

The precise result is as follows.
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Theorem 9.5 The stability radii of system (9.1) satisfy
max{p. p*} <rc <ra, 9.6)
where, by definition,
o= sup{a; 9.4) isfeasible}, pr = sup{a; 9.5) isfeasible}. 9.7

Proof Suppose that 0 < « < p, so that (9.4) is feasible. Since

~1/2 1/2 —1/2

(s} A F; =57\ PEFP) (s} 2 A Fy — 57 P EF P) > 0,

ny, ne

we obtain from (9.2) that, for all A € H
FXATE; P+ PiE;AiF; <siFf AT A Fi +s] ' PE;E} P,
<a s,F Fi +s; 'p.E; E'P;.
Therefore, from Schur’s complement (Lemma 2.26) (9.4) yields
0> T;(P)+a’s; F*F; +s; ' PE:E} P;
> (Ai + Ei A F) P+ Pi(A; + E; A F) + Y aij Py,
JjeS

and thus, by Theorem 3.25, system (9.1) is mean-square stable for all A as in (9.2).
Conversely, suppose that 0 < o < p*. Then the inequality « < rc is proven by
analogous steps, bearing in mind that 0 < (sl/zE‘A — _I/ZQ,F*)( l/2E A —
_1/ 2 Q; F")* and that (9.2) guarantees A; A} < o1 . Finally, the inequality rc < rg

ng.he

is an immediate consequence of the fact that A € H"/"e = A e H ™. g

The following bisection algorithm can be used to obtain the robustness margins
in (9.6).

Algorithm 9.6 The maximal robustness margins p and p* in (9.7) can be computed
with arbitrary precision ¢ > 0 as follows:

S1: Find O < pmin < Pmax such that the LMIs problem (9.4) is feasible for & = pmin
and unfeasible for @ = ppax, respectively.

< If such pmax cannot be found, then stop: the perturbed system is always
MSS with (9.2), and p = oo.

So: Let o < (omin + Pmax)/2 and check whether (9.4) is feasible.

— If so, then let ppyin < «;
< otherwise, let ppax < «;

S3: Repeat Sy until (Pmax — Pmin)/2 < €.
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S4: Return @ = p.
Ss: Repeat Sy through Sy with (o)., o5 .x» %) in place of (Omin, Pmax» £) and (9.4)
replaced by (9.5).

Determining the real stability radius is, even in the case without jumps, a difficult
problem. We shall not directly address it here, but will rather obtain upper and lower
bounds for it, in terms of the largest eigenvalues of specific matrices. For further
simplicity, we focus on the so-called unstructured stability radii, which are defined
next.

Definition 9.7 The unstructured stability radii of system (9.1) are

?[F = inf{a, st. O.)withE;=F, =1
is not MSS for some A € Hy as in (9.2)}, 9.8)

where F is either R or C, with Hg = H" and H¢ = H%

Before proceeding further, the following result is in order. From now on, as in
Corollary 3.23, Amax(-) denotes the largest eigenvalue of a given Hermitian matrix.

Proposition 9.8 Given A = (Ay, ..., Ay) €e H", let d(A) := (d1(A), ...,dn(A))
with d; (A) .= %Amax(Ai +A;‘)f0r eachi € S. Thenwe have ||d(A)||max < || A || max-

Proof Indeed (with A (-) denoting the jth eigenvalue, in no particular order, of a
given matrix) we have

(8, = max (A
= max lk (Ai + AF)| = max ! max j(A; + Af)
ieS |2 maxiT ! ieS j=1,..,n A !
< max ! max |Aj(Ai ~|—A’-‘)| = max l||Ai ~|—A’-‘”
T ieS |2 j=l,..n ! ies |2 !
< max|[A; || = [|Allmax.
ieS
where the last step follows from the triangle inequality. g

The aforementioned bounds on the unstructured stability radii are presented now.

Theorem 9.9 The unstructured stability radii of system (9.1) satisfy Tc <Tg <
—% Re{A(A)} with A as in (3.25). If, in addition, the scalar MJLS

B - . - 1 .
X(t) = dp)x (1), a; = Ekmax(Ai + A;"), iesS, (9.9)



9.2 Stability Radius 187

is mean-square stable, then we have
1 o - 1
—ERe{A(A)} <Tc <Tr < —ERe{A(A)} (9.10)
with A:= IT' + 2diag(@;). That is, A = [A;j]1 € RVN with

3 . 4
Ay =1 ) i (9.11)
Aii + Amax(A; + Ai)a L=

Proof If A; is perturbed as A; ~ A; 4+ (£/2)I for each i € S, then A is corre-
spondingly perturbed as A ~~ A + Re{¢}1. Therefore, letting ¢ := —Re{A(A)} > 0
(bearing in mind Assumption 9.1), we have

A~ Ai+ @/ = Re{MA+0)} =Re[ra( A} +¢ =0,

so that this (real) perturbation renders the system unstable in the MSS sense. Since
(¢/2)1]| = —3 Re{r(A)}, we obtain Tr < —1 Re{A(A)}, and the fact that Tc <Tr
is once again due to H" C H..

Proceeding further, let d; (A) := %)Lmax(Ai + A;‘) as in Proposition 9.8 and as-
sume that the system

X(t) = (@ + doy (A))F (1) 9.12)
is mean-square stable. Under this condition, there must be p = (p1, ..., py) in H!T
with p > 0 such that, letting P; := p;I,, > 0,
(Ai + A)*Pi + Pi(Ai + A) + ) hij P
jeS
= pi(Ai + AY) + pi(Ai + AN + D hijpil
jeS
=< {pikmax(Ai + A;k) + pi)‘max(Ai + A,*) + Z)\ijpj}l <0,
JjeS

where the last inequality follows from the MSS of system (9.9) in conjunction with
Theorem 3.33. Thus, by contraposition we obtain that whenever the system

x(t) = (Agr) + Qo)) x (1) (9.13)

is not mean-square stable for a given A, so is not system (9.12). This fact, along with
Proposition 9.8, is necessary to prove that the complex stability radius of system
(9.13) is larger than the auxiliary radius

sc := inf{ [ 8llmax; X(1) = @80 + 861))X () is not MSS}, (9.14)
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which is done as follows:

T = inf{[|Allmax; (9.13) is not MSS} > inf{ || Allmax; (9.12) is not MSS}
> inf{|d(A)| .. (9.12)is not MSS}

max’

> inf{[|8]lmax; (9.14) is not MSS} =sc. 9.15)

To complete the proof, it remains only to check that s¢ > —% Re{)»(/i)}. Indeed,
from Theorem 9.5 we get

. . D 2. .
sc > sup{a; |:Her(p,al) +ZJ€5)”~’pJ Totsio pi i| <0, p; >0is feasible},
pi —si

so that, from an application of Schur’s complement (Lemma 2.26) together with the
choice s; = p; /a we have

sc > sup{a; Her(pi (a; +a)) + Z)‘i./p/ <0, p;i >0is feasible}.
jeS
Finally, bearing in mind Theorem 3.21, we obtain
sc > sup{a; Re{k((ﬂ/ ® 1) + diag((&i + o) @ (a; +(x)))} < 0}
= sup{a; Re{A((/T' ® I) + diag(@; ® a;))} + 2« < 0}
= sup{a; Re{)»(.Z)} <2a}= —% Re{)»(/T)},

which, once plugged in (9.15), yields the lower bound in (9.10). O

The following consequence of the preceding theorem shows that, in the scalar
case, (9.10) provides the exact characterization of the real and complex stability
radii.

Corollary 9.10 Suppose that system (9.1) is scalar (n = 1), with E; = F; = 1 for
alli € S. Then

1

Proof Bearing in mind Assumption 9.1, this follows from the fact that in the scalar
case the hypotheses of Theorem 9.9 are satisfied with A= A. d

Example 9.11 In the scalar case with two operation modes, i.e., x(f) € R with S =
{1, 2}, we obtain from Corollary 9.10 the explicit formula
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- - 1 1 A — A2\’

rc = TR = _Ztr(A) -3 Al1A22 + Re(Al—Az)—I-T 9.17)
with tr(A4) =2Re(A| + A2) — (A1 + A22).
Example 9.12 Suppose that we wish to obtain estimates for the stability radii of the
system

x(t) = (Agr) + Do) x (1) (9.18)
for the case S = {1, 2}, with

05 -1 -2 -1 -3 3
A1_|:O _2i|, A2_|:0 O.]’ and 17_|:4 _4], (9.19)
which is, apart from the transition rates, the MJLS analyzed in (1.3) and Sect. 3.4.1.
By employing Algorithm 9.6 with precision £ = 10~® we obtain, after 28 itera-

tions, that p = 0.1578 and p* = 0.1406 in (9.6). Furthermore, since the real abscissa
of A is Re{\(A)} >~ —0.4174, the upper bound on (9.10) yields

0.1578 <T¢ <Tr <0.2087. (9.20)

Also, notice that a lower bound such as in (9.10) may not be constructed in this
case, since, as one can easily verify, the corresponding scalar system (9.9) is not
mean-square stable.

Example 9.13 Consider now the other system treated in Sect. 3.4.1, but with differ-
ent transition rates. The system matrices in (9.18) are, in this case,

025 -2 -2 10 )
Alz[z 0'25] Azz[_lo _2] and A:[l _1] 9.21)

Then, the scalar system (9.9) is such that, in view of (9.10) and (9.11),

1

11 . 1
5 =5 Re{A(A} =Tc =Tk = S Re{a(A} =3, (9.22)

yielding an exact characterization for the stability radii.

9.3 A Robustness Margin for IT

We now proceed with an application of the robustness bounds derived in Sect. 9.2,
which treated the stability radii of system (3.1) with respect to perturbations on A.
Here, on the other hand, we shall assume A fixed and will consider that the transition
rates of the jump process are uncertain in (3.1).
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We shall assume that such perturbations are of the form I7T ~» KIT in which
K € B(RV) is a diagonal matrix with positive entries. More explicitly, our interest
is on disturbances such as

_ ki)hij, i EZ,

K =[r;]. A= (9.23)

Aij otherwise,

for a given set Z C S and K = diag(ky, ..., ky) such thatk; =1ifi ¢ Z.

Such perturbation can be interpreted as follows. For each i € Z, k; is a tuning
of the exponential rate (A;;) that governs the sojourn time spent on this operation
mode. If k; > 1, the mean time spent on the ith mode is decreased, whereas k; < 1
implies a typically larger sojourn time. Otherwise, k; = 1, and there is no change
as far as this particular mode is concerned. Such perturbation is interesting in that
only the waiting times are affected; the transition probabilities, on the other hand,
are not. Thus, many qualitative properties of the jump process (such as its ordering
or the presence/absence of absorbing modes) are not destroyed.

Under the perturbation I7 ~~ K1, (3.1) becomes

() =Aemnx(), teRt,

(9.24)
©0) =6, x0)=x0, POO)=i)=v,

where ® = {(©(t), F;), t > 0} is a Markov process analogous to 6, but with transi-
tion rates [Afj]. Bearing this in mind, we have the following auxiliary lemma.

Lemma 9.14 System (9.24) is mean-square stable if and only if the system

. k;” LA , 1e€eZ,
() =Pgyx(®), x(0)=xo, A= ’ . (9.25)
A; otherwise,

is also mean-square stable.

Proof From Theorem 3.33 we have that system (9.24) is mean-square stable
if and only if there is P = (Py,..., Py) € H*", P > 0, such that TEP) =
(TE®), ..., TEP)) < 0, where T"(P) = A'P, + PA; + Z]GS)‘ -P; for each
i € S. To prove the result, simply notice that this is equivalent to TEP) =
(TE®), ..., TE®) <0, where TX(P) := A P; + PiA + Y5 Mij Pj- O

In what follows we shall use the fact that A;/k; may always be decomposed in
the form A; /k; = A; + E; A; F; with E;, F; € B(R"), as long as

E;F;, = A;, Ai= (k71 = 1)1 (9.26)

Remark 9.15 Notice that, besides (9.26), many other choices for decomposing
A; are valid. For example, rank(A;) = m < n yields (9.26) satisfied with E; €
B(C™, C"), F; e B(C",C™),and A; := (ki_1 —1)1,,. In either case, however, notice
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that the disturbance A; is real, which makes it difficult to obtain the exact robust-
ness margin. Furthermore, A; = E; F; implies rank(A;) < min{rank(E;), rank(F;)},
which is a constraint on which pairs (E;, F;) are admissible for factorizing A;.

The main result of this section is the following one. It is proven that a margin for
the robust stochastic stability of system (3.1) with respect to perturbations such as
IT ~~ KT is given by the real stability radius rr of the system

EoiryFor) = Ao(r)s o) e Z,

x(t) = (A9 + Eory Aoy For))x (1), ]
(1) = (Agr) + Eory Do) For)x (1) {Ee(”:O’ Fowy =0 otherwise,

or that, in a more refined way, it may be computed via an extension of Algorithm 9.6

to the LMIs problems

[T(P) +a?F*S;F; PE;

E*P: S]<0, P, 8 >0, i=1,...,N, 9.27)
it i

and

Li(Q)+a’E;S;Ef Q;F} e L
|: F0 _s; <0, 0;,8>0, i=1,...,N, (9.28)
together with their respective robustness margins

o= sup{a; 9.27) is feasible}, o= sup{oz; (9.28) is feasible}. (9.29)

Theorem 9.16 System (9.24) is mean-square stable for all (ky, ..., ky) € H'F such
that

—, <l

(9.30)

o0 otherwise,

for each i € Z. Moreover, (9.24) is MSS whenever ki € (kmin, kmax) for each
i € ZCS, in which, letting ¢ := max{o, o*},
1

kmax :=11—¢
o0 otherwise.

1
1+¢’

9 1’
&= 9.31)

kmin :=

Proof The sufficiency of (9.30) is (bearing in mind Remark 9.15) due to mean-

square stability being preserved whenever ||A;|| = |1 — kl._1| < rgr, from which
(9.30) follows without much effort. Analogously, (9.31) is an immediate conse-
quence of ||A;] =1 — ki_1| < max{o, o*}, which, as we prove next, guarantees

the mean-square stability of the perturbed system. In fact, similarly to Theorem 9.5,
the feasibility of (9.27) should guarantee, for any such A; = (k;” ',
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0> T;(P) + o’ F*S;F; + P,E; S 'E} P,
> T;(P)+ (k7' = 1)’ F}S;Fi + P.E;S; 'E*P;
= Ti®) + (FF 18! — PES;T ') (S} aiFi — STV EF Py
+Her(P, E; A; F;)

> Her{P;(A; + E; A Fy)} + Z)‘ijpj’
jesS

yielding the mean-square stability of the perturbed system by Lemma 9.14. Alter-
natively, the feasibility of (9.28) implies, owing to the fact that A; is a multiple of
the identity,

0> L;(Q)+a’E;S;Ef + Qi FFS; ' F; 0
—_ 2 _
> Li(Q)+ (k' — 1) EiSiEf + Qi F}S; ' F; 0,

= Li(Q) + (Ei i8> — 0iFy s, ) (82 AT EF — 572 Fi 1)

i i i

+ Her(E; A Fi Qi)

> Her{(A; + Ei A F) Qi) + ) 4i Q;,
jeS

once again ensuring the mean-square stability of system (9.24). O

Remark 9.17 Notice that, whenever the conditions of the preceding theorem are
satisfied, we get the robust MSS of system (9.24) on a polytope such as (5.2), with
£ =2 vertices of the form I7 g =K gH , where IT is the nominal transition rate
matrix, and {K¢} are diagonal matrices whose nontrivial entries cover all possible
2N -uples in {kmin, kmax }- For example:

_kmin 0
I _
Kl= .. :
L 0 kmin
_kmax 0
2
K c= .. s
L 0 kmin
_kmax 0
L _
K= .
L 0 kmax
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9.4 Robust Control

This section is concerned with the robust control of the system

X(1) = Agnyx (1) + Boyu(t) + Jg(pyw(t) + Jgo, @ (1),
Gu=1 z2(t) = Coyx(t) + Doryu(t), (9.32)
() = Eginyx (@) + Foyu(t),

in which w +— z is a performance channel whose H» cost we desire to optimize,
whereas @ > ¢ is a robustness channel, in the sense that finite-gain uncertain per-
turbations of the form @ () = Ag () (£ (¢)) may affect (9.32). It is assumed that these
finite-gain uncertain perturbations satisfy, for a prespecified o > 0, the growth con-
dition

2;0)=0, 4@ -A@]<ealt—ElIl VIeRM, ieS. (933
In a more particular setup, the linear feedback
@ (1) = Doys (1), A=(Ar,...,Ay) €HP"| |Allmax <@ (9.34)

will also be considered.
Our interest here is in the design of controllers of the form

u(t) = Kgnx(t) (9.35)
such that, for given & > 0 and B > 0, the closed-loop system
(1) = Apyx (1) + T w(t) + I, @ (1),
Gk =1 2(t) = Cox (1), (9.36)
£() = Egnx (0,

with Zl- = A; + B;K;, 5:' :=C; + D;K;, and Ei := E; + F;K;, is robustly mean-
square stable in face of all disturbances of the form (9.34), while at the same time
the performance ||Gg |I§ < B is achieved. Finally, since IT may not be known a priori,
later on we further assume that it belongs to the polytope (5.2), repeated below for
convenience:

14 4
V= {17; M=Y"p“IT* p* >0, Y p*=1¢. (9.37)
k=1 k=1
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9.4.1 Preliminary Results

Before proceeding further, we need to state some basic facts regarding the system

X(t) = Agnyx (1) + Jg(pw(®),
G= (9.38)
2(t) = Co(ryx (1),

such as the following convex characterization of upper bounds on the H norm,
which is an easy consequence of the results stated in the generalized Gramians ap-
proach of Chap. 5.

Lemma 9.18 Suppose that (3.1) is mean-square stable. Then, given B > 0, the in-
equality ||g||§ < B is satisfied whenever there is P= (Py, ..., Py) > 0 in H" such
that, foralli € S,

D oviu((JF) PPy <B. TR+ CHCi <0, (9.39)
JjeS
or, equivalently, whenever there is Q = (Q1, ..., On) > 0 in H" such that, for all
ieS,
> ow(CiQiC) <B. LiQ)+vi S (J") <0. (9.40)
JjES

Moreover, ||g||§ =inf{B, subject to (9.39)} = inf{B, subject to (9.40)}.

Conversely, the robustness of the internal MSS of the system

x(t) = Ag(,)x(l‘) + Jea(ft)w(t),
g= (9.41)
¢(t) = Egnyx (1),

against feedback disturbances @ (1) = Ag()(£(¢)) as in (9.33) or (9.34) may be
guaranteed by the following lemma (its proof is presented at the end of this subsec-
tion).

Lemma 9.19 Given « > 0, the following assertions are true.

(1) System (9.41) is mean-square stable for any nonlinear disturbance of the form
(9.33) whenever there are P = (Py, ..., Py) > 0inH" ands = (sy,...,sy) >0
in H' such that

[ﬁ(P) +(vad)sEfE; PJ7

7Y P _(lva_2)5.1l<o, ies, (9.42)
i 1 1Ly

with (- V -) standing for the maximum.
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(1) System (9.41) is mean-square stable for any linear disturbance of the form
(9.34) whenever (i) is satisfied or, alternatively, whenever there are Q =
(Q1,...,0N)>0inH" and s = (s1, ..., sn) > 0 in H' such that

Li(Q) + (1 Aa®)siJ7 (J7)* Q,E}
<0, €S, (9.43)
E; Qi —(Ana)sily

with (- A -) standing for the minimum.

The proof of Lemma 9.19 relies on exchanging (9.41) by the scaled input—output
system

{ (1) = Apx () + T @5 (1), x(0) =0,
. (9.44)
¢s(t) = Egnyx (1),

with 77 =5 277 E; =5 E;, and A;() =577 4;(s; (), from which it

is straightforward to check that (9.33) (and therefore (9.34) as well) also holds with
A replaced by A. Additionally, the following result will be necessary (the proof
follows the same lines as that of Proposition 8.3 and thus will be omitted).

Proposition 9.20 Given P = (Py,..., Py) > 0 in H" and x satisfying (9.44), let
V()= E({x(t); Poyx(t))). Then, forany T > 0,

a

V(T)= V() + /O E((x(1); 30y P)x(1))) d1

with

Xt i x(t) 3o (P) i= To(P) *
o AA@(:)(S;{,Z)EQU)XO)) ' o= S(;(:)/Z(J;(’t))*f’e(z) 0|

Proof of Lemma 9.19 For easiness of notation, let & := (1 va?) and & := (1 va~2).
Then, since & = ¢a? for any o > 0, we get

T
0=(a —&a?) fo E[|syts Eowx(®)|] dt
T
5/0 E[& | sg00) Eowx )] = &]| Bo) (5505, Eowyx (1) [ ] dr

T sso E* E 0
- / E<<x(t); [‘m(’) o= i|x(t)>) dt,
0 0 —al

which, by Proposition 9.20, guarantees that there is § > 0 such that
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0 < E((x(0); Pyoyx(0))) — E({x(T); Par)x(T)))
12
n f ’ E<<X(I); [75<t>(1’)/+ ason EgEowy  Seqy Pow Je(z):| X(t)>> dr
0 sﬂ(l) ( G(t)) PB(I) —al
< ||P||mE[||x<0>||2]+0+<s/0 E[|x)]?] dr

for all T > 0, by the hypothesis in (i). Thus, stochastic stability of the uncertain
system follows immediately:

hm/ [lx®]] df<—IIP||max E[|x)]] < oo, (9.45)

from which MSS is guaranteed as well (see Theorem 3.15 in page 44), yielding the
validity of (i) and, in the case of linear disturbances, the first part of (ii) as well
(since (9.34) is a particular case of (9.33)).

The second part of (ii) is proven as follows. Set

9= (va s PAEQ — A Aws! P (I7)
which yields
0=570; = (1v e )57 QBT AT ALE; 0+ (L n s ()"
—Her((1 Va1 Aa)J” AE; Q)
<o?(1va?)s '\ QiEFE Qi + (1 Aa?)si J7 (J7)
—Her(J7 AiE; Q)
=(1va?)s; ' QiEFE Qi + (1 Aa?)si J7 (J7)" — Her(J7 AEi 0;),

because ATA; < ||A; I>I < &*I. Thus, we easily obtain from Schur’s complement
(Lemma 2.26) and (9.43) that

0> Li(Q + (1A e)siJ7 (J7) + (1A a?)s:) ™ QiEE; 0

> Her((A; + J7 AiE1) Qi)+ Y 45i Q).
jeS

so that, bearing in mind Theorem 3.21 (page 48), internal MSS is guaranteed when-
ever | Allmax < . O

9.4.2 Robust H, Control

Substituting (9.35) into (9.32), we obtain the closed-loop system (9.36) with Zi =
A;+BiK;, 51‘ :=C;+ D;K;,and E,- := E; 4+ F; K;. In this setting, the following no-
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tion of robust stability against perturbations such as (9.33) or (9.34), with uncertain
transition rates, will be necessary.

Definition 9.21 Given « > 0, system (9.36) is said to be robustly mean-square sta-
ble in the internal sense whenever

zlﬂgo E[|x®) Hz] =0 for an arbitrary initial condition 9 (9.46)

is satisfied, regardless of @ (t) = Ag(;)(¢(¢)) as in (9.33) (or (9.34), alternatively)
and of IT =[A;j] € Vasin (9.37).

Introducing now the definition
Rf(Y)::[(A;‘l)l/zYi e S )PY ) PY (A;‘N)I/ZY,-],

we are able to state the main result of this subsection, in terms of the feasibility of
the following set of LMIs:

A W\ *
3 (T < B, [JTw @ } >0, (9.472)
JjeS i !
[ DY, V) (G +DiVi)*  RECY)
CYi+ D;V; —1 0 <0, (9.47b)
RE(YV)* 0 —D;(Y)
[ (Y, V) + (A AeDZE I U (EiYi+ FV)* RE(Y)
E;Yi + FV; —(IAa™ )¢ 0 <0,
i RE(Y)* 0 —D;(Y)
(9.47¢c)
with
@C(Y, V) :=Her(A;Y; + B;V;) + A5 Y;, (9.47d)

or, in the case of linear feedback disturbances, by the following ones:

WY, V) + v 07 ()" <0, (9.48b)
K 2\ oK JTO w |k Y. V) *
|:‘1/, v —gi()}i 1aFi)\S/i iU (_E(llyj\zle)‘;() I] <0, (9.48¢)
with
WS (Y, V) :=Her(A; Y + B;V;) + ) _2%.Y,. (9.48d)

jeS
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Theorem 9.22 Given a > 0 and 8 > 0, there is a controller such as (9.35) which
renders system (9.36) robustly mean-square stable in face of all nonlinear distur-
bances of the form (9.33), with |Gk ||% < B for whatever transition rates I1 = [A;j]
in V, whenever there are T = (T},...,Ty) e H", Y = (Y3, ...,Yy) € H", and
V=(V,...,Vy) € H"™, together with, for each k = 1,...,¢, scalings s =
s7,....,sy)andz° = (zf, ..., 2) in H, such that the following is true:

(1) The LMIs (9.47a)—(9.47c) are satisfied for alli € S and k € {1, ..., {}.

Furthermore, in the scenario of linear perturbations of the form (9.34), the above
also holds whenever the following assertion is true for some T € H?:

(ii) The LMIs (9.48a)—(9.48c) are satisfied for alli € S and k € {1, ..., £}.

Moreover, in either case one such controller is given by
u(t) = Vo 9(1))6([) (9.49)

Proof 1If (i) is true, then, from Schur’s complement (Lemma 2.26) we get from
(9.47a) that 8 > Zjes v te(T) > Zjes iy tr((Jjw)*ij] Jj?”), together with (after
multiplying both sides of (9.47b) by p* and summing forx =1,...,¢)

Yi{Her(Y,.‘Zi)JFZAU ; '+ C C}Y,-<O
jeS

for K; := V,-Yl._l, Zi = A; + B;K;, and 5,» = C; + D;K;. Hence, after applying
—1 —1 L . .
Y, {-}Y; to the preceding inequality, we get that the closed-loop data satisfies
9.39) with P=Y"L.
Similarly, (9.47¢) allows us to arrive at

Y{Her(Y A) +Zx,,/

jeS

+(1va?)sEFE; + ((1 \/ozz)s,-)lYl._IJiw(Jiw)*Yi_l}Yi <0

with s; := (ZK 1P*Z5)T 1 from which (9.42) is recovered.

Conversely, assume that (ii) is true, and let K; :=V; Yl._l, A; =A; + B K;, 51' =
Ci + D;K;, Ei =E; + F;K;, and s; := Zle p"sl'f. Then the proof follows by
rewriting (9.48a)—(9.48c¢) in the form

B> u((Ci¥i+ DiV)Y(CiY; + DiVi)* Ztr CY:CY) (9.50a)
jeS jesS
Her(A;Y) + Y aji¥j + v (J)" <0, (9.50b)

jeS
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Her(A;Y)) + Y jes i+ (A AaD)s I (I7)* (E;Y))* “0
E;Y; —(1Aa s ’

(9.50¢)

and then invoking Lemmas 9.18 and 9.19. O

9.4.3 The Equalized Case

In this section we shall assume that J* = J* := J;, along with C; = E; and
D; = F; forall i € S, so that z = ¢. In this case, (9.36) reduces to

X(1) = Apyx (1) + Joyw (1),
K= - 9.51)
z(t) = Co(ryx (1),

and thus we have the following refinement of Theorem 9.22.

Theorem 9.23 Given o > 0 and 8 > 0, there is a controller such as (9.35) which
renders system (9.51) robustly mean-square stable in face of all nonlinear distur-
bances of the form (9.33), with |Gk ||% < B for whatever transition rates I1 = [A;j]
in V, whenever there are T = (Ty,...,Ty) e H", Y = (Y1, ...,Yy) € H", and
V=(V,...,Vy) € H"™, together with, for each k = 1,...,¢, scalings s =
(s7,....8y) and 7° = (z],....Z}) in H', such that at least one of the following
assertions holds (with C; = E; and D; = F;).

(1) The LMIs (9.47a)—(9.47c¢) are satisfied foralli € S and k € {1, ..., £}.
(ii) The LMIs (9.47a) and (9.47c), together with z{ < (1 Vv o?), are satisfied for all
ieSandk ef{l,...,¢}.

Furthermore, in the scenario of linear perturbations of the form (9.34), the above is
also true whenever at least one of the following assertions holds.

(iii) The LMIs (9.48a)—(9.48c) are satisfied foralli € S and k € {1, ..., £}.
(iv) The LMIs (9.48a) and (9.48c), together with (1 A az)s;‘ > v;, are satisfied for
allieSandk €{1,...,¢}.

Moreover, in either case one such controller is given by (9.49).

Proof Since (i) and (iii) are merely a restatement of Theorem 9.22, it remains only to
prove the sufficiency of (ii) and (iv). The former assertion is proven by noticing that,
from Schur’s complement (Lemma 2.26) (9.47c) implies (with z; := ﬁz 1 0¥ z;.‘
and s; := zi_l)
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0> Her(A;Y; + BiVi) + Y i XV 'Y + (1 Aa®)zi Ji I}
jeS

+(1A@™2) 'si(GiY + DV (CiY; + D, Vi)

=Yi{Her(Y; ' A;) + ) 2 ¥; '+ (1ved)siCrC
jeS

+((1v a_z)si)_lYi_IJ,-Ji*Yi_l}Yi

> Y, {Her(Yi—lfTi) +) v+ 5;*5,-})’,»,
jeS
since (1va?)s; = (1va?)(Xh_, p2)~" = (1va?)(1 Aa~2) = 1. Hence, letting
P = Ylfl and 7;(P) := X;‘Pi + P,-X,- + Zjes Aij Pj, an application of P;(-)P; to
the preceding inequalities promptly yields the fulfillment of

Y vjw(JrPiJ)) <B. Ti®) +CrCi <0, (9.52)
jeS

and, from Schur’s complement,

F 2y¢.C*C: -]
[77(P)+(1Va )siCiCi PiJ; }<o, (9.53)

J¥P; —(Ava sl

and therefore the result follows from Lemmas 9.18 and 9.19. Following similar
lines, the sufficiency of (iv) is proven by noticing that (9.50b) is easily obtained
from (9.50c) whenever (1 A (xz)slf‘ > ;. O

Remark 9.24 Tt is promptly noticed that conditions (ii) and (iv) in the preceding
theorem are more restrictive (and hence more conservative) than (i) and (iii), re-
spectively, because (ii) = (i) and (iv) = (iii). However, the advantage of (ii) and
(iv) lies in the fact that less LMIs need to be solved, making them more appealing
from the computational point of view. g

This section finishes with the following brief discussion of the mixed H>/Hxo
control problem.

9.4.4 Robust Mixed H,/ H., Control

A standard approach to the design of controllers with simultaneous optimality and
robustness guarantees is well known to stem from the combination of H> and Hy,
design methods. Our objective in this last part of the section is to show that the
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usual convex approach to mixed H,/Hs, control may be recovered in a particular
instance of Theorem 9.23 if scaling is not employed (i.e., zf =1 forall i € S and
ke{l,...,}).

Corollary 9.25 Suppose that zi =1 foralli € S and k € {1, ..., t}. Then, as long
as either (i) or (ii) is satisfied in Theorem 9.23, the controller (9 49) renders system
(9.36) internally MSS with |Gk |l» < B'/? and |Gk llee < ™!, regardless of IT =
[Aij]in V.

Proof Since internal MSS with ||QK||§ < B follows from the very statement of
Theorem 9.23, it remains only to notice that, with K; = ‘/Z-Yfl, Zi = A; + BiK;,
and 5,' = C; + D;K;, the feasibility of (9.47¢c) yields, from Schur’s complement
(Lemma 2.26),

Yi{Her(Yi—IZi)+Z,\,, T (1ha )Yi_IJiJi*Yl._l+(1/\a_2)_15;‘5i}Y,-<0

jes
or, equivalently,
7 = |:Her(Y A)"‘Z,es)w i "L (dAa?)~ IC Ci v 1y :| 0
J*Y —(1/\052) 1y
so that
0> (1ra )T = [Her(x A; )+%ieSA11X +CxC; j(yg]i|

with X; ;= (1 A a_z)Yfl and y := .~ !. Hence, the result follows from the bounded
real lemma (Lemma 8.2, p. 154). O

9.5 Robust Linear Filtering Problem via an LMIs Formulation

In this section we formulate the filter problem defined in Sect. 7.6.1 as an LMIs op-
timization problem. In addition, we present the robust version of the filter based on
this LMIs formulation. Furthermore, it is shown in Sect. 9.5.3 how approximations
of a certain algebraic Riccati equation can yield a solution of the LMIs problem. We
illustrate these results with some examples in Sect. 10.5.

In this section we suppose that Assumption 7.22 holds, and we recall from Defini-
tion 7.23 that the stationary filtering problem consists of finding (A s, By, L r) such

that A 7 is stable and minimizes tr(LPL*) where P is a unique solution of (7.72),
w1th 7Y; defined as in (7.60) and F, L, J defined as in (7.53), (7.54). Notice that F,
L, J dependon (Ay, By, Ly). Weset J* := tr(LPL*).
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9.5.1 The LMIs Formulation

We start by making the following definition.

Definition 9.26 We say that (P, W, Ay, By, L) € Ry if it satisfies

zZ U .
P= |:U* 2} >0, Z=diag(Q,), (9.54)
P PL*
_ZP W } >0, (9.55)
[FP+PF* T1dg(Q1) ... Tndg(On) J
dg(QTy  —dg(Q1) ... 0 0
: : : o | <. (9.56)
dg(OM) T3 0 .. —dg(Qy) 0
i J* 0 0 -1
From the results of Sect. 7.6 we have the following result.
Proposition 9.27 We have that
inf{tr(W); (P, W, Ay, By, Ly) €eR1} =T (9.57)

Proof As seen in Sect. 7.6.2, there exists an optimal solution (A ,op, Bf,op, L f,0p)
for the stationary filtering problem posed in Definition 7.23, and P,y is as in (7.76)

satisfying (7.72). Let us show first that any feasible solution (P, W Af,By,Ly)
satisfying (9.54), (9.55), and (9.56) will be such that tr(W) > tr(LZL*) where Z
is a unique positive semi-definite solution of the algebraic Riccati equation (7.38).
From Schur’s complement (Lemma 2.26) we have that (9.55) and (9.56) are equiv-
alentto W > LPL* and

FP+PF*+ 7 dg(Q0) Y} + JJ* <0.
leS

From Proposition 7.20 we have that system (7.51) is MSS, and, for P (¢) as in (7.52),
we have from Proposition 7.21 that P(t) — P as t — 0o, where P is a unique
solution of (7.72), and (7.70) holds. Furthermore from Proposition 7.21 we have
that P > P, and from (7.75) we get that

(W) > tr(LPL*) > u(LPL*) > w(LZL¥).

Let us show now that we have a sequence (P, We, Ar, By, Ly) satisfying (9.54),
(9.55), and (9.56) and converging to the optimal solution of the minimization prob-
lem posed in (9.57)as € | 0. Fix Ay = Ay,op, Bf = Bfop, Ly =L, and

Z U, .
P = [UE 2‘:i| y Ze= dlag(Qe,i),
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the unique solution of FP.+ P.F* + D tes Yedg(Qe )Y + JT* +€l =0, and
We=LP.L*+€l. Then, byfroposition 7.21, Pe | Pop as € | 0, Pe > 0 for each
€ >0, and clearly W, | LPy,L* as € | 0. Since

0> FPc+ P F* 4+ 10dg(Qe)Y} + TT*,

eS
we have from Schur’s complement that (9.54), (9.55), and (9.56) are satisfied. Tak-
ing the limit as € | 0, we obtain that (9.57) holds. O

We consider from now on that ny = Nn. The next theorem rewrites the above
problem as an LMIs optimization problem. First, we need the following definition
(in what follows, we recall the following definitions: L as in (7.45), F as in (7.5),
H asin (7.6), ¥; as in (7.59), J? asin (7.39), and G? as in (7.40)).

Definition 9.28 We say that (X;,i =1,...,N,Y,W,R,S,J) € R, if it satisfies
the following LMIs:

X =diag(X;), (9.58)
[ X X L*—J*
X Y L* >0, (9.59)

L-J L w
[P(X,Y,S,R) S(X,Y) T(X,Y)

S(X, Y)* —D(X) 0 <0, (9.60)
T(X, Y)* 0 -1
where
. XF + F*X XF+ F*Y + H*S* + R*
P(X’Y’S’R)_|:F*X+YF—i—SH—i-R F*Y+YF+SH+H*S*]’
[xe . Xy
S(X’Y)_[le YlI/N]
XJp
Tx. 1) = [YJP + SGP} ’
dg(X1) ... 0
0 oo dg(Xy)

Theorem 9.29 There exists (P, W, Ay¢, By, Ly) € Ry if and only if there exists
Xi,i=1,...,N,Y,W,R, S,J) € Rr. Moreover, if (X;,i =1,...,N,Y, W, R,
S, J) € Ry, then by choosing an arbitrary nonsingular (Nn x Nn) matrix U, setting
P as in (9.54) with

Z = X" =diag(X;") = diag(Q/), 9.61)
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Z=vr(x"'-vy Y 'u (9.62)

(notice that, by (9.59), X > XY 'X=X'1'>vland therefore x1-y-1>0),
and by taking

v=(-vx ") (U, (9.63)
Ap=V'R(U*X)", (9.64)
By=V~ls, (9.65)
Ly=J(U*Xx)", (9.66)

we have (P, W, Ay, By, L) € R1. Furthermore,

inf{tr(W); Xi,i=1,....,N, Y, W,R, S, J) e Rz} =J" (9.67)
Proof For (Ay, By, Ly) fixed, consider P, W satisfying (9.54)—(9.56). Without
loss of generality, suppose further that U is nonsingular (if not, redefine U as U +€1

so that it is nonsingular and € > 0 is small enough so that (9.54)—(9.56) still hold).
As in [166], define

Yy v
-1 = o~
P= [v* Y:| >0,
where Y > 0 and Y > 0 are Nn x Nn. We have that

ZY +UV* =1, (9.68)
U*Y + ZV* =0, (9.69)

and thus Y™' = Z 4+ UV*Y ' =Z - UZ'U*<Z, v*=U""'-U""zy =
U~'(y~!' — Z)Y, implying that V is nonsingular. Define the nonsingular 2Nn x

2Nn matrix
z7l vy
=% v

and the non-singular matrices 77, 7> as follows:

T 0 0 0 0
: o 0 dgo7hH o 0 0
T1=[0 1] L= 0 0 0
0 0 0 dg(QyH) ©

0 0 0 0 I
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Set X = 77! =diag(X,), X, =0; ', ie€S,J =L, U*Z"' =L,U*X, S=VBy,

and R =VA;U*Z~! = VA U*X. With these definitions, we have that

~. X X L*—J*
T} [ZPP Pvé ]n X v L* (9.70)
L—J L w
and
FP+PF* T1dg(Q)) ... Ywdg(On) T
dg(ONYy  —dg(Q) ... 0 0
Ty : : : )
dg(ON) Ty 0 s —dg(Qn) O
J* 0 0 —1I
P(X,Y,S,R) S(X,Y) T(X,Y)
=| Sx,v)* —DX) 0 , 9.71)

T(X,Y)* 0 —1I
and thus from (9.55) and (9.56) we have that (9.59) and (9.60) are satisfied. Consider
now X, Y, W, R, S, J satisfying (9.58), (9.59), and (9.60). From (9.59) it follows
that
(X X
B Y:| >0,
and from Schur’s complement (Lemma 2.26), ¥ — X > 0, that is,

[z 1
¥ Y]>0’

where Z = X!, According to Lemma 2.28, after choosing an arbitrary nonsingular
(Nn x Nn) matrix U, we can find Z Y V such that

z Ul [y v
v z| “lve 77"

and Z V satisfy respectively (9.62) and (9.63). We set P as

z U
P—|:U* 2i|>0

and Ay, By, Ly as in (9.64)—(9.66), so that (9.70) and (9.71) are satisfied. Pre and
pos multiplying (9.70) by (T]_l)* and (T]_l), respectively, and pre and pos mul-
tiplying (9.71) by (T, ')* and (T, '), respectively, we get that (9.59) and (9.60)

imply (9.55) and (9.56), showing that P, W, A¢, By, Ly satisfy (9.54)-(9.56). Fi-
nally, from (9.57) we obtain (9.67). O
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9.5.2 Robust Filter

Assume now that A = (A, ..., Ay) e ", J=(J1,..., Jy) e HP"" H=(Hy,...,
Hy)eH"", G=(Gy,...,Gyn) € HP'™ and IT are not exactly known, but instead
there are known matrices A* = (A7, ..., AY) e H", J* = (Jf,..., Jy) € H",
H = (Hf,..., H]’f,) e H™", G* = (GY, ..., G%) € HP"™, and irreducible station-
ary transition rate matrices /7° such thatfor0 < p“ <1,k =1,...,¢, Zﬁ:l Pl =
1, we have that

t 12 12
AZZ,OKAK, JZZPKJK, H:ZIOKHK7
k=1 k=1 k=1
(9.72)

4 4
G=) pG*, M=) pn~
k=1 k=1

We denote by nl." >0,i=1,..., N, the stationary distribution associated to IT*.
Define F*, H*, JP*, GP*, W/, T} as respectively in (7.5), (7.6), (7.39), (7.40),
(7.59), (1.60) replacing A;, H;, J;, G;, A;j, m; by Af, HY, Jf, GY, kfj, m¥. Define
also

J = diag(JiK), (9.73)
G = [G’f ... G’;\,] (9.74)
Our next result presents the robust linear filter for system (7.41)—(7.43).

Theorem 9.30 Suppose that the following LMIs optimization problem has an (e-)
optimal solution X,Y,W,R, S, J:

inf tr(W)
subject to (9.58), (9.59), and fork =1, ..., ¢,
P(X,Y,S,R) SY(X,Y) T“X,Y)

S(X, Y)* —D(X) 0 <0, (9.75)
(X, Y)* 0 -1
where
P“(X,Y,S,R)
= XF + (F)"X XF* 4 (F)*Y + (H)*S* + R*
K _ XJre
T (X7Y)_|:YJ”{+SGVK B
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K K
S"(X,Y)=|:XW1 XU/N}

YWE LYW

Then for the filter given as_in (9.64)—(9.66), we have that system (7.51) is MSS and
limy, o0 E([le(t)]1?) < tr(W).

Proof Consider A, H, J, G, IT as in (9.72) for some 0 < p* <1, Zle pf=1,
and set F, H, JP, G? as respectively in (7.5), (7.6), (7.39), (7.40), with ; > 0,
i=1,..., N, the stationary distribution associated to /1. Notice that, by Proposi-
tion 2.12, IT is irreducible, which guarantees the existence of the stationary distribu-
tion 7r; > 0. Since (9.75) holds for each k =1, ..., £, we have from Theorem 9.29
that there exists (P, W, Ay, By, L) (which, according to (9.61), (9.62), (9.64),
(9.65), and (9.66) depend only on X,Y,R,F, j) such that tr(W) > tr(ZPZ*) and
foreachk =1,...,¢,

Fop o+ p(F) 4 YT a0 (1) + T <0 076)
ieS

~. J}’K
= [BfG’”]

From (7.37) and (7.58) we have that (9.76) can be rewritten as

where F¥ is as in (7.53), and

ey e o

where V¥ is as in (7.37) replacing A;; and IT by respectively kfj and IT. Noticing

that Zle o* F¥ = F and Zﬁ:l PV (Q) =V(Q), we get, after taking the sum of
(9.77) multiplied by p*, over « from 1 to £, that

l
FP * P(f)* + |:V(OQ) 8:| + ZPK‘]NrK (.7”()* < 0. (9.78)
k=1
Set J" = Zi:l 0% J™*  Since
4
0= Y (I =TI = Y = Y T T
k=1

we conclude that J7 J™* < Zﬁ:l o 7’”(7’“)* and, by (9.78),

FP+P(F)*+ [V(OQ) 8} + (I <o0. (9.79)
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Let us show now that JJ* < .7’(.7’)*, where 7 is as in (7.54). For any vector x* =
[x} ... xy] and y of appropriate dimensions, we have that

e )77 [ =Yt vl U o]
ST WA CRCEIN
=1 1]

showing that indeed JT* < JNr(JNV)*. Combining this with (9.77) and (9.79) and
identity (7.58), we get that

N
FP+PF*+) T1ydg(Q)(Y))* + TT* <. (9.80)
=1
From (9.80) and Propositions 7.20 and 7.21 we get the result. g

9.5.3 ARE Approximations for the LMIs Problem

In this subsection we show how approximations of the filtering ARE derived in
Sect. 7.5 can yield a solution of the LMIs optimization problem presented in
Sect. 9.5.1, that is, how they can yield a sequence of feasible solutions for the LMIs
(9.58), (9.59), (9.60) which converges to the optimal solution. Consider € > 0. We
have the following theorem (recall the definition of 7" in (7.73)).

Theorem 9.31 Consider the unique positive definite solution Z of the following
ARE:

0=FZc+ ZF* = Z.H* (G"GP") "HZ + JPJP* + V(Qo) + €I,  (9.81)
where Q¢ = (Qe¢.1, ..., Qe.N), and Z, = diag(Qe ;) > 0 is the unique solution of

0=FZc+Z F*+ JPJP* +V(Q.) + 2€l. (9.82)
Set Xi = Q_!,i €S, X =diag(X;)), Y =Z7', S =—-Z7'T(Z:), R=—(YF +
SHYI —Y'X),J=LU -Y"'X), and W > LZ L*. Then with this choice of
X, Y, W, R S, J, we have that (9 58), (9.59), and (9.60) are satisfied, and moreover,

by taking U = (X' — Y~ 1) we have that Ap=F — T(Z )JH, By = T(Z ), L=
L, Pc as in (9.54) is given by

Z. Ze— 7.
S5 ] , 9.83)

and t(LP.L*) = tr(LZ.L*).
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Proof First, notice that, by Schur’s complement, (9.59) is equivalent to

-1 —1y7* *
[ X-Xy"'x  (q-xyhL —f} 0. (9.84)

LUI-Y'x)—1J W—LY 'L*

By choosing J = L(I — Y~ X) we have that (9.84) is equivalent to X '>vy 'and
W > LY ~'L*. Consider now the following matrices:

o 1 dg(x;hH ... 0
X' x-

B=1" —Y_li|’ Ta= ; . : ;
i 0 . dg(Xyh
_T3 0 0

Ts=|10 T4 O
[0 0 1

Pre and pos multiplying (9.60) by 72" and 75 and considering R = —(Y F +SH)(I —
Y~1X) yields

Iy TInp It
1—'1*2 In 0 | <0, (9.85)
ry o -

where
Faux,l,l - FX_I +X_1F*,
Nuxi2=FX ' =y )+ (X' =y )F —y sy

Fun22=F(X7' =y )+ (X7 =y ) F",

-Faux 1,1 rr i|
I = s aux, 1,2 ,
H _Faux,l,Z Faux,2,2
ro o [Pdecah e dg(XN‘)]
2= 0 0 ’
-
dg(x7h ... 0
Ip=— : - :
0 o dg(Xyh

From Schur’s complement, (9.85) is equivalent to

1’:11 F* —F71 0 F*
~ 2 = I — [F]z F13] 22 1*2 > 0. (9.86)
Iy I, 0 1|5
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After some algebraic manipulations we get that

Fii= —<Fx—1 + XTI Y W dg (X JPJP*), (9.87)
ieS
Di=—(F(x 'y )+ (x 'y ") F* -y~ 'sHY™"), (9.88)

Dp=—(FX 'y )+ X' =y ) F +y'sGrGr*s*y™"). (9.89)
From (9.81) and (9.82) we have that
0=F(Ze — Z)+ (Ze — ZOF* + Z.H*(GPGP*) 'HZ  +€l.  (9.90)

From the assumption that Re{A(£)} < 0 and Proposmon 3.13 it follows that F 1s
stable and from (9 90) we have that Z, > Z Thus with the choice X = Z~
Y = Z 1 s= —Z 1T(ZE) we have that X~ I and, from (9.89) and (9. 90)

Mop=—(FX 'y N+ (X 'y )F + v 1SGPGP*s*Y ) =el.
From (7.58), (9.82), and (9.87), we have
Fi=—(F(xX "=y )+ (x ' =y ) F* 4+ Y 'SGPG"*S*Y ") = 2¢I.

Finally, noticing that Y ' SHY ! = —2€H*(GPG1’)_1HZ, we get from (9.88)
and (9.90) that

Dy=—(F(X 'y Y+ X'y )F*—y'sHY")
—(F(Ze = Z) + (Ze = ZO)F* + Z.H*(GPGP*) ' HZ,) =el.

Thus we have that (9 86) is indeed verified. It remains to show that Ay = F —
T(Z )H, By = T(Z ), Ly =L, and P is as in (9 83). By taking R = —(YF +
SHYI —-Y'X),J=LU-Y 1X) U= (X""—Y~") wehave that V = —Y and
from (9.64), (9.65), (9.66) that A y = F' + Y 'SH=F—-T(Z)H, By = —y-ls=
T(Ze), Ly =L,and P is as in (9.83). Finally it is easy to see that ZPGZ = LZGL,
completing the proof. O

Remark 9.32 As e | 0, it is easy to see that Q. | Q and 26 N Z, where Q and Z are
as in Theorem 7.15. Therefore, the approximating ARE solutions in Theorem 9.31
indeed lead to an optimal solution for the LMIs optimization problem posed in The-
orem 9.29.

9.6 Historical Remarks

A great deal of the early criticism to “modern” control theory (which historically
refers to the time period which followed R.E. Kalman’s work, at the beginning of
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the 1960 decade) was due to the fact that the obtained results were of a purely
theoretical fashion, and practical design methods did not exist. The design tools
used in practice at that time were restricted to frequency-domain graphical criteria
such as the ones derived by H. Nyquist, H-W. Bode, N.B. Nichols, and W.R. Evans.
In addition, it became clear that robustness matters could not be tackled in the time-
domain framework in the same way as “classical” design methods did (an exposition
on this can be found in [27]).

The robustness issues that were observed in the early days of state-space analysis
defined a mainstream of research in the intervening decades and have led to what
is known today as state-space robust control methods. It is fair to say that the main
reason why such methods turned out to be as popular as they did is that, dissimi-
larly to frequency-domain methods, the time-domain approach can be extended to
many different scenarios, such as stochastic systems, MJLS, time-varying systems,
nonlinear systems, hybrid systems, and so on.

Another major boost for the popularization of state-space methods in robust con-
trol was the fact that many analysis and control problems admitted elegant solutions,
with explicit formulae for offline computation. Some notorious examples include the
H, and H, control solutions presented in [117] and the study of stability radii by
D. Hinrichsen and A.J. Pritchard. This latter problem, proposed in [180, 181] (see
also [294]), has proven to be of a particularly intriguing nature because of the dif-
ferences between the complex and real setups (see [182, Chap. 5]). Stability radii
lie at the heart of robustness analysis problems and thus constitute an area of central
interest. In the MJLS context, two seminal references are [118, 128] (see [121] for
a unified account on the subject).

One of the main venues of research that has gained wide popularity in systems
theory in the latter part of the twentieth century was the development of efficient
methods for analysis and synthesis of controllers. The main interest here was in a
computational framework that should be simple enough as to be tractable by nu-
merical analysis and yet able to cope with robustness issues. A cornerstone of the
research in this direction was the observation that many control design problems
could be described in terms of convex optimization. As a consequence, many linear
controller design problems could be seen as particular problems of a much broader
setup.

Another decisive step in the spread of convex optimization methods in control
was the development of interior-point methods for their solution. According to [49],
the inception of efficient interior-point methods for solving linear programming
problems was possible only after the paper [195], which introduced a polynomial-
time algorithm for solving them. This motivated a great deal of study on interior-
point methods for more general problems and led to the development of an efficient
algorithm to solve LMIs problems, which was proposed by Y. Nesterov and A. Ne-
mirovskii in 1988. The standard textbooks on LMIs methods in control are [235],
which duly documents this algorithm, and [49], whose comprehensiveness and ac-
cessible language had a definitive role in popularizing this approach. The last cor-
nerstone that consolidated LMIs problems as a centerpiece in the control literature
was certainly the popularization of free computer programs for tackling them, such
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as SeDuMi, LMILAB, LMISol [102], SDPT3 [285, 289], or SDPA-M [162], as well
as friendly interfaces such as YALMIP [192] and Matlab’s LMITOOLS.

As far as the authors are aware of, the inception of LMIs methods to the control
of MJLS was made in [170, 245-247]. A huge amount of literature spurred from this
point, and nowadays the LMIs paradigm is ubiquitous in the study of MJLS. More
recently, much emphasis is being placed on the application of LMISs to approximate,
e.g., by iterative methods, the solution of bilinear matrix inequality problems, which
are NP-hard. The key reference which has been brought to the MJLS literature in
this context is [169].

The main sources for this chapter were, essentially, [82, 280-284].



Chapter 10
Some Numerical Examples

10.1 Outline of the Chapter

In this chapter some numerical applications of continuous-time MJLS are treated
by means of the theoretical results introduced earlier, in particular the design tech-
niques presented for H, control, robust H, guaranteed cost control, mixed H>/Hxo
control, and stationary filtering in Chaps. 5, 7, and 9. Examples in the fields of eco-
nomic modeling, electrical systems, and robotics are presented in Sects. 10.2, 10.3,
and 10.4, respectively.

10.2 An Example on Economics

In this section the problem treated in [32] is solved by means of the different al-
gorithms presented in the previous chapters. The H; standpoint from Chap. 5, to-
gether with alternative results from the literature and the design methods from The-
orem 9.22, is studied.

The example, which was previously described in Sect. 1.2, considers a simple
economic system based on Samuelson’s multiplier—accelerator model (see [32]).
Three modes of operation for an economic system are considered: 1 = “normal”,
2 = “boom”, and 3 = “slump”. The parameters for each of these operation modes
are:

[0 0 0 ] 0
Ai=10 —-0.545 0.626 |, B =1|-0.283 |,
[0 —1.570 1.465 | | 0333
[0 0 0 ] 0
A>=10 —-0.106 0.087 |, By = 0 s
[0 —3.810 3.86 | | 0.087
O.L.V. Costa et al., Continuous-Time Markov Jump Linear Systems, 213

Probability and Its Applications, DOI 10.1007/978-3-642-34100-7_10,
© Springer-Verlag Berlin Heidelberg 2013
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Table 10.1 Results for
Situation 1 (17 exactly Hp-norm Vi =48.53
known, Theorem 5.7) Controller K1 =—[2.0343 14.5181 —23.5917]

K> =—[1.0187 73.0961 —78.7596]
K3 =—[93.6651 —11.4921 11.6875]

1.80 —0.3925 4.52 —0.064
Az = 3.14 0.100 —0.28 |, B3=1| 0.195 |,
—19.06 —0.148 1.56 —0.080
Ci=C=C=| 5|, Dy =Dy =Dy =],
01x3 1

where we recall that I, represents the r x r identity matrix, and 0, «s the null matrix
of corresponding dimension.

Adopting v; =1/3 and J; = Jl.w := I3, i € S, three different situations are treated
in this section. First, under the assumption that the transition rate matrix is entirely
known, the method devised in Chap. 5 is employed to obtain the optimal H, con-
trol solution. In the second case it is assumed that the transition rate matrix is not
entirely known but belongs to a set V as defined in (9.37). The third case is such
that the transition rate matrix is not entirely known but belongs to a set V as defined
in (9.37), and a static feedback disturbance affects the system. In this case the guar-
anteed cost H, control design from Chap. 5 is compared to the robust controllers
introduced in Chap. 9.

Situation 1: Known Transition Rates

Just as in [32], let us consider the transition rates given by

-0.53 032 021
ImT=| 050 —-0.88 0.38
040 0.13 —-0.53

In this case the obtained optimal solution is given in Table 10.1. The control renders
the closed-loop system stable in the mean-square sense, with Re{A(7)} = —0.2503.

Situation 2: Uncertain Transition Rates

Let us now assume that I7 is not exactly known, and the set V in (9.37) is defined
by the following extreme values:

—-0.53 032 021 —0.7 038 0.32
nm'=| 050 -088 0.38 |, m*=|06 -1 04
040 0.13 —0.53 05 02 -—07

In this case, the H,-guaranteed cost and associated control are given in Table 10.2.
Notice that 1, as defined in Situation 1 above, belongs to V (/T = I1 1) and, as
expected, B > .
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Table 10.2 Results for
Situation 2 (1T not exactly Hj-guaranteed cost VB =5355

known, Theorem 5.7) Controller Ky =—[2.2889 15.1983 —25.4635]
K> =—[1.1018 70.8596 —77.9725]
K3 =—[100.8453 —13.4936 10.5960]

Table 10.3 Results for Situation 3 (8 = H;-guaranteed cost) via Theorem 9.22

Small-gain approach, (i) Adjoint operator approach, (ii)

VB =97.61 /B =5822

K| =1[0.0660 1.8413 —11.5466] K| =[3.1765 18.4408 —36.0874]
K> =1[1.0856 71.8829 —72.2111] K> =12.3591 85.9429 —87.6313]
K3 =[174.6847 —34.7378 —14.0185] K3 =[135.4769 —23.6030 0.1213]

Situation 3: Uncertain transition rates with feedback disturbance

Let us further assume that a linear disturbance of the form (9.34), with shaping
matrices

J7 =, E; =013, F;=1/10,

affects the system robustness channel in (9.32). Notice that A can be regarded as
an unstructured perturbation of the input operator in this case, in the sense that
B; ~ B; + A; in (9.32). Letting o = 0.125, an example of such a feedback gain is
given by

0.0971 0.1060 0.0938
A= 0.0713 |, A= 0.0310 [, Az =10.0701 |,
—0.0333 —0.0584 0.0436

which will be adopted from now on. It is easy to check that, in this case, ||A||max <
0.12499 < «.

The designs obtained via (i) and (ii) in Theorem 9.22 are displayed in Table 10.3.
It should be noted that, although the H»-guaranteed costs in this case are larger than
the one in Table 10.2, they are uniformly guaranteed over all disturbances of the
form (9.33).

It is worth mentioning that, due to the fact that I7 is not entirely known and due
to uncertainty of the form || A|lmax < 0.125, the guaranteed costs in Table 10.3 are
inherently conservative. For the sake of illustration, an estimate of actual running
costs of the form (with e; standing for the ith vector of the standard basis in R", and
§ for the Dirac delta)

rN T 1/2
TI—)(ZZUJ'/O E[|z0]? | x0=0, 6= j, w(t)ze,-a(t)]dt> (10.1)

i=1 j=1
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Fig. 10.1 Average running cost in (10.1), under a static feedback disturbance (¢ = 0.125)
for the closed-loop system

x(t) = (Ao + Boey Koy + Joiy Aoy (Eoqry + Foq Ko@))x(t) + Jonw(@),

2(t) = (Co(ry + Doy Koy)x (1)

(10.2)

was also computed in this example by means of Monte Carlo simulation, as depicted
in Fig. 10.1. The numerical results correspond to 2000 different trajectories of 6,
with K given by each one of the controllers in Table 10.1 (with K ~» —K) and
Table 10.3, in which, for simplicity, the fixed transition rate matrix

. o5 5 —0.5385 0.3230  0.2155
= mn‘ + mnz = 05050 —0.8860 0.3810 |,
0.4050  0.1335 —0.5385

which belongs to V, was adopted.

The terminal costs associated with 7 = 6 time units in (10.1) are 24.4512 and
23.4102 for the controllers (i) and (ii) in Table 10.3, respectively. The actual terminal
cost offered by the controller in Table 10.1 is 23.1019, which, albeit close to that of
the adjoint approach, is not guaranteed to be robust in the face of uncertainty as in
(10.2). Finally, the Monte Carlo estimates of the mean return ¢ — E[||x(¢)||*] are
depicted in Fig. 10.2. The results for all three controllers are quite similar in this
case.

Robust Stability Margin for 77

Finally, let us assume that the transition rates /1 are subject to uncertainty of the
form discussed in Sect. 9.3. The closed-loop robustness margins in (9.29), along
with the corresponding ki, and kpax as in Theorem 9.16, are displayed in Ta-
ble 10.4.

The biggest margins are obtained via the design from the small-gain approach,
Theorem 9.22(i). The robust mean-square stability is guaranteed on the polytope V
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Fig. 10.2 Average expected return, E[||x(¢)||>], under a static feedback disturbance (« = 0.125)

Table 10.4 Closed-loop

robust stability margins for Robustness margins & o Kmin Kmax
IT ~ KII in Theorem 9.16
Situation 1 0.2174 0.2172 0.8214 1.2778
Situation 2 0.2375 0.2373 0.8081 1.3114
Situation 3, (i) 0.3654 0.3658 0.7322 1.5768
Situation 3, (ii) 0.3065 0.3064 0.7654 1.4420

as in (5.2), with the vertices (in this example, 2"V = 8):

K90 0 |[-053 032 o021
m =0 & o0 050 —0.88 038 |, «=1,...,2",

0 o0 O[040 013 -053

where (k{, k5, k§") = Umin, kimin, kmin) for i = 1, (K1, k3, k§) = (kmin, Kmin,
kmax) for k =2, and so on, until (k% k§, k") = (kmax, kmaxs kmax) for & = 8. It
should be emphasized, however, that Theorem 9.16 does not provide a guarantee
that the H, cost should be that of Table 10.3 uniformly on the polytope. Instead, it
only ensures that the mean-square stability should not be lost, were the transition
rates so perturbed. The obtained robust stability margin should be understood as an
additional feature, one which accounts for unmodeled uncertainty on /7.

10.3 Coupled Electrical Machines

In this section we address the control of coupled electrical machines, following the
approach initiated by [212].!

IThe convex programming problems in this section were tackled in Matlab 7.8.0 (release 2009a),
with the aid of the Yalmip interface. The adopted solver was SeDuMi 1.3, with a perturbation
(shift) of 1073 to ensure strict feasibility.
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10.3.1 Problem Statement

The effect that small stochastic couplings may cause in the stability of power sys-
tems has been the subject of [212]. The model studied therein consists on the large-
scale system that results from the coupling of M second-order systems, which rep-
resent electrical machines operating in a network. In this section we tackle this prob-
lem by means of the techniques devised in the preceding chapters.

Our interest is on the system

M

10 + 2090 + 029 =Y @), j=1..... M,  (103)
k=1

where M is the number of machines considered in the network, and ¢; is the devi-
ation of the rotor angle of the jth machine with respect to its nominal value. The
parameters «; and w; stand respectively for the damping coefficient and natural fre-
quency of the jth machine. Throughout this section we shall further borrow from
[212] the following assumption:

O=oa; <ox <a3z <ay, (10.4)

which means that the first machine has a zero net damping coefficient, whereas the
other machines have strictly positive dampings.

As mentioned in [212], in this case it is expected that energy should be “pumped”
from the stable, positively damped portion of the system (j > 2) into the marginally
stable portion (j = 1), thereby driving the overall system to instability. This adverse
coupling mechanism, whose amplitude is tuned by the small parameter ¢ > 0, is
represented by the term which appears at the right-hand side of (10.3). The pro-
cesses i jx model the random fluctuations which affect the system. The results in
[212] require only that 1 j; satisfy a mixing condition, but in order to arrive at more
explicit results, we shall henceforth assume that they are homogeneous telegraph
processes taking values in {—1, 1}.

For the sake of simplicity, for the remainder of this section, we shall restrict
ourselves to the case of rwo machines, M = 2. In addition, let us assume that (for
convenience, the time dependence is omitted) 411 = 22 =601 and w2 = U2 = 6,
where 61 and 6, are independent and homogeneous Markov chains taking values in
{—1, 1} with transitions governed by IT; = [ nn,’ i ] j=12.

In order to put the above model in the MJLS form (3.1), we may proceed as
follows. Let

x(1) = (1(1), ¢1(1), 92(1), (1)) € R* (10.5)

be the state vector with 0(¢) = f(01(¢),02(t)) € S = {1, 2, 3,4} mapping all the
possible combinations of 61 and 6,. For instance, we adopt

f=1L-nH=1, f(=1,1)=2, fa,—-1)=3, fa, =4, (10.6)
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meaning that 0 =1 fory =6, =—1,0 =2for6y=—1,0,=1,0 =3 for6; =1,
6 = —1,and 6 =4 for 6; =6, = 1. It is easy to check that, in this case, the system
parameters are:

0 1 0 0 ]
2
| o7 —€ 0 —€ 0
A= 0 0 0 1|
—€ 0 —w% —€ 2
0 1 0 ]
2
| —wy—€ 0 € 0
Az = 0 0 0 I
€ 0 —w% —€ 2 |
0 1 0 0 7
2
—wi+e 0 —€ 0
A3 = 0 0 0 1|
—€ 0 —a)% +e —2a |
0 1 0 0 7
2
| —wi+€e 0 € 0
A4 = 0 0 0 1|
| € 0 —a)% +e —2a |

and the transition rate matrix of 6 is [T =I1; ® I + I ® I1,, that is,

—(m +n2) n2 N1 0
p) —(n1 +n2) 0 N1
n= 10.7
n1 0 —(n +n2) Up) (107
0 n m —(n +n2)

Let us further adopt the system data as in the numerical example of [212]. In this
case,

e=0.1, w =1,  w=10, @=005 =25  5n=05,

which renders the nominal system unstable in the mean-square sense, because
Re{A(A)} ~ 1.723 x 1073 > 0. In the next subsections we shall treat the con-
trol of the above system by means of some of the design techniques studied in
the preceding chapters. Our interest lies on state feedback controls of the form
u(t) = Kg(1)x(t), for which the corresponding closed-loop system is

X(t) = (Agr) + Bor) Ko))x (1), (10.8)
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Table 10.5 Mean-square .
Stabilizing controller Stablhty check Re{A (.A)} ~—0.9824 <0

(Lemma 3.37(SS3)) Controller Ky =—[1.8699 8.4810 74.5778 9.3089]
K> = —[1.6835 8.5017 75.0598 9.3293]
K3 =—[2.3594 8.3003 72.6871 9.2169]
K4 =—[2.1783 8.2932 72.8735 9.2228]

where we assume that

, ies. (10.9)

— o = O

10.3.2 Mean-Square Stabilization

The fundamental requirement we shall impose on the control (10.8) is that it
must ensure the MSS of the closed-loop system. To this end, the LMIs design in
Lemma 3.37(SS3) yields the controller in Table 10.5. It should be noted that even
though the controller stabilizes the system, no performance guarantees are obtained
from this design a priori; this issue is tackled next.

10.3.3 H; Control

The controller obtained in the preceding subsection ensures that the system mean-
square stability is maintained even in the face of adverse coupling. We shall see
next, however, that the design of a controller for system (10.3) may be done in such
a way as to improve the performance of the closed-loop system. More specifically,
we now turn our attention to mean-square stabilizing controllers that are optimal in
the H> sense, following Chap. 5.

In order to design an H, controller, we need to define with which proportion
states and controls should be penalized. A possible choice is

= la D; = 04“, ieS, (10.10)
O1x4 1

for which the corresponding quadratic cost, as studied in Chap. 4, is fooo E(lx(®))>+
lu@®) > dt = [;°E(Ix@®))* + |Kowx(t)|*)dt. In comparison with the design
treated in the preceding section, controllers which minimize this quadratic cost
are expected to reduce the magnitude of swings in the closed-loop response, with
smaller controller effort.
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Table 10.6 H, controller for

T exactly known Stability check Re{A(A)} ~ —1.0048 < 0
(Theorem 5.7) H norm /B =9.8362
Controller —[0.3821 1.3520 1.2296 0.9000]

[
= —[0.3823 1.3509 1.2314 0.9017]

—[0.4243 1.3628 1.2403 0.9003]
= —[0.4244 1.3617 1.2422 0.9021]

Table 10.7 H; controller for
uncertain transition rates H cost «/_ =9.8527

(Corollary 5.9) Controller —[0.3415 1.3684 1.1435 0.9013]
—[0.3448 1.3586 1.3030 0.9049]
—[0.5139 1.3942 1.2153 0.9002]
[0.5165 1.3900 1.3822 0.9036]

K4—

We also choose J; = I and assume that v; = 1/4 without loss of generality (see
Remark 5.12). In this case, by solving the LMIs problem in Theorem 5.7 we obtain
the closed-loop H, norm and corresponding controller indicated in Table 10.6. For
the sake of comparison, notice that the closed-loop Hj cost ensured via the con-
troller in the preceding section (computed from the LMIs in Lemma 9.18) is higher,
about 20.4211, and that the controller entries in Table 10.5 are larger than those in
Table 10.6.

A situation of further interest comes up if we assume that the transition rates 7
and 7 are uncertain, with a variation of 100 % around the nominal values (that
is, 0 <n; <5 and 0 < np < 1). In this case the polytope V has four vertices, and
the corresponding controller obtained from Corollary 5.9 yields the results indi-
cated in Table 10.7. Although the controller is guaranteed to stabilize the system
for all IT € V, notice that the computation of the continuum of values assumed by
Re{A(A)} is entirely impractical in this case.

10.3.4 Stability Radius Analysis

Suppose now that the coupling term at the right-hand side of (10.3) is perturbed,
giving rise to the uncertain system

S

§(0) + 20 (1) + 03p; (1) =Z (1+ 80, ) O @ir).  (10.11)

with j =1,..., M as before. In the case of two machines, it is easy to check that
this corresponds to a perturbation on system (10.8), of the form

x(t) = (;9(1) + Eo(ry Aoy Foy)x (1), (10.12)
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Table 10.8 Closed-loop
robust stability margins
computed via Algorithm 9.6

max{p, p*} Hj cost

Stabilizing control (Table 10.5) 1.9921 20.6625
H, control, known rates (Table 10.6) 1.3063 9.8362
H, control, uncertain rates (Table 10.7)  1.3357 9.8527

where g@(,) = Ag([) + Bg(;) Kg(;), and

0 0
81] 812
%@ %o . |1 0 1 0 0 O
Ae(t)—|:821 522:|s E\=E4= 0 ol Fl—F4—|:O 0 1 0]
6(t) 98 0 1
0 O
-1 0 1 0 0 O
E2=-E=1¢9 of FZ_FF[O 0 —1 0]
0 1

System (10.8) can thus be seen as a particular instance of (10.12) if Ag;) =0. In
general, (10.12) describes a situation where the coupling gain, €, is subject to jump
disturbances around its nominal value, which are typically not infinitesimal. In fact
we may and will assume, as in Sect. 9.2, that A = (Ay, ..., A4) merely satisfies, for
a prespecified o > 0, the constraint

A llmax < . (10.13)

We already know that, for @ = 0, the mean-square stability of system (10.12) is
guaranteed by each of the controllers in Tables 10.5, 10.6, and 10.7. In addition,
a measure of robustness to these controllers is provided by the stability radii of
(10.11), which, as seen in Definition 9.2, correspond to the smallest & > O for which
there is A as in (10.13) that destabilizes (10.12).

For simplicity, we shall restrict ourselves to analyzing the complex stability ra-
dius. As shown in Theorem 9.5, an estimate to the complex radius is obtained by
maximizing « in the LMIs problems (9.4) and (9.5). By running Algorithm 9.6 with
precision & = 10~° and bisection bounds pmin = P =0 and pmax = ppa = 100,
we obtain, after at most 30 iterations, the robustness margins shown in Table 10.8.
The larger robustness is attained by the stabilizing controller of Table 10.5, which
as seen before is the one with larger H> cost (shown in the last column for conve-
nience). The H» optimal controller is greedy for performance and, not surprisingly,
offers a relatively poor robustness. The H, controller of Table 10.7 achieves a trade-
off between performance and robustness and has the great advantage of not relying
on the precise knowledge of the transition rates.
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Table 10.9 Robust H,

controller for uncertain Hj cost ViE=21.4112
transition rates, with @ = 15 Controller K1 = —[23.7524 10.9740 30.5194 1.3973]
(Theorem 9.22(i)) K> = —[23.7099 10.9661 30.6861 1.4038]

K3 =—[23.9518 10.9883 30.5970 1.3874]
K4 = —[23.8786 10.9550 30.6849 1.3926]

Table 10.10 Robust H»

controller for uncertain Hj cost i=19.3338
transition rates, with@ = 15 Controller K1 =—[17.7998 7.1251 19.1098 1.5738]
(Theorem 9.22(ii)) Ky =—[17.7381 7.1311 19.4306 1.5732]

K3 =—[18.0501 7.1319 18.9506 1.5864]
K4 =—[17.9843 7.1302 19.2597 1.5837]

10.3.5 Synthesis of Robust Controllers

The applicability of the analysis carried out in the preceding subsection is somewhat
limited, because it is assumed that a stabilizing controller is known a priori. In this
final subsection we circumvent this issue and treat the design of a controller that
provides a satisfactory trade-off between robustness and H, performance.

Let @ = 15 and consider the design of controllers for which, regardless of A as in
(10.13) or of IT € V as in the preceding subsection, the closed-loop system (10.12)
is mean-square stable, with guaranteed H; cost as small as possible. In this case the
designs from Theorem 9.22(i) and Theorem 9.22(ii) yield the results in Tables 10.9
and 10.10.

10.4 Robust Control of an Underactuated Robotic Arm

Controlling the dynamics of an underactuated manipulator robot, which is nonlinear
and depends on the arm’s geometry, is not an easy task. Furthermore, in applications
it will always be desirable for the robotic arm to undergo operation under prespec-
ified time and energy constraints. Therefore, whenever actuator faults are likely to
occur, the controller’s response has to be sufficiently fast as to effectively capture
sudden changes on the system’s point of operation. This clearly represents a critical
issue to the design of gain-scheduled controllers, because the success of such tech-
niques strongly depends upon having a sufficiently fine gridding phase and, at the
same time, being able to perform all the necessary computations online.

The gist of the application of MJLS theory to the control of underactuated manip-
ulators through a given reference trajectory relies on (i) identifying a representative
set of operation points, around which the original model is linearized, (ii) choosing
the transition rates on the basis of an estimate of the waiting times that are necessary
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Table 10.11 Linearization points of the underactuated manipulator

Domain q1 9 q3 q1 92 q3

¢ 0 0 0 0 0 0

O 4.9988 4.9974 4.9987 6.3611 6.3533 6.3608
&3 9.9972 9.9592 9.9962 7.5048 7.3544 7.5011
La 15.0081 14.6371 15.0014 6.3770 5.4425 6.3652
g5 17.9733 20.0718 21.9564 22.2354 0 —16.8097
L6 20 20 20 0 0 0

for the system to move across the reference trajectory, and (iii) actually implement-
ing, in the original system, the controller computed via MJLS design algorithms.
Better results are obtained if one is able enough to properly tune a proportional-
derivative controller, for the sake of precompensation of model imprecisions. Prac-
tical experiments were conducted by Siqueira and Terra et al., in the UARM II
(Underactuated arm II) robotic manipulator, which is a device especially suited to
the academic benchmark of control methods for underactuated manipulators. The
UARM Il is a planar horizontal manipulator comprised of three joints, which can be
made either active or passive, by the activation of direct current motors and pneu-
matic brakes, as to simulate various faulty conditions. Due to smaller control effort
and faster response after the occurrence of an actuator failure, the experimental re-
sults reported in [261] indicate that MJLS control techniques may sometimes out-
perform both gain-scheduling and standard nonlinear Hy, controllers. Furthermore,
the MJLS control strategy devised in [261] does not rely on completely stopping the
arm (which requires the abrupt activation of breaks) after a fault is detected, so that
the stress on mechanical parts is reduced.

In this section we tackle the control of an underactuated robotic system by means
of the LMIs approach of Theorem 9.22. We partially follow the techniques reported
in [283]. Our approach to the control of a planar three-link robotic arm whose sec-
ond joint is failure prone follows closely the one in [261], except for some aspects
that are explicitly discussed throughout this section. Unlike the work of Siqueira,
Terra, and their coworkers, we do not consider the physical implementation of the
robot, but only its numerical simulation.

Differently from all previous work in the MJLS literature, in this example we
consider only seven possible configurations in the workspace (instead of 24 as in
[261]), corresponding to the six different operation points indicated (in deg and
deg /s) in Table 10.11. This choice is in accordance to an evenly spaced spatial sam-
pling of the system configuration under a hypothetical faultless motion along the set-
point trajectories given (in degrees) by o(r) = min{r>(1.6 — 0.48 + 0.0384¢%), 20}
for the first and third joints, and o(f) = o(¢) + 1.8 ¢=20=45 for the second joint,
which is the task we would like the robot to perform. Moving across this tra-
jectory causes the system to temporarily dwell within different configuration do-
mains as time goes by. Table 10.12 indicates how long it takes for the system to
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Table 10.12 Fault dynamics of the underactuated manipulator

i Phase Operation point  Exit trigger Expected waiting time (s)
1 AAA § average position crosses 5 deg 1.7970
2 AAA » average position crosses 10 deg 0.7025
3 AAA & average position crosses 15 deg 0.7033
4 AAA o fast transition 0.0100
5 APAu 4 2nd link reaches desired final target  1.1313
6 APAl s all links reach desired final target 1.0000
7 APAl & end of simulation 1.0000

move across the corresponding configurations which were chosen for this exam-
ple. As the table shows, we assume that the fault is expected to occur whenever
average position, which stands for the averaged setpoint {o(¢) + o(¢) + o(¢)}/3 =
o(t) + 0.6e2 _4'5)2, crosses 15 deg. Accordingly, in our simulations the system
forcedly suffers an actuator failure whenever the actual average position reaches 15
degrees (that is, (q1 + g2 + ¢3)/3 > 7 /12), driving the system to the control phase
APAu (whose role has been thoroughly discussed in [261]). Afterwards, once the
passive joint reaches a vicinity of the final position (up to 4 decimals around 20 de-
grees), phase APAl is activated. Our experiments were conducted under the observa-
tion that E(Ty4+1 — Ty | 6(Tx) = i) = —1/A;; for the jump process defined in (2.13),
in which {7} }x>0 stands for the random time instants at which the process jumps.?
Bearing in mind this fact, the transition rates were chosen as the reciprocal of the
measured waiting times on each mode of operation of the setpoint trajectories—with
the exception of the instantaneous state transition from mode i =4 to i =5 (repre-
sented by a very large rate) and of an artificial reset from i =7 to i = 1, which is
introduced in order to ensure the positive recurrence of the related Markov process
(so that 0 is free of absorbing modes, who should compromise the applicability of
infinite-horizon techniques). To be explicit, we chose

[—0.5565 0.5565 0 0 0 0 0]

0 —14235 14235 0 0 0o 0

0 0 —14219 14219 0 0 0

n=| o 0 0 ~100 100 0o 0
0 0 0 0  —0.8839 0.8839 0

0 0 0 0 0 -1 1

1 0 0 0 0 0 —1]

as the transition-rate matrix of 6. The bidiagonal structure of this choice naturally
reflects the assumption that the robot’s setpoint trajectory is of the “slope-like” shape

2This easily follows from the waiting times being exponentially distributed with rate A;; whenever
0=i.
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Fig. 10.3 Theorem 9.22(ii): Joint positions (left) and applied torques (right)

of o(t) and o(¢) (see Fig. 10.3). The arrays A, B in (9.51) were chosen exactly as in
[262], with C and D given by

Ci510x|:13 0] Diz|:03:|, i€S,

0 0 Iz
and
0 0 0
0 0 0
0 0 0 Iz
o _ = =
‘,i =1 0 0l E,_|:03:|, Fi=03, i€S,
0 1y=5 O
0 0 1

whereas J” = I. Assume also that the initial distribution of 6 equals the invariant
distribution of IT = [A;;], i.e.,

—1
)‘ii .
Ui=7_17 ZES,
ZjeS)‘jj

sothat ) ;. gvir;j =0forall j €S.

In this scenario, we solved both LMIs designs in Theorem 9.22 with o = 0.1.
The results reveal that the controllers obtained from (i) and (ii) (say, K® and K()
are essentially the same since KO — K| .. <1071 in this example. However,
the controller (ii) is obtained three and a half times faster than the one corresponding
to (i) (about 4 seconds versus 14 seconds, on average, in an Intel Core i7 CPU with
2.8 GHz and 6 GB RAM). Just for illustration, the system trajectories yielded by
the adjoint controller are depicted in Figs. 10.3 and 10.4.

10.5 An Example of a Stationary Filter

In this section we carry out a numerical example in order to illustrate the perfor-
mance of the filters derived in Sect. 9.5. We confine our discussion performing the
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Fig. 10.4 Configuration
process for the robust
controller from (ii) in
Theorem 9.22

Configuration

Time (sec)

comparison vis-a-vis the optimal filter for the case with complete observation of the
regime (from now on denoted by COF), which can be found in [223]. In order to
give just a glimpse of the performance, we focus our attention on the Riccati and
LMIs versions of the stationary filter. Consider the two-mode scalar system given
by

Al Ji —1{0.1 O
H |G |=|0]0 02],
.= T1= =
A | I 0.1]0.15 0
H| G, |=| 110 03],
T, = T = =

with the transition rate matrix

Suppose also that x (0) = x¢ is independent of 6y, so that
E(zi(0)) = E(xolygy=iy) = E(x0) P(bo = 1), i=1,2,
where x( is Gaussian with
%0:=E(x0) =02 and E[(xo—%)*]=0.01

Finally, let us assume that the distribution of 6y is identical to the invariant distribu-
tion of 0:
T :=PHy=1)=1/3, = P6y=2)=2/3.

A solution obtained for the stationary filtering problem of Theorem 7.15 (Riccati
equation formulation) is given by

—5.0000 2.0489 |—0.0489

[Z‘fﬂ@}z 40000 —2.2652| 0.3652
fop 1.0000  1.0000 | —
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Table 10.13 Average

squared estimation error over ~ 1ime units Riccati LMIs COF
time (100 simulations)
5 0.0353 0.0357 0.0348
10 0.0301 0.0302 0.0263
15 0.0301 0.0301 0.0265
25 0.0268 0.0268 0.0252
50 0.0304 0.0303 0.0265
= = =inf tr(W
04 inf tr(W)
< 005
r - - -
0 ‘i : . L . RLLE . U |
0 5 10 15 20 25 30 35 40 45 50
Time units

Fig. 10.5 Squared estimation errors for the Riccati filter

with Z,, (0) = (0.0667, 0.1333). As for the filter corresponding to the LMIs formu-
lation, we found that

" 32638 61.7401 | —1.7448 x 103
[Lf _f]= —13719 —23.2150| 0.6665 x 10°
f 0.0052 00142 | -

is a feasible solution to (9.58), (9.59), (9.60), with U =1,
Zop(0)* = (0.0667 0.1333),

and

inftr(W) =0.0311 ~ lim E([|en)]?). (10.14)
t—00

For this example, we performed a Monte Carlo simulation of 100 randomly gen-
erated trajectories of the system and compared the obtained results for each station-
ary filter (Riccati and LMIs versions) with those of the COF (see Sect. 5.3 of [223])
over 50 time units. The mean values for the corresponding quadratic errors (that
is, the mean of |le(¢)||> for 100 simulations) on different time instants is shown in
Table 10.13. As one can see, all values are close to inftr(W) in (10.14).

A plot of the quadratic estimation errors for each simulation is depicted in
Figs. 10.5, 10.6, and 10.7, where thick lines correspond to the average trajectories,
and the dashed lines represent inftr(W) in (10.14). Also, a comparison of the aver-
age estimation errors between each of the filters is presented in Fig. 10.8. Finally, a
sample trajectory of the estimation problem is shown in Fig. 10.9.

From the simulations we can see that, as expected, the COF performs better, al-
though the estimation errors are quite similar. Perhaps this similarity has to do with
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0.1k
|

= = =inf tr(W)

lle(t)lI?

0.05
‘LWWM&WW

\
0w - L g - J _ 3 i _ LTS |
0 5 10 15 20 25 30 35 40 45 50
Time units
Fig. 10.6 Squared estimation errors for the LMIs filter
= = =inftr(W)
0.1
a_
2 0.05
r - - - T - - - — - -— -
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Fig. 10.7 Squared estimation errors for the COF

Riccati

— LMI
COF

— — —inftr(W)

Average IIe('t)II2

Time units

Fig. 10.8 Comparison of average squared errors via Monte Carlo (100 simulations)

—— System

= Riccati

— LMI
COF

Time units

Fig. 10.9 Sample trajectory of the estimation problem

the required stability for the system, although we have not considered an exhaus-

tive number of examples. The simulations seem, prima facie, strongly support the
theoretical results.
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10.6 Historical Remarks

Due to the fact that the theory took awhile to mature, applications of MJLS were
meager at the beginning. The rare exceptions were [32] and [33], which date back
to 1975. However, when the theory took shape through the development of an ade-
quate armory of concepts and mathematical techniques, which included the develop-
ment of LMIs-based results, applications began to emerge at a brisk pace. Another
favorable point regarding applications is the fact that reliability is a main issue in
many modern society complex systems, such as in aircrafts, nuclear power stations,
mobile networks, robotics, integrated communication networks, and wireless com-
munication. In these cases failures (abrupt changes) are critical issues that have to be
taken into account in the mathematical treatment and design techniques, including
control design, related to these systems.

In order to facilitate the organization of the references on applications of MJLS,
we classify it according to some areas. For instance, see [261] and [262] for ap-
plications in robotics. For problems of image-enhancement (e.g., tracking and es-
timation), the reader is referred, for instance, to [124, 133, 272] and [276]. Some
problems in mathematical finance are treated, for example, in [34, 68, 88, 108]
and [315]. In the scenario of communication networks, issues such as packet
loss, fading channels, and chaotic communication are considered, for instance, in
[57, 173, 186, 208, 249, 253, 254, 304] and [323]. Some wireless issues are studied,
for example, in [197] and [243]. For problems on flight systems such as electromag-
netic disturbances and reliability, see, for instance, [174, 175, 225] (see also [266]
for control of wing deployment in air vehicle). The papers [212, 219] and [220]
deal with some issues related to electrical machines. For some other works dealing
with lossy sensor data, fault detection, and solar thermal receiver, the readers are
referred, for example, to [141, 226] and [275], respectively. In the framework of
Multiple-Model, we mention, for instance, [35, 213, 296] and [184]. See also the
books [22, 271] and references therein.



Appendix A
Coupled Differential and Algebraic Riccati
Equations

A.1 Outline of the Appendix

This appendix is mainly concerned with the coupled differential and algebraic Ric-
cati equations (CDRE and CARE, respectively) that are used throughout this book.
Initially, we consider the problem of uniqueness, existence, positive definiteness,
and continuity of the solution of the CDRE. After that we study the CARE. We
deal, essentially, with conditions for the existence of solutions and asymptotic con-
vergence, based on the concepts of mean-square stabilizability and detectability seen
in Sect. 3.6. Regarding the existence of a solution, we are particularly interested in
maximal and stabilizing solutions. The appeal of the maximal solution has to do
with the fact that it can be obtained numerically via a certain LMIs optimization
problem (see Lemma A.6). Although in control and filtering applications the in-
terest lies essentially in the stabilizing solution, it is shown that the two concepts
of solution coincide whenever the stabilizing solution exists (see Remark A.10). In
Sect. A.7 we presented the proof of Theorem 7.15, related to the differential and
algebraic Riccati equations for the filtering problem when 6(¢) is unknown. This
proof follows essentially the same ideas as for the CARE case.

A.2 Coupled Differential Riccati Equations

We consider in this section only the equations related to the control problem, and
for this reason, we borrow the notation and definitions from Chap. 4. The results
related to the filtering problem are obtained in a similar way, and, for this reason,
we only state the theorems in Sect. A.5, with the details omitted. For the CDRE,
we will consider a time-varying model as in [53], defined by the following jump
controlled system G:

((t) = A B ,
G x(1) 0()(®)x(t) + By (Hu(r) A1
2(t) = Coy()x (1) + Dg() (t)u(t),

O.L.V. Costa et al., Continuous-Time Markov Jump Linear Systems, 231
Probability and Its Applications, DOI 10.1007/978-3-642-34100-7,
© Springer-Verlag Berlin Heidelberg 2013
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where A;(t), Bi(t), C;(t), D;(t) are real matrices of class PC (see Definition 2.3).
We also assume that D} () D;(¢t) > 0 and C/(t)D;(t) =0foralli e Sand t € RT
and that the matrices (D] (¢)D; (1))~! are of class PC. We write D C R as the
union of the discontinuity points of A;, B;, C;, D;, (D;"Di)’l, i €S. As pointed
out in [53], p. 7, for any T € R™, D N [0, T] contains at most a finite number of
points.

We recall from (4.27) the definition of the nonlinear operator R (¢, -) : H" — H”
and introduce the definition of the linear operator /C(z, -) € B(H") in the follow-
ing way: for any X = (X1, ..., Xy) e H", KX, 1) = (K1 (X, 1), ..., Kny(X, 1)) and
RX,t)=R1(X,1),..., Ry(X, 1)) are defined as

Ki(X,1) = [Df()D; ()] Bf (1)Xi, i€S, (A2)
and

Ri(X,1) = Af(DX; + X; Ai (1) — X; B (t) (D} (1) D; (t))le,-*(t)X,-
N
+Z)‘ijxj+cf(t)ci(f), ied. (A.3)
j=1

As in (4.17), for finite T € RT and L € H"" arbitrarily fixed, the set of CDRE is
defined as

(A4)

X" +RXT(t),1)=0, te(,T),
X'(T) =L,

where X7 (1) = (XIT @®,..., X,{,(t)). Equation (A.4) may be written as the following
set of coupled differential Riccati equations:

xF o)+ A xF @) + xT 0 A1) — xF ) B;(0)[ D) D; ()] Br ) xT (1)

N
+) XTI+ CHOCi) =0, €S,
j=1

with boundary condition XT(T) = L. The main result of this section is the follow-
ing.

Theorem A.1 There exists a unique set of N positive semi-definite and continuous
n x n matrices XT (t) = (XT(t),..., XL () e H'",0 <t < T, satisfying (A.4) for
eacht €[0,T]\D.

For notational simplicity, we will suppress the superscript T that indicates the
final time 7. The proof of Theorem A.l follows the same steps as in Sect. 3 of
[302], the difference being that we consider the matrices in the class PC, and, as a
consequence, the solution of the coupled Riccati equations will be continuous, with
derivative for all # except on the discontinuity points . We need first to introduce
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the following definitions and auxiliary result. For W(7) = (¥1 (1), ..., ¥n (1)), i (?)
in the class PC with discontinuity points # € D, define for X = (X1, ..., Xy) € H",
TW@®,X, ) =T (¥@),X,1),..., Tn(¥@®),X,1)) as

Ti(¥ (). X.1) = (Ai (1) — BiOW: (1) X; + X (Ai (1) — B: (0¥ (1))

N
+ Y i X+ CHOCi() + ¥ () DF (O D; ()W (1), i €S.
=1
! (AS)

Lemma A.2 Consider Sif = ()N(fl, e )N(fN) € H"*. There exists a unique contin-
uous X(t) = (X1(t),..., Xn@®)) e H",0 <t < T, such that for all t € [0, T1\ D,

X(1)+ T(W(), X(1),1) =0, X(T)=X;. (A.6)

Moreover, )N((t) e H"**, and for some a > 0, ||)~(l~ MOl <aforalli=1,...,N and
tel0,T].

Proof The existence, uniqueness, and continuity follow from Theorem 2.4 (see also
the Fundamental Theorem B1.2-6 presented in [53], p. 470). To show that )Ni(t) >0,
we adopt the same approach as in Sect. 3 of [302] by considering the fundamental
matrix @; (¢, s) associated to the matrix A; (¢) + %I — Bi(t)¥;(¢) and the sequence
YE(t) = (YF(1), ..., Y& @) for t € [0, T] obtained recursively as

T
Y () = 03 (T, )X 4 ®i(T, 1) +/ ¢f(s,t)|:2kin]]f(s) + CH(s)Ci(s)
! j#

+ ¥ (s)D} (s)Di (s)¥; (S)] Di(s,1)ds (A7)

and starting with Y°(#) = 0. From the fact that A i > 0 for j #i itis easy to see
that Y’¥T1(¢) > YK(r) > 0 for all ¢ € [0, T']. Since all matrices are in the class PC,
we can find a constant ¢ > O such that forall € [0, T]andi =1,..., N, ||A; (¢) +
M- B < e, ICF)Ci ()| < ¢, and [| W7 (1) D (1) D; (1) ¥; ()| < c. Thus,
defining the N-dimensional vector £*(¢) = [£1(¢) ... £n(¢)] as the solution of the

linear differential equation given, fori =1, ..., N, by
i(0) =2cli(t) + Y 2ijlj (1) +2c,  Li(T) =Xzl (A.8)
J#i

we have, for some a > 0, that
IYk®)| < ei0) <a (A.9)

foralli=1,...,N and all ¢ € [0, T]. To show (A.9) by induction on k, we first
notice from (A.8) that £(z) = eRT=D¢(T) + 2¢ ftT eR6=Dy ds, where R = [R;j]is
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the N x N matrix with entries

Aij, 1 F# T,

and ¢ is an N-dimensional vector formed by 1 in all elements. Since ¢;(7") > 0 and
all elements in R are positive, we have that £;(#) > 0. Clearly, we can find a > 0
such that £;(t) <a foralli =1,..., N and all t € [0, T], so that (A.9) follows for
k = 0 since Yik(O) = 0. Suppose that (A.9) holds for k. From (A.8) we have that

2¢, i=],
Rij={ .

T
0 (t) =€2C(T_t)£l'(T) +/ eZC(s—f) |:Z}\,U€](S) +2Ci| ds, (A.10)
! Jj#i
and from (A.7) and (A.10), due to || Yl.k(t) || <¢€;(t), it follows that

o] <o ofi [ ool [Sulvol
J#i

+ | CE&Ci() | + || @ () D} (s) Dy () Wi (s) H}ds

T
< 620(T7t)€l'(T) + / e2cts=1) |:Z Xijli(s) + 26’] ds = ¢, (1),
! J#i
showing (A.9) for k + 1. Since 0 < Yf(r) < Yf™'(1) and ||YF(1)|| < a, we get
from the monotone convergence result (Lemma 2.17) that there exists Y(r) =
(Y1(1), ..., Yy(t)) € H*F such that limg_ o Y¥(r) = Y(¢) and ||Y;(r)|| < a. From
the bounded convergence theorem, taking the limit as k — oo in (A.7), it follows
that

T
Yi(t) = CD;‘((T, DXy ®i(T,1) +/ QD?(S, 1) [ZK,']’Y/(S) + Cl-*(S)C,' (s)
! J#i
+ ¥ (s)D} (s)D; (s)llfi(s)] D;(s,t)ds. (A.11)

From (A.11) and ||Y;(¢)|| < a it follows that Y(#) is continuous at all points ¢ €
[0 T1] and at the points ¢ € [0, T] \ D the derivative of (A.11) exists and satisfies
Y(t) + T(‘Il(t) Y(#), 1) =0. Thus, from the uniqueness of the solution of (A.6) we
get that X(t) =Y(¢), showing that indeed X(t) e H" . O

Before proceeding to the proof of Theorem A.1, we notice the following identity
valid for any X(#) = (X1(?), ..., Xn (1)) e H":

(Ai (1) = BiOKi X, 0)* X + X7 (4 (1) — Bi()Ki (X, 1)
+ KX, )D} (1) D () Ki (X, 1)



A.2  Coupled Differential Riccati Equations 235

= (Ai(1) = B{0)W (1)) "X + X} (Ai (1) — Bi ()W (1))
+ W () Di (1) Di (1) Wi (1)
— (W) - KX 0) (DF D 0) (% () — KX, 1), (A12)

We have the following lemma, showing the minimality of the solution of (A.4).

Lemma A.3 Consider ¥ (t) = (¥1(t), ..., ¥n(t)), ¥;(t) in the class PC with dis-
continuity points t € D and let )N((t) = (yl(t), e )?N(t)) eH",0<1<T,be the
unique continuous solution satisfying (A.6) with boundary conditions X(T) = L for
allt e [0, TI\D. If X(t) = (X1(t),..., Xy (t)) € H" is continuous for 0 <t <T
and satisfies (A.4) for all t € [0, T\ D with boundary condition X(T) = L, then
X(t) <X(@) forall0<t <T.

Proof SetEi\ng @(t) = KX(), ) and R/(\t) =(R1(t),...,Rn®)) e H'", Ri(¢) =
Wi (1) — ¥ ()" (DF () D; (1)) (Wi (1) — ¥; (1)), we have from (A.12) that we can
rewrite (A.4), forall t € [0, T]\ D, as

0=X(1)+T(¥(r), X(t), 1) =X() + T(¥(), X(1), 1) — R(?). (A.13)

Setting Q(¢) = i(t) —X(1), Q(T) =0, it follows from (A.6) and (A.13) that for all
t €0, T]\D,

Q)+ T(¥(®),Q(), 1) +R(1t) =0, Q(T)=0. (A.14)

By Lemma A.2, Q(t) > 0, showing the result. O
Proof of Theorem A.1 Starting with W' (1) = (W[ (1), ..., W} (1)), ¥ (2) in the class
PC with discontinuity points € D, we define recursively, as in Sect. 3 of [302], for

k=1,2,....Xk@t) = (X¥@), ..., X5 (1)) e H'*, 0 <t < T, as the unique contin-
uous solution (see Lemma A.2) satisfying for all t € [0, T] \ D,

X+ T (¥ @0, X @), 1) =0, XNT)=L, (A.15)
where
v () = (XK 0), 1). (A.16)

Notice that since XK (t) is continuous for ¢ € [0, T'], the discontinuity points of
the differential equation (A.15) remain unchanged along the iterations on k. From
(A.12), (A.15), and (A.16) it follows that for all r € [0, T] \ D,

XE@) + T (W @), XK (), 1) < Xk() + T (W5 (1), XF 1), 1)
=0
=X ) + T (P 0, X (1), 1), (A7)
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and thus, writing Q(r) = X¥(r) — X¥*1(r), we have from (A.17) that for all
1 €0, TI\ D, Q) + T(¥ 1 (1), Q(1), 1) + R(r) = 0 for some R(r) € H'" with
discontinuity points in ID. From Lemma A.2 it follows that Q(¢) € H"*, that is,
Xk (1) > X1 (1) > 0, and by the monotone convergence result again (Lemma 3.1 in
[302]) there exists S(¢) = (S1(7), ..., Sy (t)) € H*t such that limg_, oo X¥(t) = S(¢)
and, by (A.16), limg_ oo WK (1) = W(r), where W(r) = K(S(1), ). Moreover, as
seen in Lemma A.2, there exists @ > 0 such that ||S;(?)|| < ||X[.1 ()] < a for all
i=1,...,Nand 0 <r <T. Setting @ (s, t) as the fundamental matrix associated
to the matrix A;(t), it follows from (A.15) that

XE(t) = @ (T. )L ®i(T . 1)

T N
+/ q?;*(s,t)[ZAijxj‘.(s)— (W ()" BF () X5 () — XK(5)Bi ()W} (s)
t

j=1
+ CF($)Ci(s) + (¥} ()" D} (5) Dy (s)lI/ik(s)i| ®;(s, 1) ds. (A.18)

From the bounded convergence theorem, taking the limit in (A.18) as k — oo, we
get that

Si(t) = @F(T, )L ®;(T, 1)

T N
+/ D/ (s, l)|:z)»ij5j(s) — (Wi ()" B} (5)S; (s) — S (5) Bi ()i (s)
t

j=1
+ CHO)CH(s) + W () DE($) Dy (s)%(s)} B:(s, 1) ds. (A.19)

From (A.19) we have that S(¢) is continuous for 7 € [0, T] and for all ¢ € [0, T] \ D,
and the derivative of (A.19) exists and satisfies (A.4). Notice that by (A.12) we
can rewrite (A.4) as S(r) + T (¥(¢),S(t), ) =0, S(T) = L. Suppose that Y(¢) =
(Y1(®),...,Yn(2)) € H" is continuous for 7 € [0, T'] and satisfies

Yi(0) + ALY () + Vi) Ai (1) — Y; () B[ D () Dy ()] BE ()Y (1)
N
+ ) 1Y+ CFOCi(t) =0, i€,
j=1

with boundary condition Y(7') = L. Then we have that
Y() +T(¥(@),Y(0),1)=0, Y(T)=L,

where \f’(t) = K(Y, t). From the minimality property, Lemma A.3, we have that
Y (¢) <S(¢) and similarly S(#) < Y(¢), which shows the uniqueness. O
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A.3 Maximal Solution

In the next sections we consider all matrices in (A.1) time invariant and want to
study conditions for the existence of solutions of (4.28) and asymptotic convergence
of X7 (0) to a solution X of (4.28) as T — oc. Parallel to the classical LQ problem,
when dealing with the infinite-time optimal control problem (infinite horizon), two
structural concepts turn out to be essential: mean-square stabilizability and mean-
square detectability, defined in Sect. 3.6.

The purpose of this section is to prove the existence of the maximal solution for
the CARE (see Definition 4.10), under the hypothesis of mean-square stabilizability.
This result is summarized in Theorem A.5 below. But first we need the following
glvuxiliary result. For G = (Gy,...,Gy) e H"", K= (K|, ..., Ky) € H*™, and
X = (%1, e, %N) € H", define the operators 7, TX e B(H") as

N
TOX) = (Ai = BiG)*Xi + Xi(Ai = BiG) + ) _ 1 X,
j=1

=

TRX) = (Ai = BiK)*Xi + Xi(Ai = BiKD) + )i X,
j=1

and LG = (TS)*, £K = (T5)*,
Proposition A.4 Suppose that for some G = (G, ..., Gy) € H"™,
Re{A(LG)} <0
and for some X = (X1, ..., Xy) e ", K= (K4, ..., Ky) e H"", and § > 0,
TEX) +8(K; —Gi)"(Ki —Gi) <0, ié€S. (A.20)
Then Re{A(LX)} < 0.

Proof Consider x(t) given by (4.1) with t € R™ and u(t) = —Konx(t), K=
(Ki,...,Ky) € H"™ and arbitrary initial data (xg,6p). Let us consider Q(¢),
t € RT, given by (3.9) and (3.12), so that, by Proposition 3.7(b),

Q1) =£X(Q)), (A21)
and thus,
0i(1) = LE Q1) + 4; Qi (1) + Qi (1) A}, (A22)

where

A; = Bi(G; — K;). (A.23)
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Now, for arbitrary ¢ > 0,
1 1 *
0<|el—-4;)0iO)|el —-A4; ),
£ g

A Qi) + Qi(HAF <€2Q;(1) + 8124- Qi (1A}

so that

Thus, by (A.22),

. 1
0i(1) = L7(QW) +£2Qi(0) + 5 4, 0i (AT (A.24)
Now, for H= (Hy, ..., Hy) € H", let us define the operators

LH) = (LiH), ..., LyH)),
rM = (M ,..., [yH),
VH) = (ViH), ..., VyH))

in B(H") such that

LiH)=LEH) +&*H;, (H) = A H A, (A.25)
and
1 1 ,
Vi(H) = (el - —Ai)H,- (el — —A;“), i€d. (A.26)
& &
From (A.25) we have that
L=1rC+61 (A.27)

with [ being the identity operator associated to H". We can rewrite (A.24) as

. ~ 1
0i(1) < Li(Q0) + a2l Q). (A.28)

In order to use a comparison theorem, we consider now the following nonhomoge-
neous differential equation:

. ~ 1
Ri(1) =L (R()) + 8—2E(Q(t)),

(A.29)
Ri(0)=0i(0), ieS,
or equivalently, the differential equations
. ~ 1
R(t) =L(R@)) + a7 (Q)), (A30)

R(0) = Q(0) e H"*,
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with R(#) = (R (), ..., Ry(t)). Now, for each finite 7 and time interval [0, T'],
Q and consequently E%F(Q) belong to L ([0, 7], HY) and are continuously differ-
entiable. Thus, the unique solution R(7) € H" to (A.30) is given by

~ t ~
R(;):eﬁ’(Q(O))Jrgizf LM (Qes)))ds, 1€[0,T], (A31)
0

for any Q(0) € H"T. Let us now define
Ui(t) =R;(t) — Q;(t), i€S. (A.32)

Then U(¢) = (Uy(2), ..., Un(t)) belongs to H" and satisfies the differential equa-
tion

U) = L(U®) +V(Q)), (A.33)
U0) =0, .

as shown next:

. . . ~ 1
Ui(t) = Ri(t) — Qi(1) = Li(R(1)) + ;AiQi(t)A? - LE(QW)

1
LE(R®) + &2 Ri (1) + 580104
— (LF(QM) + 4 Qi (1) + Qi (1) AT)
~ 1 1
= L;(U®) +Vi(Q)).
Now, U(#) € H" defined in (A.32) is a unique solution to (A.33) and is given by
r ~
U(1) =/ KL (V(Q(s)))ds, 1€[0,T1.
0
Since Q(s) and consequently V(Q(s)) belongs to H"*, it follows from Lem-
ma 3.10(b) that £~ (V(Q(s))) belongs to H"t. Hence, U() € H"*, which,
together with (A.32), sets our comparison result, i.e., 0 < Q(z) < R(¢) € H"*,

t € [0, T, for arbitrary Q(0) € H"* and each finite 7. Now, using (A.31) and (2.31),
we have that

~ 1 t ~ )
], = £ @), + 5 [ £ (r@w))], as.

Hence, integration on [0, T'] yields

T T ~
| lea ] ar = [ 150 @) ar
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1 T t ~
+3 /0 /O |£ (P Q)| dsdt.  (A34)

Referring to the last term of (A.34), let us define [ =¢ — s and

LO) ifr >0

0 ifr <0,
so that
T t ~
[ 1 @oyt,asa
T T
= [ [ 17£a=sr@)] das
T T—s ~
< [Ir@ol, [ ¥ dras
T T ~
< /0 |7 (Q))|, ds /O £ | at. (A.35)
Hence,

T 1 T T Z(s)
[ lewlar={ieol,+ 5 [ Ir@)las) [ as. @0

By (A.36) we end up with

r IBlgax [T 5 " 1e£©
[ 1eolar<{lo], + Bl [T 7@e] as| [ 1efas
(A.37)

where for Y = (¥, ..., Yv) e ', T(Y) = 1Y), ..., v (Y)) with T3(Y) =
(K; — G))Y;(K; — G;)*, recalling that £ = LG + £21. Let us show that

o
/O 17 (Qs))], ds < oo. (A.38)
To show (A.38), we notice from (A.20) and (A.21) that

~ ~ 1 ~
7 (@), ={rQ®): 1) = —5{QCs; TEX))

1 - 1.~
= —g(LK(Q(S))§ X)= —5<Q(S); X). (A.39)

Integrating (A.39), we get that

L 1 ~ ~ 1 ~
fo IF(Q®)|,ds < g((Q(0>; X) - (Q(T): X)) < E(Q(O); X),
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showing (A.38). Thus, for some constant ¢ > 0, passing in (A.37) to the limit, we
have that

T ~
tim / QW] dt<{||(Q(0))||1 _} lim. fo [E0ar. (Ad0)

By construction, Re{k(ﬁG)} < 0, and since by (A.27), G(Z) =0 (LS) + &2,
have that Re{k(L)} < 0 for some ¢ > O sufficiently small. Thus, by Proposmon
2.23, lim7 o0 fo 1e£D | dt < o0, or else (see (A.40)),

T
Jim /0 Q)| dt < oo

whenever Q(0) € H*t. Moreover, E[||x(¢)]|*] < n]|Q(r)|/1, so that

Jim / [|x®)]*]dt < o0

for any initial condition (xo, 6p). Hence, Re{r (LK)} <0, completing the proof. [
We can now prove the main result of this section.

Theorem A.5 (Maximal solution) Suppose that (A,B, IT) is SS. Then for { =
0,1,2,..., there exists Xt = (Xe, e Xﬁ,) € H"* that satisfies the following prop-
erties:

(a) X0>X!I>...>X! > ifor arbitrary X € H"™ such that R(i) >0;
(b) Re{r (LY} <0, where L* = (L{,..., L), and fori=1,...,N,P=(Py,...,
Py) € H",

LEP):=ALP; + Pi(A +Zxﬂ
jesS
Af = A; — BiKY,
Kf =KX fore=1,2
;=K ort=1,2,...,
K’eK arbitrary.

(c) X is the unique solution of the set of coupled linear equations

(A,' - B,-Kf)*Xf +Xf(A,' — B,‘Kl-z) + ZA@J’X?
jeS
+CCi+ K DDk =0, i=1,...,N. (A.41)

Moreover, X! — Xt as £ — oo, where XT = (X+,...,X1'f,) e H*t satisfies
RXT) =0 and XT > X for any X € H"™* such that R(X) > 0. Furthermore,
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Re{M(LT)} <0, where LT = (LT,...,L}) is defined for P = (Py,..., Py) as
LI®) =AY P+ PAD + X s hjiPjfori=1,...,N,and
Af=A; - BiK',  K'=Ki(X").

1

Proof Let us apply induction on £. By the hypothesis that (A, B, IT) is SS we can
find K° € K such that Re{A(£")} < 0 and thus Re{A(7°)} < 0 where 70 = £0%.
Hence, by Proposition 3.20, there exists a unique solution X0 for (A.41), and
moreover X" € H"*. Suppose that at iteration ¢ we have X‘~! € H"t satisfying
(A.41) and Re{A (Lt 1)} < 0. From the identity (A.12), (A.41), and recalling that
K¢ = K£(X¢~1), we have that for some & > 0 (in fact, § > 0 such that DiD; > 81
foralli € S),

0=(Ai — BiK)" X"+ X{ 7" (4 = BiK[) + ) nij X!
jeS
+CICi+ K DEDiKf + (Kf — KN DD (Kf — K71
> (Ai = BiK{)" X7 + X[ 7N (A = BiK[) + ) n xS
jeS
+8(Kf - KN (KE - K, (AA42)
so that by (A.42) and Proposition A.4, Re{A(ﬁe)} < 0. From this and from Propo-
sition 3.20 it follows that there exists a unique solution X’ satisfying (A.41) and

moreover X¢ € H"*. Writing Q = X~ — X¢, we get, taking (A.42) minus (A.41),
that

0=(A; — BiK[) Qi + Qi(Ai = BIK[) + Y 10,
jeS
+ (KL~ K DEDy (KL - KEY)
$O that by Propositi0n~3.20, Q € H"t, that is, X6 > xt, Similarly, for arbitrary
X € H™* such that R(X) > 0, we have from the identity (A.12) and some R € H"*
that
0= (Al' — B,’Kie)*ii +§i(Ai — BiKie) + Z)\.ijij + C;’(Ci
jeS
+K{"DfD;K{ — (K{ —Ki)"D; D;(K{ =Ki) = Ri,  (A43)
where K = IC()~(). Taking (A.41) minus (A.43) and Q = X! — )~(, we obtain that

0=(A; — BIK[) Qi + Qi(Ai = BIK[) + Y 1 Q;
jesS

(KL= R DI DK = Ki) 4 R (st

1 1
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and from Proposition 3.20 and (A.44) it follows that Q > 0, that is, Xt > X.
Since {XZ}E";O is a decreasing sequence with X¢ >0 for all £ =0,1,..., we get
from Lemma 2.17 that there exists X € H"" such that X* | X* as £ — oo.
Clearly, X™ > X for any X € H"* such that R(X) > 0. Moreover, substituting
K¢ = K(X*!) into (A.41) and taking the limit as £ — oo, we get that

(A,' — BiK; (XJF))*XI+ + Xf(Ai — BiK; (X+)) + Z)»UX?
jeS
+C}Ci + K (XT)* D} DiK;(XT) =0, i=1,...,N.
Rearranging the terms, we obtain, fori =1, ..., N, that R(XT)=0. Finally, notice

that since Re{A(LE)} < 0, we get that (see [264], p. 328, for the continuity of the
eigenvalues on finite-dimensional linear operator entries) Re{A (L")} < 0. O

The next result establishes a link between an LMIs optimization problem and the
maximal solution XT. Consider the following convex optimization programming
problem:

N
max tr(ZX,-)
i=1

subject, fori =1,..., N, to
(A.45)

A?‘Xi—}-XiAi—i-Z;v:l A,-./Xj—i—C;“C,- X; B; -0
BIX; DD |~

X; =X}

Lemma A.6 Suppose that (A, B, IT) is SS. Then the maximal solution X+ € H"*
for the CARE (which exists from Theorem A.S) is the unique solution of the convex
programming problem (A.45).

onof Firit of all, notice that, from Schur’s complement (Eee Lemma 2.26), X =
(X1, ..., X ) satisfies the constraints (A.45) if and only if X € H"* and

N
A?ii + X[Ai + Z)»,‘j)?j + C;kc,‘ — giB[(D;kDi)_lBi*ii >0,
j=I
that is, if and only if X € H"* and R(X) > 0. By Theorem A.5, X+ € H"*,

R(XF) =0 (thus, the constraints (A.45) are satisfied for X*), and X* > X for
any X satisfying the constraints (A.45), which implies that

N N N
Ztr(X;r) > Ztr(X,-),
i=1 i=1

and so the optimal solution is given by X*. g
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A.4 Stabilizing Solution

This section presents results concerning the existence of a stabilizing solution for
the CARE and its relation with the maximal solution. As we are going to see in this
section, the maximal solution coincides with the stabilizing solution whenever the
latter exists. Also in this section we present a necessary and sufficient condition for
the existence of a stabilizing solution.

Proposition A.7 There exists at most one mean-square stabilizing solution X =
(X1,...,Xy) € H"" for the CARE (4.28), which coincides with the maximal solu-
tion.

Proof Suppose that X = (X1, ..., Xu) is a mean-square stabilizing solution for the
CARE (4.28). Clearly (A, B, IT) is SS, and thus the maximal solution X exists.
From the identity (A.12) we have

(Ai — BiIKi (X)) (Xi — X)) + (Xi — X;7)(Ai — BiKi(X))

N
+ Z,\,-,- (X, - Xj) + (K (X1) — K:(X))"(DfDi) (Ki (XT) = Ki(X)) =0,
j=1
(A.46)

and from Proposition 3.20 and (A.46) it follows that X — Xt > 0, that is, X > X,
But from Theorem A.5 and R(X) = 0 we have that Xt > X, showing that X =
X+, O

The next theorem presents a necessary and sufficient condition for the exis-
tence of the mean-square stabilizing solution for the CARE (4.28). In what fol-
lows we use the following notation: for any V = (Vq, ..., Vy) € H"™ such that
R(V) > 0, we write R(V)'/2 = (R{(V)2,...,Ry(V)!/2) and A — BK(V) =
(A1 = B1K1(V),...,Ay — BNKn(V)).

Theorem A.8 The following statements are equivalent:

(i) (A.B, 1) is SS, and (R(X)'/?, A — BK(X), IT) is SD for some X = (X, ...,
Xy) € H™ such that R(X) > 0.
(ii) There exists the mean-square stabilizing solution for the CARE (4.28).

Moreover, if (1) is satisfied, then the class C()~() =XeH""RX)=0,X> i}
contains only the mean-square stabilizing solution for the CARE (4.28).

Proof Let us show that (i) implies that C ()~() contains only the mean-square stabi-
lizing solution for the CARE (4.28). Since (A, B, IT) is SS, we have from Theo-
rem A.5 that the maximal solution X1 exists, and since R(X) > 0, we have from
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Theorem A.5 that X* > X, and thus X+ € C(X). Consider any X € C(X) and set
R =X - X> 0. From identity (A.12) we have that

N
(A,' — B;K; (X))*R,' + R; (A,' — B/ K; (X)) + Z)\"/'R-/'
j=1

+Ri(X) + (K (X) — K (X)) "Dy D (Ki (X) — K (X)) =0. (A47)
We can find 0 < § < 1 such that Dj‘D,- > §I for eachi =1,..., N, and thus, by
(A.47),

N
(Ai = BiKi (X)) Ri + Ri(Ai — BiKi(X)) + Y AijR;
j=1

+8(RiX) + (Ki(X) — K (X)) (i (X) — Ki(X))) <0. (A48)

From the hypothesis that (R(X)!/2, A — BK(X), IT) is SD we can find V =
(V1, ..., Vn) such that the operator TV, defined as

TV @) = (A - BGX) - ViRi%)'?) 2z,
N ~ N
+Zi(4 - B K) — ViRi®)?) + Y 0z, i€,

is such that Re{A(TY)} < 0. We set now B= (El, ...,§N), G= Gy, ...,61\/),
and K= (Kq,..., Ky) as follows:

R S (R e 0
Bi=[Vi B, Gi_[/ci(i)}’ Ki_[’Ci(XJ'

Then it is easy to see that
Ai = BiG; = A; — BiK;(X) — ViRi(X)'/2,
Ai — BiK; =
Gi = K)*Gi = K) = RiX) + (K X) = K (X0)" (K (X) = K (X)).
In other words, (A.48) can be rewritten as

TRR) +8(Ki —G)* (K — G1) <0, i€,

where ’Tﬁ is as in Proposition A.4, replacing B by E.ASince ’Té =TV and
Re{A(TVY)} < 0, we get from Proposition A.4 that Re{A(7¥)} < 0, showing (from
Proposition A.7) that X is the mean-square stabilizing solution for the CARE (4.28).
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The proof of (ii) implies (i) is immediate, since in this case clearly (A, B, IT) is
SS, and considering the mean-square stabilizing solution X for the CARE (4.28),
we have that (R(X)'/2, A — BK(X), IT) = (0, A — BK(X), IT) is SD. O

From Theorem A.8 we have the following corollary.

Corollary A9 If (A,B, IT) is SS and (C, A, IT) is SD, then there exists a unique
solution for the CARE (4.28) in H"", which coincides with the mean-square stabi-
lizing solution.

Proof This follows from Theorem A.8 taking in (i) X = 0, so that R;(0) =
C’C; > 0 and K;(0) = 0, and recalling that C; = U,-(C;"Ci)l/2 for an orthogonal
matrix U; (see Theorem 7.5 in [298]). O

Remark A.10 The application of the iterative technique presented in Theorem A.5,
also known as Newton’s method (see, for instance, [95, 96, 161, 177, 178]), re-
quires an initial mean-square stabilizing gain K, which is not in general easily
obtained. Thus, some kind of numerical procedure would be required to derive this
initial mean-square stabilizing gain K°, and after that we could apply the iterative
technique (which corresponds to solving a sequence of linear equations) to get an
approximation for the solution of the CARE. On the other hand, the reformulation of
the problem in terms of LMIs optimization is more advantageous since it provides
directly a numerical technique for obtaining the maximal solution. Moreover, there
are nowadays very efficient numerical algorithms for solving LMIs optimization
problems with the global optimum found in polynomial time [49]. Once a solution
X for (A.45) is found, one can check whether it is the mean-square stabilizing solu-
tion by verifying if Re{A(L)} < 0, where for P e H", L(P) = (L1 (P), ..., Ly (P))
is L;(P)=(A; — B;K;X))P; + Pj(A; — B; K;(X)* + ZieS Aij P;. If so, then
clearly (A, B, IT) is SS, and by Lemma A.6, X is the maximal solution and, in fact,
by Proposition A.7, is the mean-square stabilizing solution. Notice also that by us-
ing the Kronecker product we can rewrite the operator £ as an Nn? x Nn? matrix
(see Chap. 3), so that the test Re{A(£)} < 0 can be easily performed.

A.5 Filtering Coupled Algebraic Riccati Equations

The results presented in Sects. A.2, A.3, and A.4 are for the CARE related to the
optimal control problem. For the CARE related to the filtering problem, the results
are similar, and for this reason, we only state the main results in this section. For
the CDRE, we will consider a time-varying model defined by the following jump
controlled system G:

_Jdx(@) = Aoy (D)x (1) dt + Jor) (1) dw(t),

= (A.49)
dy(t) = Hy)()x(t)dt + Gogy (1) dw(z),
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where A;(t), J;i(t), H;(t), G;(t) are real matrices of class PC (see Definition 2.3).
We also assume that G;(#)G}(t) > 0 and J;(t)G; (1) =0 foralli e Sand t € Rt
and that the matrices (G; (t)G;.k(t))’l are of class PC. As before, we write D C RT
as the union of the discontinuity points of A;, J;, H;, G;, (G,-Gl?“)_l, ieS. In
what follows we recall that, under our assumptions, p;(t) > 0 for all i € S and
t € RT, and p;(t) — m; > 0 as t — oo. We define the linear operator K¢, 1) e
B(H") and the nonlinear operator R/ (-, 1) : H* — H" in the following way: for
any Z=(Z1,....,Zy) e ", KN (Z,t) = (K\(Z, 1), ..., Kny(Z,1)) and RS (Z, 1) =
(Ri1(Z,1), ..., Ry(Z,t)) are defined as

K @.0 =2 H O[pGG )], ies, (A.50)
and
R,-f(Z, 0 =Ai(NZi + Z;Af(t) — Zi H} (1) (pi (t)Gi(t)G;k(t))_lHi ®)Z;
N

+) M Zi+ I OT0pit), i€S. (A51)
j=I

The set of filtering CDRE is defined as

~Y() +R/(Y(1),1) =0, Y(0)eH", (A.52)
where Y(t) = (Y1(¢), ..., YN (¢)). As in Sect. A.2, we have the following result:
Theorem A.11 There exists a unique set of N positive semi-definite and continuous

n x n matrices Y(t) = (Y1(t), ..., Yn()) e H'Y, t € RT, satisfying (A.52) for each
teRT\D.

Consider now all matrices in (A.49) time invariant with G;G} > 0 and J;G} =0
for each i € S. The linear operator X/ € B(H") and the nonlinear operator R/ :
H" — H" are defined in the following way: for any Z = (Z,...,Zy) € H",

Kf(Z)=K{@),....KLZ) ad R/ (Z) = (R] @), ..., R}, (Z)) are defined as
K!(@)=zH[nGiGY]', ies, (A.53)
and
Ri(Z) = AiZi + ZiAY — ZiH(7:GiG?) " H; Zi
N

+ Y M Zj+ I OT 0, Q€S (A.54)
j=1

We have the filtering CARE
RFS)=0 (A.55)

and the following definitions.
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Definition A.12 We say that Y = (Y1,...,Yn) € H"t is a maximal solution of
(A.55) if RF(Y) =0 and, for any V= (Vj, ..., Vy) € H" such that R (V) > 0,
we have that Y > V.

Definition A.13 We say that Y = (Yy, ..., Yn) € H" is a positive semi-definite so-
lution to the CARE if Y € H"t and satisfies (A.55). Furthermore, Y is a (mean-
square) stabilizing solution of (4.28) if R/ (Y) =0 and for K = (K1,...,Ky) €
H™™ defined as K = K/ (Y), we have that K stabilizes (H, A, IT).

The following results come from the same arguments as those presented in
Sects. A.3 and A 4.

Theorem A.14 (Maximal solution) Suppose that (H, A, IT) is SD. Then there exists
Yt =, ..., Y$) e B such that R/ (YY) =0 and Y > Y for any Y € H™
such that RY (?) > 0. Furthermore, Re{A(TT)} <0, where T+ = (T, ..., TJ)
is defined for P = (Py, ..., Py) as 7?+(P) = (A?_)*Pi + PiA?_ + X jes hij Pj. for
i=1,...,N,and

+ _ 4. + 1. +_f(y+
Af=A;—KH;, K '=K/(Y").

In what follows we use the following notation: for any V= (Vy, ..., Vy) € H**
such that R (V) > 0, we write RS (V)1/2 = (R] (V)!/2, ..., RJ,(V)!/%) and A —
KF(VH= (A — K] (V)H), ..., Ay — K} (V) Hy).

Theorem A.15 The following statements are equivalent:

() (H,A,IT) is SD, and (A — K/ (Y)H, R/ (Y)\/2, IT) is SS for some Y =
(Y1,...,Yn) € H™ such that R (Y) > 0.

(ii) There exists the mean-square stabilizing solution for the CARE (A.55).

Moreover, if () is satisfied, then the class C(Y) := {Y e H"*: R/ (Y) =0, Y > Y}

contains only the mean-square stabilizing solution for the CARE (A.55).

From Theorem A.15 we have the following corollary.
Corollary A.16 If (H, A, IT) is SD and (A, J, IT) is SS, then there exists a unique

solution for the CARE (A.55) in H"", which coincides with the mean-square stabi-
lizing solution.

A.6 Asymptotic Convergence

In this section we deal with the convergence of the solution of the CDRE to the
mean-square stabilizing solution of the CARE. It will be more interesting to con-
sider the filtering case, due to the presence of the time-varying terms p; (¢). For this
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case, we will need to assume that the Markov process {6(¢)} is irreducible. As seen
in Sect. 2.5, there will exist limit probabilities {r;; i € S}, which do not depend on
the initial distribution, with ) ;s 7; = 1, satisfying (2.21). Therefore, p;;(t) — n;
and p;(t) — m;, exponentially fast, as t — oo. We have the following result.

Theorem A.17 Suppose that (H, A, IT) is SD and (A, J, IT) is SS. Suppose also
that (2.21) holds. Let Y(t) = (Y1(¢), ..., Yy (@) e H'", t € RT, be the solution of
(A.52), and Y = (Y1, ..., Yy) € H'F the mean-square stabilizing solution for the
CARE (A.55). Then Y(t) > Y ast — oo.

Proof The idea of the proof is to obtain lower and upper bound functions P,(¢)
and P*(¢) for Y(¢) that converge to Y, i.e., P.(t) < Y(¢) < P*(¢), and these func-
tions squeeze asymptotically Y(#) to Y. First, we define the function P*(r) =
(P(), ..., Py(1)) as follows:

Pr(t) = AP (1) + PF()(A})" + K (pi ()G GT)(K})"

N
+ D M PTO+ i pi0),  P(0) = 5i(0), (A.56)
j=1

where K* = (K7, ..., K}) and A* = (A7, ..., A},) are defined as

K =K/ ()= Vi H[:G:GF] ", (A.57)

AY=A; — K} H;. (A.58)

We notice now that, by identity (A.12),

N
Yi(t) = ATYi(0) + Vi) (A))" + K (pi(0GiGY) (KF) + A Y1)
j=1

+ I pi) = (Kf = Ki(0) (pi(0GiGY) (K — Ki()*. (A59)

where K;(t) = Y;(t)H[p; (t)GiG?]_l. Defining R;(t) = P(t) — Yi(t), we get
from (A.56) and (A.59) that

Ri(t) = ARi() + Ry (1) (A})" + (K} — Ki () (pi (D GiGF) (K} — Ki ()"

N
+ ) XjiRj(1),  Ri(0)=0. (A.60)
j=1

Then by (A.60) and Lemma A.2, R(¢) = (R((¢), ..., Ry(¢)) > 0, and thus P*(¢) >
Y(#). Moreover, from (A.56), Corollary 3.31, and that K* = (K7, ..., K}/) stabi-
lizes (H, A, IT), we have that P*(t) — f’, which is the unique solution of the cou-
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pled equations

(A,' — K;H,')Isi + 13,' (A,' — K;H,‘)* + K;(N[G,‘G?)(Ki*)*

N
—i—Z)\,]‘,’ISj—i—],’Ji*?T,':O. (A.61)
j=1

But we notice that Y is also a solution for (A.61), and thus P = Y. Define now for
i €S8, () =infcp+{p;(t +5)} and
P i(t) = Avi()Pui(®) + Pui()(Ani (D))" + Kui (1) (i ()G GF) (Kui (1)
N
+ D 2P j() + JiJfai(t),  Pyi(0) =0, (A.62)
j=1

where K, (¢) = (K, 1(?), ..., Kx ny(t)) and A, (t) = (A, 1(8), ..., A, n(t)) are de-
fined as

Kei(t) = PO H i (G GF] ™, (A.63)
A, i(t) =A; — K, ;i (1)H;. (A.64)

By considering @; (¢, s) the fundamental matrix associated to the matrix A, ; () +
% I, we have from (A.62) that

t
P i(t) = / D; (I,S)[Z)‘ijpmj(s) + Koi () (i ()G GF) Ko i (5)
0 J#i
+ JiJ (s):|<1§,-*(t, s)ds, (A.65)

and from the fact that all terms inside the integral of (A.65) are positive semi-definite
we have that P, (¢) > P, (s) whenever ¢ > s. Using identity (A.12), we can write
(A.62) as

Poi(t) = Ai(t) Pai (1) + Poi (1) (Ai ()" + Ki (1) (0 (1) G GF) (Ki (1))

N
+ Ji T (1) + Z)»jiP*,j(t)
j=1
— (Kui(®) — Ki () (i ()G GF) (Kui (1) — Ki (1)), (A.60)
where
Ki(1) = ’Cif(Y(f)) =Yi()H [ pi (I)GiGT]_l, (A.67)

Al‘(t) =A;, — K;(t)H;. (A.68)
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Again by identity (A.12),
Yi(t) = Ai(OYi(0) + Y; (O (Ai(0)" + Ki () (pi G GF) (Ki (1)) + J; I pi (1)
+ i}\ iY@, (A.69)
j=1
and defining R; (t) = Y; (1) — P, (1), we get from (A.66) and (A.69) that
Ri(t) = Ai(OR; (1) + Ri () (A; (D))"
+ (pi () — i ) (Ki (1) (GiGF) (Ki ()" + J: )

(A.70)
N
+ ) Wi R0 + (Kui (1) — Ki(0) (0 ()G GF) (Ko i () — Ki (1)),
j=1
R; (0) = Y;(0).

Then from (A.70), (p;(t) — a;(t)) > 0, and Lemma A.2 we have that R(z) =
(R1(t),...,RNy(t)) =0, and thus Y(¢r) > P,(¢). Now, since P,(¢) is a nondecreas-
ing function of ¢ and is bounded above by Y, because P, (f) < Y(¢#) < P*(¢) and
lim;_, oo P*(#) = Y, we have that lim,_, o P, (#) exists. So, there exists a matrix P,
such that P,(r) — P, as t — oo. Since P, (¢) is bounded, so is P,,(t) and f’,,(t) by
(A.66), and from the convergence of the integral fooo P, (t)dt = P, it follows by
Lemma 2.12 in [233] that P*(t) — 0 as t — oo. Therefore, from (A.62), (A.63),
(A.64), and that o; (f) — 7; as 1 — oo it follows that P, is the solution of the cou-
pled algebraic Riccati equation given by

N
AviPui+ Poi(Ac)* + Kai(1iGiG)(Kui)* + Y AjiPuj + JidJfm =0,

i=1

! (A.71)
where K, ; = Py H [mGiGl’.‘]_1 and A, ; = A; — K, i H;. But (A.71) is equivalent
to RS (P,) = 0, and, since P, € H"*, we have from the uniqueness of a solution of
the CARE in H" " (see Corollary A.16) that P, =Y. Therefore, lim;_, .o P.(t) =Y,
completing the proof. U

For the control CARE, we have an equivalent result. Notice however that in this
case we do not need the ergodicity assumption since in this case the time-varying
terms p;(¢) are not present in the CDRE (A.4).

Theorem A.18 Suppose that (A, B, IT) is SS and (C, A, IT) is SD. Let X" (1) =
XT@),....XL@) e ", t € [0, T, be the solution of (A.4), and X = (X1,...,
Xy) € H'" the mean-square stabilizing solution for the CARE (4.28). Then
XT(0) > Xas T — oo.
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A.7 Filtering Differential and Algebraic Riccati Equation for
Unknown 0 (¢)

The main purpose of this section is to present a proof of Theorem 7.15. This proof
follows the same ideas as the proof of Theorem A.17. In order to prove Theo-
rem 7.15, we first need several intermediate results. We assume from now on the
hypothesis of Theorem 7.15. In addition, we assume the results regarding the exis-
tence and uniqueness of a positive semi-definite solution, Z, for the algebraic Riccati
equation (7.38), including the fact that F' — ZH*(GPGP*)~'H is stable. In order to
prove the following results, we rewrite the matrix Riccati equation (7.36) in a more
convenient way. Defining 7; := Z(t)H*K,_1 and K; := thGp*, (7.36) is given by

Z(t)=(F —T,H)Z(t) + Z(t)(F — T, H)* + T,K, T + J/ J7" + V(Q(1)),
Z(0) = E[Z0Z§] = 0.
Since p;(t) — m; exponentially fast as # — oo, we have that

Gl =[VPiOG1 ... VPNOGN]— [V7IGI ... JanGy]=GP
and
JP = diag(y/pi (1) J;) — diag(y/m: Ji) = J?.
So, as t — oo, we have G/ G* — GPGP* and JP I/ + V(Q(r)) — JPIP* +
V(Q) exponentially fast.

Lemma A.19 Let P*(t) be the solution of the matrix differential equation given by

P*(t) = AP* (1) + P*()U* + T K, T2 + JPI7* + V(Q(1)).
) (A72)
P*(0) = Z(0) = E[Z0Z] = 0,

where A :=F — Too H, Too := ZH*K " with Z the positive semi-definite solution

of (1.38), and K := G?GP* with GP :=[/m G ... /aANGN]. Then P*(t) > Z(1)
forany t € RY, and lim,_, oo P*(t) = Z.

Proof Define P*(t) := P*(t) — Z(t). Then

P*(t) = AP* (1) + P*(OA* + (T, — Too) Ki(T; — Too)*,
- (A.73)
P*(0) =0.
Let @*(z,s) be the transition matrix associated with 2, i.e., ®*(¢,s) = eA=s),
Then, the solution of (A.73) is given by

t
P*(1) 2/ D*(t,5)(Ts — Too) K5 (T5 — Too) " @™ (2, 5)" ds.
0
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Since K, > 0 for all € R, we have P*(t) > 0 and, consequently, P*(t) > Z(1).
From Propositions 3.28 and 3.8(a) we have

$(Q(1) = Ag(Q(®)) + ¢(R()), (A74)

where R(?) := (R((t), ..., Ry(t)) with R;(t) := J; Jl.*p,- (t). Now, let us consider
the limit solution of (A.72) and (A.74). Since 2 and A are stable, we have from
Proposition 2.22 that lim,_, oo P*(#) := P* exists and satisfies

(F — TooH)P* + P*(F — TooH)* + T KT + JPJP* +V(Q)=0. (A.75)

Notice that Z also is a solution of (A.75) because, replacing P* by Z in (A.75) and
taking into account that Too = ZH*K —1 we have

FZ+ZF*— ZH*(GPGP*) "HZ + JPJP* +V(Q) =0,

which is (7.38). Since F — T H is stable, the algebrz_lic Rigcati equation (A.75)
admits a unique §oluti0n. Therefore, we must have P* = Z. In short, we have
lim; s P*(t) = Z and P*(t) > Z(t). O

Lemma A.20 Let Q;(t) and Q;(t) be solutions of matrix differential equations
given, respectively, by

N
Qi(t) = Ai Qi (1) + QAT + Y " 1ji Qj (1) + Ji I pi(t),

=1
! (A.76)

0i(0)=V; >0,

and

= - - N -

Qi(t) = Ai Qi (1) + Qi (AT + Y 2ji Q1) + JiJF i (1),
=1
! (A.77)

0i(0) =V; =0,
where a;(t) = infycp+{p; (t + 5)}. Then, for all t > 0, we have Q;(t) > Q; (7).

Proof First observe that p;(t) > «;(¢) and that for 0 <s <1t, o;(t) > «;(s), i.e.,
«;(t) is a nondecreasing function of . Moreover, «; (f) — m; exponentially fast as
t — oo because p;(t) — m; exponentially fast. Next, by Lemma A.2 under positive
semi-definite initial conditions, (A.76) and (A.77) admit positive semi-definite so-
lutions Q;(¢) > 0 and Q;(r) > O for all t € R*. We now show that Q; () > Q; (¢).
(A.76) can be rewritten as

0i(1) = (A,- + %w) 0:(1) + Qia)(Al- + %w)
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N
+ Y XiQiO) + T pio),
J=1, j#i
Qi(0) =V; = 0.

Define R; (1) := Q;(t) — Qi (t). Then, we get

Ri (1) = <A,~ + %Aiil)Ri &)+ Ri (1) <A,~ + %A,-il)

N
+ > MR+ LT [pi() — i (1],
Jj=1, j#i
Ri(0) =

Since J; J*[pi(t) — a;(t)] > 0, because p;(¢) > «;(t) for all ¢, the solution R;(t)
is obtained in the same way as we did for the solution of Qi(t) and possesses the
same properties as those of Qi(t). So, R;(t) = 0, which proves that Q;(¢) > 0; (1),
completing the proof of the lemma. O

Lemma A.21 Let Q1) = (Q1(t), ..., Qn (1)) € H'" and Q(t) = (01(1),.
On(t)) € H'F be as in Lemma A.20. Then VQ®)) = V(Q()) forall t >0, where
V(Q(1)) is defined by (7.37).

Proof We have shown that 1(Q(?)) is a linear operator and that V(Q(¢)) > O for all
Q1) =(Q1(),...,On()) € H"+. By Lemma A.20, Q(r) — Q(z) > 0. Then, 0 <
V(@) — Q) = V(Q(t)) V(Q(1)), which is equivalent to saying that V(Q(¢)) >
V(Q(2)), completing the proof. O

Lemma A.22 Let P,(t) be the solution of the Riccati differential equation given by
P(t) = (F = T.)H) Pu(t) + Ps(t) (F = Tu()H)®

+ LK T (1) + Ji J; +V(Q)), (A.78)
P.(0)=0

where T.(t) == P,(VH*K; ', K, := G,G¥, G, := [JJo1 ()G .../an(OGN],
J, = dlag(«/a, (1) J) V(Q(t)) is the linear operator defined by (7.37) applied to
Q(t) = (01(1), ..., ON(1)), the solution of the matrix differential equation given
by (A.77), and «o; (t) = infycr+{pi (t + 5)}. Then, for 0 <s =t, Pi(s) < P ). In
addition, P,(t) < Z(1) forall t e RT and lim;_, o Pi(t) = Z, where Z is the solu-
tion of (7.38).

Proof First, observe that, for all z J,p le* > J_,J_t* >0and K; > K, > 0. Also by the
previous lemma, V(Q(#)) > V(Q(z#)) > 0. In addition, from the exponential speed
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of convergence of «; (f) to 7; we have that ft.l_t* — JPJP* V(Q(1)) — V(Q), and
K, — K = GPGP* exponentially fast as 1 — co. Also, for 0 < s <1, P.(s) <
P,(¢), by Lemma 5.2 in [302]. Let us now prove that P,(¢) < Z(t) forallt e RT.In
order to do that, we rewrite (A.78) in the following way:

Pu(t) = (F — T,H) P, (t) + P.(t)(F — T, H)*
+ L JF+V(QM) + LK TF — (T, — T.(0)) K (T, — T ()"
Defining 13*(1‘) = Z(t) — P,(t), we have

Pu(t) = (F = T H)Py(t) + Po(t) (F — T, H)*
+ LK, — KT} + [JP I = L]+ [V(Q®)) = v(Q®))]
+ (T = L)) K(T; — Tu())",
P,(0) = Z(0) > 0.
Let @ (¢, s) be the transition matrix associated with F — T; H. Then
P.(t) = @(t,0)Z(0)@*(t,0)
+ /Ot ®(t, )| T[Ky — KT+ [J7 10" = T, J7]

+[V(Q®) = V(Q())] + (Ts — Tu()) Ky (T — Tu()) "} @* (2, 5) ds.

Since Z(0) > 0, K, — K, > 0, JP I/ — J,J > 0, V(Q(1)) — V(Q(1)) > 0, and
(T; — T.()) K, (T; — To(1))* > 0 because K; > 0 for all # > 0, we have P,(t) > 0,
which proves that Z (1) = P,(1).

Now, since P, (7) is a nondecreasing function of 7 and is bounded above by V4
because P, (1) < Z(t) < P*(t) and lim;_, oo P*(t) = Z we have that lim;_, oo P, (1)
exists. So, there exists a matrix P, such that P, (1) —> P, as t — 0o. Now, due to
the monotonicity and convergence of P,(t), it follows that P, (t) > 0ast— oo.
Therefore, P, is the solution of the algebraic Riccati equation given by

(F—T,H)P,+ P.(F — T,H)* + KT} + J’J’* +V(Q) =0,
where T, = P.H *(gg*)—l. But the above equation can be rewritten as
FP, + P,F* — P,H*(G'G"*) 'HP, +J"J"* +V(Q) =0.  (A.79)

Since (A.79) is equivalent to (7.38), we have, from the uniqueness of solution of
(7.38), that P, = Z. Therefore, lim;_, o Py(f) = O

We can now proceed to the proof of Theorem 7.15. The idea of the proof runs
as in the proof of Theorem A.17. First, notice that from standard results on the
theory of ARE (see, for instance, [53], or Lemma 5.1 in [156]), (7.36) has a unique
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positive semi-definite solution. We have to prove then the existence and uniqueness
of a positive semi-definite solution, Z, for the algebraic Riccati equation (7.38).
Now, proving that Z(t) — Z is tantamount to proving that there exist lower and
upper bound functions P,(r) and P*(¢) for Z(z), ie., P.(t) < Z(t) < P*(¢), and
these functions squeeze asymptotically Z({t)to Z.

Proof of Theorem 7.15 By Theorem 3.33, if system (7.2) is MSS, then Re{A(A)} <
0, where A= IT" ® I,» + diag(A; ® A;). But by Proposition 3.13, if Re{A(A)} <0,
then Re{L(F)} < 0. Therefore, we conclude that the matrix F in (7.36) is sta-
ble. Now, from standard results on the theory of ARE (see, for instance, [53], or
Lemma 5.1 in [156]) it follows that there exists a unique positive semi-definite so-
lution Z to (7.38) and, furthermore, F — ZH*(GP?GP*)"'H is stable. Now, by
Proposition 3.29, under the assumption of mean-square stability of system (7.2),
10:(t) — Qill = 0 as t — oo, where Q; = @fl(—A’](ZJ(R)) with R; = J; JFm;,
R = (Ry, ..., Ry). In addition, notice that V(Q(t)) — V(Q) as t — oo, with
V(Q(2)) defined by (7.37), since V(Q(¢)) is a linear bounded operator. Finally, by
Lemmas A.19 and A.22 there exist matrices P,(z) and P*(¢) such that

P.(t) < Z(t) < P*(1)
and
lim P.(t) = lim P*(t)=Z,
t—00 —00

and, consequently, we have lim;_, o Z(t) = Z, which completes the proof. O



Appendix B
The Adjoint Operator and Some Auxiliary
Results

B.1 Outline of the Appendix

The separation principle presented in Chap. 6 is based on some results related to an
adjoint operator for MJLS. We derive in this appendix these results.

B.2 Preliminaries

Consider the MJLS given by
%(t) = Apiyx(t) + Boyu(t), teRT, x(0) = xo, (B.1)

with {u(#);t € RT} a deterministic input signal, and write ¥, = (x(¢),0(¢)). In
what follows we use the same notation and definitions as in Sect. 4.3. For S =
(S1,...,Sy) € H"* and h(t) a bounded continuously differentiable random func-
tion for ¢ € [0, T), taking values in R”, define g € c! (X) as

g(t,x(@),0(t)) = x(1)*Soyh(1). (B.2)
Then, as in (4.8), it follows that
L48(t.x(1),0(1)) = x(1)* Al ;) Sy h (1) + x (1) *Sp(1y (1)

+x(0* Y Ao Sih(@) + u()* B Soh(r).  (B.3)
jeS

Now, for xo = 0 and u(¢) = §(¢)e, where e € R™, and 6 (¢) is the usual delta of Dirac,
we have from (B.1) that x () = @ (¢, 0) Bgye for t > 0. It follows then from Dynkin’s
formula (4.16) and (B.3) that, letting

2(0) := Ay Seyh(€) + Socyh (£) + Z Aoy jSih(e), (B.4)
jeS
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we have
E(e* B @ (1,0)*Sonh(1)|x(s),0(s))
= x(5)*So(s) 1 (s)

t
+ E</ ¢*Bj @(€,0)* X () de + ¢* B} Sg,1(0) (x(s), 9(s)>, (B.5)

N

or yet, for t > 0, we have

E(e*Bjj @(1,0)*Soh (1) |xo =0, 6p)
t
= "B} S3h(0) + E</O ¢* B} & (£, 0)* £(6) ‘ X0=0, 90>. (B.6)

If we assume now that 6y is a random variable such that 8y = i with probability ;,
then we have

Zn’i{E(e*Bi*(I)(l‘, 0)*Sg(t)h(l‘)|x0 =0,00= i) — e*Bi*S,'h(O)}
ieS

t
=ZniE(/ e*B,-"qﬁ(ﬁ,O)*Z‘(E)dZ‘xo:O, Oozi). (B.7)
ieS 0

B.3 Main Results

We consider now the MJLS
| x(0) = Agyx (1) + Boyu(r), B8
z(t) = Conyx (¢) + Doryu(t), '
with the time running in R, that is, r € R. We can write x(¢) as
t
x(1) =/ D(t,s)Bosyu(s)ds,
—00
and thus, z(¢) as
t
z2(t) = Cy(r) {/ D(t,5)Bo(syu(s) ds} + Doryu(t). (B.9)
o0

Let the operator G from L% (82, F, P) to Lg(Q,]—', P) be defined as G(u) =
{z(t);t € R}, so that G(u)(t) = z(¢t). From Theorem 3.27 we have that if sys-
tem (B.8) is MSS, then G € B(LY' (2, F, P), Lg(.Q, F, P)).
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We define next the adjoint operator G* of G, which is such that, for any
ue Ly (2, F,P)andany ve LY (2, F, P),

(G v):=f

—00

oo o0

E(G)(t)*v(t)) dt = f E(u(t)*G*()(1)) di = (u: G* (v))

—00

is satisfied. Thus,

(Glu: v) = / E(2(*v() dt

—0o0

= E(/ {Ce(z){/ ¢(I,S)BG(S)M(S)1{s§z}dS} + Dg(t)u(t)} U(l‘)dt)

- E(f / E({CowyP (1, 5) Bosyu(s)} v(1)| Fy) di ds)
+ E(/ {Dﬂ(t)u(t)}*v(t)dt>
B E(/ ”(”*{Bgcv) f E(®(t.5)"Cjyv ()| F) dt

+ D;(‘Y)v(s)} ds)
= (u; G* (v)),
and therefore,

G*(v)(s) = B;(x) / E(dﬁ (t, s)*C;(t)v(t)|J-]) dt + Dg‘(s)v(s). (B.10)

Proposition B.1 Suppose that system (B.8) is MSS and that X = (X1,...,XN) €
H", X; = X}, satisfies, for eachi € S,

AP Xi+ XiAj + CCi+ Y 4ijX; =0, (B.11)
jes
DIC;i + BX; =0. (B.12)
Then
G*G(u) (1) = D}y Doy (). (B.13)

Proof From (B.9) and (B.10) we have

G*Gu)(s) = / E(Bj ) ®(t, ) Clipy Gu) ()| Fy) di + Djjiyy Gu)(s)
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o0
- / E(B;‘(s)cb(t, $*Chi
s

t
x <C9(t)/ ® (1, 0) By(oyu(t) dl + Dg(,w(t))‘ﬂ) di
o0

N
+ D;(s) (Cg(s) / D (s, £)Bgyu(t) d@) + D;(s) Dy5u(s).
)

Thus, defining

t
h(z):/ ®(t,£) Byyu(t) de,

we obtain from (B.11) and (B.12) that
G*Gu)(s)

o
= —By {f E<4’(l, S)*HAz(t)Xe(z) + Xon Aoy + Z)%)(t)jxj }h(t)
N .
jeS

+ Xg(t)Bg(,)u(t):| fs>dt + X@(S)h(s)} + D;(S)D(.)(x)u(s).

Noticing also that
h(t) = Apyh (1) + Boryu(0),

we further obtain

G*Gw)(s) = —Bgm{f E<‘15(t, S)*[Az(,)xe(z)h(t) + Xowh(t)

+ Z Kg(;)./th(l)iI ]‘}) dt + X@(S)h(s)} + D;(S)DQ(S)M(S).

jeS
If we show that
E(®(t,5)* Xo@x)h(v)|Fs) = 0

as T — oo, then, by (B.6),

o0
/ E(‘P(l, 5)* [AZ(,)Xe(t)h(l) + Xonyh(t) + Z )»e(t).ijh(f)}
§ jeS

}'S) dt

showing the desired result. As shown in Theorem 3.27, ||h(¢)||» — 0 as t — oo.
Writing £(1) = @ (¢, 5)& forany & € C"*, we have from Lemma 3.12 that || ()], — O

= —Xp(5)h(s),
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as t — oo. Therefore,

|6*E (@ (, $)* Xo h ()| Fs) |
= | E(£(0)* Xo)h(D)| Fs) |
< IXllmax E(JE @ |20 || F5)

< XlmanE (|6 |P15) 2 E(|n0) || 7)) -

0

as T — 0o, completing the proof of the proposition. O
We conclude this appendix by presenting a proof of Proposition 6.25.

Proof of Proposition 6.25 (a) From the control CARE (6.52) we have that

ArXi+ XiAi+CrCi+ > aijX; =0, (B.14)
JjeS

and since R; F; = D} D; F; = B}'X;, we have that
R7V*(DfCi + B Xi) = R *(Df(Ci — Di ;) + B X;)
= R '*(~D{D;F; + B{X;) =0. (B.15)
Thus, from (B.14), (B.15), and Proposition B.1 we have that
G5 Gu ) (0) = Ry Dy Doty Ryl ) o) = (Ry]* Rocry Ro] ) 0(6) = v(0),

completing the proof of (a) of the proposition.
(b) Let us calculate now G, G (w)(r). We set El_ — B lel/z’ 51’ — D, R;]/z. We
have that

~ t ~
Ge(w)(t) = Co(r) {/ D1, S)Ja(s)w(S)dS},
Gi(v)(s) = §g(s)/ E(®(t,5)*Cyyv(0|Fs) dt + Djjyv(s),

and thus,

Gy Ge(w)(s)

) '
= B;(S)/ E(@(I,S)*C;(l) <C9(l){/ D(t,5)Jo w(s) ds})
s -0

S
+ D;(S) (CG(S){/ D(t, ) Jgyw(f) dﬁ}).
—00

S) dt
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From (B.14) and (B.15), writing
~ t ~
0= [ 850w ds
—0oQ

we have

oo
GGe(w)(s) = =By {f E(éb(t, 5)"* (AZ(I)XG(t) + Xo Ao
S
+ Zk@(,)ij)E(t) ]:S> dt

jeS
~ 00 ~
—i—Xe(s)h(SH-/ E(D(t,9)* X Jowyw(t)|Fs) dt
s

o0
—/ E(dﬁ(t,s)*Xg(,)Jg([)w(t)}]:s)dt}
N
~ 00 ~ ~ ~ ~
= _B;(s) {/ E(@(Z‘, s)* (AZ(I)XQ(l)h(t) + Xg)h(t)
s

+ er(t)jxjﬁ(t)> |]-'X> dt
JjeS
~ m ~
+X9(s)h(s)_/ E(q)(t,S)*Xe(t)fe(z>W(t)|fs)dt}
S
since
h(t) = Z@(z)ﬁ(t) + Joyw(1).
By (B.6),

o0 . N
/ E(@D(t, S)* I:A;(I)Xg(,)h(t) + X@(I)h(t) + Z )\g(t)ijh(t):| ‘f;) dt
§ jeS

= —Xp(5)h(s) (B.16)
since from MSS (see the proof of Proposition B.1) we have
E(P(t,$)* Xom)h(D)|Fy) = 0

as T — 00. Therefore,
~ 0 ~
Gy Ge(w)(s) = BZ)‘(‘Y)/ E(D(t,5) Xo@ Joyw ()| Fy) dt,
N

completing the proof of (b) of the proposition. O



Notation and Conventions

As a general rule, lowercase greek and roman letters are used for vector, scalar vari-
ables and functions, while uppercase greek and roman letters are used for matrix
variables and functions as well as sequences of matrices. Sets and spaces are de-
noted by blackboard uppercase characters (such as R, C), operators by calligraphic
characters (such as £, 7T), and sequences of N matrices are indicated in boldface
roman (such as A = (Ay, ..., Ax)). Sometimes it is not possible or convenient to
adhere completely to this rule, but the exceptions should be clearly perceived based
on their specific context.

The following lists present the main symbols and general notation used through-
out the book, followed by a brief explanation and the number of the page of their
definition or first appearance.

Symbol Description Page

d End of proof.

%) Empty set. 89

Iy Indicator function. 35

II-1l Any norm. 16

II-1Ih 1-norm of a sequence of N matrices. 23

[I-1l2 L,(£2, F, P)-norm of random object. 16
2-norm of a sequence of N matrices. 23

Il llmax max-norm of matrices. 21
max-norm of a sequence of N matrices. 23

[I-ll2,7 Finite-horizon energy norm of a signal. 153

|\g||§ Hj-norm (sometimes H-cost) of system G. 85, 88

1G |lco Hyo-norm of system G. 154

[IL]] Lj-induced norm of operator L. 154

(5 +) N-sequence inner product. 24

(5 9L Vector inner product, (x; y)p =x*Ly. 15

O.L.V. Costa et al., Continuous-Time Markov Jump Linear Systems, 263

Probability and Its Applications, DOI 10.1007/978-3-642-34100-7,
© Springer-Verlag Berlin Heidelberg 2013



Notation and Conventions

Symbol Description Page
Il Norm induced by the inner product {-; -} . 16
® Kronecker product. 25
@ Kronecker sum. 25
7 Transpose of Z. 15
7 Complex conjugate of complex matrix Z. 15
z* Conjugate transpose of Z. 15
Vi Gradient with respect to x. 74
o Disturbance gain. 183
B Transition rate of 2-state Markov chain. 46
Guaranteed H, cost. 88,193
y Ho performance level. 154
Iy An N x N real matrix. 141
r Sequence of dynamic controller n x n matrices. 65, 168
8(1) Unit impulse. 85
A Sequence of matrices with uncertain entries. 183
i ith operation point of robotic manipulator. 224
n A random vector in R”. 116
() Markov state (operation mode) at time 7. 2
6o Initial Markov state, 6y = 6(0). 34
o) Estimate for 0(7). 61
® A Markov chain with perturbed transition rates. 190
O;() A linear operator. 89
Dy Augmented Markov state, 9, = (x(t), 0(t)). 23
Do Initial augmented state, ¥g = (x(0), 6(0)). 23
K Vertex index. 21
Ai(o) ith eigenvalue. 16
Amax (+) Maximal eigenvalue. 51
A Sequence of dynamic controller p x n matrices. 168
nw Convex upper bound to Hj cost. 89
An expected value, u = E[x(0)]. 98
i An expected value, u; = E[xol{gy=i}]- 129
u(t) An expected value, u(t) = E[x(t)]. 136
v Initial distribution of the Markov chain. 19
Vi Component of distribution, v; = P(0(0) =1i). 19
v(t) Innovations process. 132
w (1) Additive feedback disturbance at time ¢. 193
T, 7T Stationary probabilities. 20
I Transition rate matrix of the Markov chain. 20
- Vertex of transition rates polytope. 84




Notation and Conventions 265
Symbol Description Page
P, p* Robustness margins. 185
P~ Element of unit simplex. 21
o(-) Spectrum of a matrix/operator. 16
o{-} Sigma-field generated by a random object. 99
P State transition matrix. 18
¢ Lyapunov function. 49
T An operator. 24

Set of all well-behaved realizations of the Markov chain. 36
T A matrix. 142
o) Linear operator mapping a matrix to a vector. 24
o () Linear operator mapping a vector to a matrix, inverse of ¢. 25
o) Linear operator mapping a sequence of N matrices to a vector. 25
o1 Linear operator mapping a vector to a sequence of N matrices, in- 25
verse of .
0] Linear operator mapping the jth matrix of a sequence of N matrices 24
to a vector.
(ﬁj_l ) Linear operator mapping a vector to the jth matrix of a sequence of 25
N matrices, inverse of ¢;.
] Sequence of dynamic controller p x r matrices. 168
X Fixed initial state in R". 156
¥ = [ajj] N x N transition rate matrix associated with the estimation of the 62
Markov chain.
v, A matrix. 142
v Sequence of dynamic controller n x r matrices. 168
2 Sample space. 16
w A random outcome, w € £2. 16
(£2,F,P) Probability space. 16
¢ Robustness output. 193
A Sequence of n X n system matrices. 34
A Sequence of n x n controller matrices. 64
A Sequence of n x n system matrices. 40
A Sequence of n x n closed-loop matrices. 60, 84
A Nn? x Nn? matrix associated to the second moment of x. 38
Ay Filter matrix. 140
Af.op Optimal filter matrix. 147
B Sequence of n x p controller matrices. 64
B Sequence of n x m system matrices. 59
B(X,Y) Banach space of linear maps from X into Y. 15
B(X) Particular case, B(X) = B(X, X).
B(C*,C™) Linear space of all m x n complex matrices. 15
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Notation and Conventions

Symbol Description Page
B(R", R™) Linear space of all m x n real matrices. 15
By Filter matrix. 140
By op Optimal filter matrix. 147
c" n-dimensional complex Euclidean space. 16
C Sequence of p x n system matrices. 60
c Sequence of p x n controller matrices. 64
c Sequence of p x n closed-loop matrices. 120
C A feasible set of LMIs. 89
) A set. 74
cov(-) Covariance. 128
det Determinant function.
D,D Set of discontinuity points. 18,76
D Sequence of p x m system matrices. 60
D(L) Domain of operator L. 17
Di() Linear mapping. 65
diag(-) Block diagonal matrix with distinct blocks. 24
dg(-) Block diagonal matrix with repeated blocks. 141
e(t) Error output. 140
es Vector in R”, with 1 in the sth position and zero elsewhere. 85
e Vector in RY, with all components equal to 1. 20
E(), E[] Expectation with respect to P. 16
Ep, (1) Expectation conditioned to (x(¢), 0(t)). 72
F Nn x Nn matrix associated to the first moment of the state process. 38
F o -algebra. 16
F() Linear operator. 37
Fi Filtration at time 7. 16
F Sequence of m x n decision variables. 63
Sequence of m x n controller gains. 115, 166
G Sequence of ¢ x r system matrices. 98
Sequence of n x r observer gains. 60
g A system. 3
g* Adjoint of G. 259
Gel A closed-loop system. 112
Gu A control system. 64
Ge A decomposed system, associated to control. 120
Gu A decomposed system, associated to the separation of the cost of 120
estimation with the cost of control.
Gy System associated with the optimal filtering problem. 115
0K, Og Closed-loop H; control systems. 88, 90
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Symbol Description Page
Q{g Closed-loop H; control system with uncertain transition rates. 88
Qu’f Closed-loop Hs, control system. 167
H Sequence of g x n system matrices. 98
Hf’c’m Linear space of sequences of N matrices with m X n entries. 23
HZ Particular case, Hf. = H{".

H" Real linear space of sequences of N matrices with m x n entries. 23
H" Particular case, H" = H"".
H"™* Set of sequences of symmetric N matrices. 23
H Cone of positive semidefinite sequences of N matrices. 23
Her(-) Hermitian sum of matrices. 16
iff If and only if.
i,j Indices (usually operation modes). 19
1,1, £ x ¢ identity matrix. 16
Im Imaginary part. 16
T n X 2n matrix. 174
J(t) A martingale. 23
J 2n X n matrix. 174
J Sequence of n x r matrices. 34
Jr Nn x Np matrix. 130
J Nn x Nn matrix. 130
Quadratic cost functional. 73
T, Jop, Jop  Optimal cost. 99, 108
\7;/ Functional related to Hy, control. 156
K Set of stabilizing controllers. 60
K Set of robustly stabilizing controllers. 84
K, Set of quadratically stabilizing controllers. 84
K Sequence of m x n controller gains. 59
K/ Innovations gain. 99
K, K Dynamic output feedback controller. 64, 168
K@), K, t) Linear operators. 232,115
L5(82,F, P) Space of square integrable stochastic processes. 16
L Input—output operator. 154
Let Input—output closed-loop operator. 165
L(-) A linear operator. 37
L) A linear operator. 241
L) A linear operator. 242
£1() Infinitesimal operator. 74
Lk () A filter with kernel K. 130
Ly Filter matrix. 140
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Symbol Description Page
Lyop Optimal filter matrix. 147
V4 Number of vertices (sometimes just an index). 21
L Sequence of p x r matrices. 153
M Sequence of n x n matrices. 86
N Number of operation modes. 19
N Kernel of a matrix. 16
vN Sequence of n x n matrices. 86
o(+) Small functional dependence, o(h)/h — 0. 19
P Probability measure. 16
P(t) Probability vector in RV . 19
pi(t) Probability distribution of the Markov chain at time 7. 19
pij(t) Probability of transition from mode i to mode j at time ¢. 19
P Observability Gramian. 86
Q) Sequence of N second moment matrices. 35
q() Vector of first moments at time ¢. 35
qi (1) First moment of x(¢) at mode i. 35
q() Column vector obtained by stacking g; (¢). 35
() Second moment of x (7). 35
Qi) Second moment of x (¢)1{g(1)=i}- 35
O(t,t) Autocorrelation matrix of x at times t, f. 35
9(7) Stationary autocorrelation matrix of x at lag t. 36
R" n-dimensional real Euclidean space. 15
Rt Set of positive reals, R* = [0, 00). 15
R Sequence of m x m weights. 119
Re Real part. 16
Re{A ()} Largest real part of the spectrum of (-). 16
R() Range of a matrix. 16
Nonlinear Riccati operator in H". 79
Ri(-) Linear mapping. 65
rc Complex stability radius. 185
IR Real stability radius. 185
Tc, TR Unstructured stability radii. 186
S Set of operation modes, S = {1, ..., N}. 19
S Controllability Gramian. 86
T(t) Probability transition matrix in RN*N, 19
tr(-) Trace operator. 16
t Time. 2
dt Infinitesimal time interval. 16
T kth jump time of the Markov chain. 36
TC¢) A linear operator. 37




Notation and Conventions 269
Symbol Description Page
u(t) Control variable at time ¢. 59
i(r) An optimal control law. 73
ul | u Sets of admissible controllers. 72,73
U () An affine mapping. 154
V(1) Closed-loop state at time 7. 65
A\ Polytope of transition rate matrices. 84
V() A linear operator. 137

A mapping. 137
V! A matrix. 154
() Dynamic estimate for the output v(z). 140
W, Wy Wiener processes. 34,129
w(t) Additive disturbance (sometimes Wiener process) at time 7. 34
x(t) System state at time 7. 34
X0 Initial state, xo = x(0). 34
x(1) System state’s derivative at time 7. 34
dx(t) System state’s differential at time ¢. 34
X (1) Zero-input response at time 7. 153
Xzs(1) Zero-state response at time ¢. 153
x(1) Filter’s state at time ¢. 60, 64, 99
X() Estimation error at time ¢. 60
Xop(1) Filter’s state at time ¢. 99
Xop (1) Estimation error at time ¢. 107
X (1) Filter’s state at time 7. 116
Xe (1) Estimation error at time . 116
X Banach space. 15
X A set. 74
X Solution of the control CARE. 251

Stabilizing solution of the control CARE. 244
X+ Maximal solution of the control CARE. 241
Y Banach space. 15
Y Solution to the filtering CARE. 115
y(t) Measured variable at time 7. 60
dy(t) Incremental observation at time 7. 98
z(1) System output at time ¢. 71

Vector which stacks up z;(¢), ..., zn (?). 129
zi (1) Product of the form z; (t) = x(¢) 1{g(1)=i)- 129
z(t) Estimation error. 60
Z (t) Error covariance matrix. 132
z() Dynamic filter state. 140
30) A mapping. 195
Z A subset of operation modes, Z C S. 190




270 Notation and Conventions

Abbreviation Description Page
APV Analytical Point of View. 6
a.a. Almost all. 18
a.s. Almost surely.
ARE Algebraic Riccati Equation. 136
AWSS Asymptotic Wide Sense Stationarity (also Asymptotically Wide 36
Sense Stationary).
CARE Coupled Algebraic Riccati Equations. 79
CDRE Coupled Differential Riccati Equations. 76
COF Complete Observations Filter. 227
HMM Hidden Markov Model. 6
JLQ Jump Linear Quadratic. 13
LMI, LMIs Linear Matrix Inequality/Inequalities. 29
LQG Linear Quadratic Gaussian. 11
MILS Markov Jump Linear System(s). 2
MSS Mean Square Stability (also Mean Square Stable). 33
MM Multiple Models. 6
0.1 Orthogonal increments. 128
PC Piecewise Constant. 17
q.m. Quadratic mean. 127
L.V. Random variable.
StS Stochastic Stability (also Stochastically Stable). 36
SS Stochastic/Mean Square Stabilizability (also Stochastically/Mean 59
Square Stabilizable).

SD Stochastic Detectability (also Stochastically Detectable). 60
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